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Generalization of a Fermi Liquid to a Liquid with Fractional Exclusion Statistics
in Arbitrary Dimensions: Theory of a Haldane Liquid

Kazumoto Iguchi*
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(Received 28 July 1997)

A liquid of interacting quasiparticles with Haldane-Wu (fractional exclusion) statistics in arbitrary
dimensions is discussed in terms of Fermi-liquid theory. The universal properties of this Haldane liquid
are investigated. [S0031-9007(97)05241-1]
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In 1957 Landau [1] introduced the famous conce
of quasiparticles with Fermi-Dirac statistics (FDS) in
Fermi liquid in order to describe electrons in a met
where the interaction between electrons was believed
be very significant, as a generalization of the Sommerfe
theory for a degenerate Fermi gas [2]. This descripti
was later justified by Luttinger [3].

Recently Haldane [4] introduced the concept of fra
tional exclusion statistics (FES) which quasiparticles
strongly interacting systems in arbitrary dimensions mig
satisfy as a generalization of Pauli’s exclusion prin
ciple. Wu [5] first formulated quantum statistical me
chanics (QSM) in the state representation and derived
distribution function for an ideal gas with FES as a ge
eralization of the FD and the Bose-Einstein (BE) distribu
tion functions. [Throughout this Letter the FES is referre
to as the Haldane-Wu statistics (HWS) such as FDS a
BES, while a gas or liquid with HWS is called a Haldan
gas or liquid such as a gas or liquid with FDS (BES) wa
called a Fermi (Bose) gas or liquid.]

This concept has played a very important role to unde
stand strongly interacting system such as the Tomona
Luttinger model (TLM) [6], the Calogero-Sutherland
model (CSM) [7], and the Haldane-Shastry model (HSM
[8] in one dimension and the fractional quantum Hall effe
in two dimensions [9]. Especially, notable is that Das
nières de Veigy and Ouvry [10] revealed a deep connect
between the FES and the fractional quantum Hall syste
while Bernard and Wu [11] and Isakov [12] found th
one between the FES and the CSM. More recently, QS
formulation has been developed further by Nayak a
Wiczek [13], Isakov, Arovas, Myrheim, and Polychrona
kos [14], and the author [15]. Here, the QSM formulatio
allows us to evaluate the equation of state for an ideal g
with HWS in arbitrary dimensions with obtaining all the
exact cluster coefficients in the cluster expansion [14,15

However, interacting quasiparticles with HWS in arb
trary dimensions have never been investigated yet, a
therefore the concept of a Haldane liquid is still missin
In this Letter I will explore this concept as a generalizatio
of the Landau’s Fermi liquid theory and generalize the Lu
tinger’s theorem for a Fermi liquid to that for a Haldan
liquid.
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To ease the reference I first summarize the univer
properties of a Haldane liquid stemmed from the poi
of view of quasiparticles in the Landau’s Fermi liquid
theory [1] as follows: (1) the particle-hole asymmetr
universally exists in the system; (2) the volume of th
pseudo-Fermi sphere is conserved under the introduct
of the interaction between quasiparticles—the generaliz
Luttinger’s theorem from a Fermi liquid [3] to a Haldane
liquid; (3) many physical quantities such as the speci
heat areT linear at very low temperature unlessg ­ 0
[13–15]; and (4) the true condensation exists only wh
g ­ 0 [15]. Here g stands for a pure HWS paramete
[see Eq. (1)].

In this way many properties of the Haldane liquid ar
shared with those of the Luttinger liquid in one dimensio
such as the TLM [6], CSM [7], and HSM [8] as a
generalization of the Fermi liquid [1]. Thus, I conclud
that the concept of a Haldane liquid presented here is
generalization of that of a Luttinger liquid as well as
Fermi liquid.

