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Regge Trajectories For All Flavors
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For a global analysis of mesonic resonances of all flavors, experimental data and phenomenolo
models are used to construct linear Regge trajectories. A satisfactory formula is found for
dependence of the intercept and slope on quark masses. We find agreement with data on
production through exchange of our (spacelike) trajectories. Our results confirm the nonexistence o
meson and toponium. [S0031-9007(98)05398-8]
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Exactly how quarks are bound together to form hadron
bound states is not known. QCD is flavor independe
and it has been found difficult to compute the dependen
of mesonic bound states (say) on the quark masses.
consequence, quite different approximation schemes a
models exist which obtain the mass spectra for differe
flavors. There is as yet no overall picture providing a
understanding of all the mesonic bound states.

In this Letter, we describe a different approach bas
on Regge trajectories to answer the generic quest
posed above: How do mesonic masses depend upon
quark masses? This formalism is particularly suited f
strongly interacting systems since (i) Regge trajectori
exist for all flavors, for large or small quark masses, an
(ii) angular momentum becomes a continuous variab
facilitating interpolation. Redundancy of data allows fo
self-consistency checks. As we show later, the sam
Regge trajectories constructed in the timelike regio
can be employed in the spacelike region (for exchan
processes) as predictive tools. Our resultsa posteriori
confirm this endeavor.

We made two crucial simplifying assumptions to obta
the Regge trajectories:

(i) All trajectories were assumedlinear in smassd2 of
the hadronic state,

assd  as0d 1 sa0. (1)

For light mesons (and baryons), weknow this to be true
experimentally.

(ii) The functional dependence ofas0d anda0 on quark
masses is via (m1 1 m2).

For light mesons, experimental data [1] and som
models (Refs. [2,3]) givea

0
light-light ø 0.9 GeV22. We

supplement this with experimental data [1] (forD and
Ds mesons, charmonium and bottomium) and theoretic
models (Refs. [4–6]) to obtain the following (purely phe
nomenological) simple formula giving a global descrip
tion:

a0sm1 1 m2d 
0.9 GeV22

f1 1 0.22s m11m2

GeV d3y2g
, (2)
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wherem1 andm2 are the corresponding constituent quark
masses for that trajectory. Theoretical models are cruci
inputs for heavy flavors, and quark masses refer to value
actually employed therein. We show in Fig. 1, how well
Eq. (2) compares with input data.

A similar analysis was performed for the intercept
aIs0d, where the subscript I refers to the leading trajec
tory. Here we only consider mesonic systems for which
the lowest physical state is atJ  1. A global description
for these is given by

aIsm1 1 m2; 0d  0.57 2
sm1 1 m2d

GeV
. (3)

A comparison of Eq. (3) with input data is shown in
Fig. 2. Only two points from a theoretical analysis [7]
for theBc system fall quite below our curve.

FIG. 1. Slope parameter of the Regge trajectories as
function of the sum of the constituent quark masses; input da
compared with our analytic result Eq. (2).
© 1998 The American Physical Society
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FIG. 2. The intercept parameter of the leading trajector
as a function of the sum of the constituent quark masse
comparison of Eq. (3) with input data.

We next consider secondary Regge trajectories a
splitting between the energy levels for the sameJ of
a given system. CallingaI,IIs0d the leading and the
secondary Regge trajectory intercept, we estimated t
“distance”

Das0d  aIs0d 2 aIIs0d (4)

from data (not very precise) and phenomenological mo
els. We find a rather loose bound [8],

1.3 , Das0d , 1.6 . (5)

The result becomes more interesting when transposed
terms of a physically more amenable quantity, viz., th
energy splitting

DEII-I
J  sEII

J 2 EI
J d (6)

between states of the same angular momentum of a giv
system. Quite strikingly, it is found to be a constan
(between 0.5–0.8 GeV) for all systems (composed
u, d, s, c, and b quarks). It is shown in Fig. 3. The
approximate constancy of this energy difference for allJ
and all flavors gives us confidence in the generality of th
result, and we expect it to be verified in all viable models

Combining Eqs. (2) and (3), we are in a position t
give a general expression for the leading mesonic Reg
trajectory formed by any two quarks of massesm1 andm2

asm1 1 m2; td  0.57 2
sm1 1 m2d

GeV

1
0.9 GeV22

f1 1 0.22s m11m2

GeV d3y2g
t . (7)

In Fig. 4, we show the leading Regge trajectories for di
ferent flavors for spacelike and timelike regions (2500 ,

t , 500 GeV2). In this figure, we have included the
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FIG. 3. Energy splitting for mesons of different flavors but the
same angular momentum; our predictions compared to availab
data and some theoretical models.