Let us first consider the system of a Haldane g
with a statistical parameterg. The total numberN, the
energy E and the entropyS of the system of quasi-
particles are given byN ­

P
p np , E ­

P
p epnp , S ­

kB
P

psnp 1 rpd lnsnp 1 rpd 2 np ln np 2 rp ln rp, re-
spectively, wherenp is the momentum distribution func-
tion of quasiparticles andrp the hole distribution function
with kB the Boltzmann constant. If I impose the conditio
of HWS with g,

np 1 rp ­ 1 2 sg 2 1dnp , (1)

then by taking the extreme of the thermodynam
potential V as dV ­ dsE 2 mN 2 TSd ­ 0, I ob-
tain V ­ 2PV ­ 2kBT

P
p lnfs1 1 WpdyWpg, N ­P

p np ­
P

p 1ysWp 1 gd, where I have the Wu’s func-
tional relation [4],

Wg
p s1 1 Wpd12g ­ ebsep2md. (2)

This is an alternative derivation for the thermodynam
potential and the density of the system compared to t
derivation in Ref. [15], and has been discussed by Berna
and Wu [11] as a conjecture generalizing the CSM
the models in higher dimensions. I also note that
© 1998 The American Physical Society
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one identifies asrpynp ­ Wp and substitutes this into
Eq. (1), one obtainsnp ­ 1ysWp 1 gd.

Let us now consider the interaction between quasipa
cles. Following Landau [1], not onlyep for a given distri-
butionnp but also the change inep produced by a change in
np is of essential importance for the theory of the quantu
liquid. Hence, I assume that the energy change is given

dep ­
X
p0

fsp, p0ddnp0 , (3)

where the functionfsp, p0d is a symmetric function relative
to p and p0 and called the scattering matrix describin
the scattering between quasiparticles such as the scatte
process:p1 1 p2 ­ p0

1 1 p0
2. I assume thatthe velocity

of the quasiparticle in a quantum liquid is given b
≠epy≠p, and the number of quasiparticles coincides wit
the number of free quasiparticles in a quantum gas, from
which I have the total momentum given by

P ­
X
p

p0np ­
X
p

m
≠ep

≠p
np , (4)

where p0 represents momentum for a free quasipartic
when no interaction exists and it is a function ofp. The
variational derivation with respect tonp should be the same
on both sides of Eq. (4). Then using Eq. (3) I obtain

1
m

X
p

p0dnp ­
X
p

≠ep

≠p
dnp 1

X
p

X
p0

≠

≠p
fsp, p0ddnp0np .

Since thednp is arbitrary, I obtain

p0

m
­

≠ep

≠p
1

X
p0

≠fsp0, pd
≠p0

np0 . (5)

Denoting m≠epy≠p by p, the Landau’s relation Eq. (5)
turns out to be

p ­ p0 1 fspd , (6)

fspd ; 2
X
p0

fsp0, pdnp0 , fsp0, pd ; m
≠fsp0, pd

≠p0
.

(7)
This type of relations was recently discussed by Suth

land [16] as a generalization of the CSM in one d
mension to that in two dimensions, and thefspd was
called thedisplacement field.Here the scattering function
fskd ­ fsjkjd with h̄ ­ 1 was represented in terms of the
two-dimensional partial wave phase shiftsulskd such that
kfskd ­ 4

P`
l­2` u2l11skd [see Eq. (3.7) in Ref. [16] ].

And he defined a generalization of Yang and Yang
method [17] to that in the higher-dimensional systems
taking the derivative of Eq. (6) with respect top, which
then gives the relation

np 1 rp ;
dDp0

dDp
­

É
≠p0

≠p

É
­ det

"
1 2

≠fspd
≠p

#
, (8)

wherej≠p0y≠pj means the Jacobian. If I expand Eq. (8
up to linear order offspd, then I obtain
rti-

m
as

g
ring

y
h

le

er-
i-

’s
by

)

np 1 rp ­ 1 2
X
p0

fgsp0, pd 2 dsp 2 p0dgnp0 , (9)

gsp0, pd ; dsp 2 p0d 2
≠fsp0, pd

≠p
. (10)

Here dsp 2 p0d is a Dirac’s delta function and the
contribution of≠fsp, p0d≠p from p ­ p0 is excluded by
the delta-function part. This can be regarded as t
generalization of the pure HWS of Eq. (1) to the mutu
HWS case. Thus,Eq. (6) determines the statistics of th
system.