“top” and the “toponium” trajectories as well, even
though, as we shall demonstrate later, top and toponiu
bound states cease to exist as physical states due to
fast weak decays of the top quark.

Equation (7) allows us to make “predictions” (or con-
sistency checks) about the energy spectra of excite
mesons for theD, Ds andB, Bs systems, which were not
used as input data. Wherever data exist, reasonable agr
ment is found. A complete spectrum for mesons may b
found in [9,10].

FIG. 4. Leading trajectories for different flavors for spacelike
and timelike regions, as given by Eq. (7).
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As a first application, we employ the analytic con
tinuation into the spacelike region of these trajectori
constructed through data in the timelike (resonance)
gion to discuss the inclusive production of heavy flavo
through the di-triple Regge formalism. Data exist forD
(Refs. [11–13]) andLc (Ref. [14]) production reactions,

p 1 N ! D 1 X and p 1 N ! Lc 1 X

(8)

for a wide range ofxF . Assuming a factorizedpt

dependence, experimental data have been parametr
through

ds

dxF
ø s1 2 xFdn, (9)

with n ø s3.7 3.9d (Refs. [11–13]), andn ø 3.5 [14].
We invoke the di-triple Regge formula (Refs. [15,16]

valid for largeM2
X and largessyM2

Xd,

d2s

dM2
Xdt

!
gstd

s

√
M2

X

s

!122astd

, (10)

whereastd is the exchanged Regge trajectory. Neglectin
the t dependence, we have in this region

ds

dxF
ø s1 2 xFd122as0d. (11)

For the reactions of Eq. (8), inserting aD Regge trajec-
tory exchange, we haveas0d  21.35, leading to the ex-
ponentn ø 3.7, in satisfactory agreement with the data
We stress that this is an important test since the space
extrapolation depends crucially on the slope parameter
the exchangedD trajectory (which is roughly half of that
for the light system).

As a second application, consider the top system. It
generally believed that the top quark cannot form bou
states either with anothert quark or with a light one since
the top quark would decay into a realW and b with a
large width: The lifetime would be even smaller tha
the revolution time, thereby precluding the formation o
mesonic bound states [17].

Our analysis confirms the above physical picture qu
nicely. The energy splitting between the ground state a
that lying on the second trajectory is as follows. Fo
the toponium, we find1.3 , DEtoponium , 1.6 GeV, in
good agreement with Ref. [18]. For the top mesons, w
find 1.1 , DEtop , 1.3 GeV. Neither can exist, since
DEtoponium , 2Gt andDEtop , Gt.

In conclusion, we have obtained a global unifie
description of linear Regge trajectories for all flavor
and their preliminary applications to spacelike as we
as timelike regions seem encouraging. Further work
many directions is in progress. Inclusion of isospin
charge, and other quantum numbers can be incorpora
perturbatively. So far we have also ignored the imagina
parts of the Regge trajectoriesassd. A knowledge of
Imassd in the timelike region is useful since it is directly
related to the resonance widths. Through unitarity,
1840
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is also connected to the residue functionbssd, which
when continued to the spacelike region is relevant for th
Regge exchange amplitudes. If further work confirms th
viability of this approach, an effective interaction should
be constructed which is able to produce these resu
dynamically. We shall return to this question elsewher
Here we shall limit ourselves to making one genera
observation. It appears that an interaction capable
generating linear Regge trajectories requires a linear ma
dependence in the confining term in order to reprodu
the sm1 1 m2d23y2 behavior in the slope.

S. F. acknowledges the hospitality of Professor S
Glashow at Harvard. G. P. and Y. S. acknowledge som
discussions with and much encouragement from Profes
J. Bjorken.
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