As Landau [1] also discussed the quasiparticle ene
changes due to the change of the momentum distribut
function, from Eq. (3) the quasiparticle energyep is given
by

ep ­ es0d
p 1

X
p0

fsp, p0dnp0 . (11)

This gives the famous free energy functional of the mea
field type as

F 2 mN ­
X
p

ses0d
p 2 mdnp

1
1
2

X
p

X
p0

fsp, p0dnpnp0 2 TS . (12)

When Landau [1] considered quasiparticles in a Fer
liquid, there existed only the concept of FD or BE
quasiparticles. Therefore, the momentum distributi
function might have been eithernp ­ 1ysebsep 2md 1 1d
for FDS or np ­ 1ysebsep 2md 2 1d for BES. However,
this is not true in our case of quasiparticles with HW
in a Haldane liquid. In this case, Eq. (12) together wi
Eq. (9) must be maximized, which provides the desir
Wu’s distribution function Eq. (2).

The free energy functional of Eq. (12) was also foun
recently by Haldane [18] in the study of the HSM [8
and by Murthy and Shankar [19] in the study of th
CSM [7], respectively. In the former the excitations a
described as the spinon gas represented by an exact m
field theory with BES [see Eq. (8) in Ref. [18] ], while
in the latter the excitations are described as quasipartic
represented by a mean-field theory with HWS [see Eq.
in Ref. [19] ]. Thus, I conjecture thatthere exists a class
of interacting quasiparticle systems with HWS in an
dimension such that the above Eq. (12) becomes exact

Let us consider the relationship between Eq. (11) a
Yang and Yang’s method [17]. In the Landau’s quas
particle picture, if I assume that quasiparticles are ferm
ons with the FD momentum distribution function, then
haveep ­ e

s0d
p 1

P
p0 fsp0, pdysebsep0 2md 1 1d, which is

an integral equation forep . Assuming as

fsp0, pd ;
≠fsp0, pd

≠ep0

, (13)

the integration by parts yields

ep ­ es0d
p 1 kBT

X
p0

fsp, p0d lns1 1 e2bsep0 2mdd . (14)
1699
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This is exactly the same form known as thethermal Bethe
ansatz (TBA) equationin Yang and Yang’s method [17]
for the one-dimensional systems wherefsp, p0d is exactly
the momentum derivative of phase shiftusp, p0d of the
two-body scattering between quasiparticles. So, Eq. (1
can be regarded as a generalization of the TBA equat
to that for quasiparticles in Haldane liquid.

As is known in the one-dimensional systems such as
CSM, the TBA equation is exactly equivalent to the Wu
relation for the distribution functionWp for an ideal gas
with HWS[11,12]. In our case of the higher-dimensiona
systems, it also holds true as follows: SupposingWp ­
ebsep 2md, Eq. (14) becomes

ln Wp 2
X
p0

fsp0, pd lns1 1 1yWp0d ­ bses0d
p 2 md .

So, if I put the relation,

gsp0, pd ; dsp 2 p0d 1 fsp0, pd , (15)

then I get

s1 1 Wpd
Y
p0

√
Wp0

1 1 Wp0

!
gsp0 ,pd ­ ebses0d

p 2md. (16)

This is exactly the condition that was recently discuss
by the author [15] and that Bernard and Wu [11] hav
conjectured for an ideal gas with HWS in arbitrar
dimensions. Thus, the Landau’s quasiparticle picture a
provides a good foundation for the quasiparticles in
Haldane liquid as well, providing a microscopic origin fo
the HWS.

Let us consider the relationship between2≠fsp0, pdy
≠p in Eq. (10) andfsp, p0d in Eq. (15). Bernard and Wu
[11] suggested that they are related to each other wh
V sp, p0d and fsp, p0dy2p in their notation correspond
to fsp, p0d and fsp, p0d in our notation, respectively,
while reserving the same notation for the mutual statistic
parametergsp, p0d [see Eqs. (40) and (41) in Ref. [11] ]. I
prove here that they are identical to each other as follow
Suppose that the excitation spectrum has the linear for
ep ­ yF jp 2 pFj in the vicinity of the pseudo-Fermi

surface. (This assumption does not mean thatep ­ e
s0d
p

sincep fi p0 due to the particle-hole asymmetry.) Usin
the definition forfsp, p0d of Eq. (13) and the symmetry
betweenp andp0, then

fsp0, pd ; ≠fsp0, pdy≠ep0 ­ 2≠fsp0, pdy≠ep

­ 2s1yyFd≠fsp0, pdy≠p ­ 2smypFd≠fsp0, pdy≠p

. 2m≠2fsp0, pdy≠p≠p ­ 2m≠2fsp0, pdy≠p≠p .

Hence, I obtain the following theorem:
Theorem 1:

fsp0, pd ;
≠fsp0, pd

≠ep0

­ 2m
≠2fsp0, pd

≠p≠p
­ 2

≠fsp0, pd
≠p

.

(17)
This guarantees the exact relationship between the dyna
ical interactionfsp, p0d and the mutual statisticsgsp, p0d
1700
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although Bernard and Wu [11] were not able to guarant
this relationship.

Let us now generalize the Luttinger’s theorem [3] for
Fermi liquid to that for a Haldane liquid. To do so, le
us first evaluate the pseudo-Fermi spherey

s0d
F for a Hal-

dane gas. Suppose that the total number of free quasip
ticles is fixed asN. At zero temperature wherem ­ e

s0d
F ,

the HW distribution function has the following property:
np ­ 1ygs­ 0d for e # e

s0d
F se . e

s0d
F d, which means the

particle-hole asymmetry[Eq. (9)] as a consequence of the
particle-hole duality[11–13] in the system of quasipar-
ticles in a Haldane liquid at very low temperature. Subst
tuting this intoN ­

P
p np , I obtain

N ­
1
g

X
p

uses0d
F 2 es0d

p d ­
1
g

V
s2p h̄dD V

s0d
F ,

whereused is a step function and the volume of the pseudo
Fermi sphere for a Haldane gas is denoted byV

s0d
F , which

is given as

V
s0d
F ­

Z
jpj#pF,0

dDp ­
2pDy2

GsDy2d

Z
0#p#pF,0

pD21 dp

­
pDy2

GsDy2 1 1d
pD

F,0

with Gssd the gamma function. Solving the above forpF,0,
I obtain the pseudo-Fermi momentum

pF,0 ­

"
g

s2p h̄dD

pDy2 GsDy2 1 1dd

#1yD

whered ­ NyV . Hence the pseudo-Fermi energye
s0d
F is

given bye
s0d
F ­ p2

F,0y2m.
Let us next consider the pseudo-Fermi sphereVF for

a Haldane liquid. Following the argument of Luttinge
[3], define fsed ­ e 2 e

s0d
p 2 Kpsed, where Kpsed is

the self-energy part of the renormalization equation [3
such as Dyson’s equation [20] and Eq. (11) in the mea
field picture. This has a discontinuity at the pseudo
Fermi surfacee ­ eF such thatfsed . 0 s, 0d when
e , eF s. eFd. Therefore, the total numberN is given
by

N ­
1
g

X
p

ufeF 2 es0d
p 2 KpseFdg ­

1
g

V
s2p h̄dD

VF .

Since the total numberN of the interacting quasiparticles
are kept at the same as that of the free quasiparticles
conclude the following theorem:

Theorem 2:

VF ­ V
s0d
F ,

and hence

pF ­ pF,0. (18)

This theorem means that the volume of the pseudo-Fer
sphere for an ideal Haldane gas is conserved depend
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on the statistical parameterg with degeneracy1yg under
the introduction of the interaction between quasiparticl
in a Haldane liquid. The volume of the pseudo-Ferm
sphere coincides with that of the Fermi sphere wi
degeneracy unity wheng ­ 1. On the other hand, it
vanishes asg ! 0 with an infinite degeneracy so that on
can interpret thatthe BE condensation is a condensatio
of all quasiparticles with BES to the pseudo-Fermi sphe
with an infinitesimal volume in momentum space.And
therefore, the true BE condensation occurs only when
pure boson case ofg ­ 0 as was recently proved by the
author [15]. Thus, the above theorem can be thought
as a generalization of the Luttinger’s theorem for a Ferm
liquid to that for a Haldane liquid.

Let us consider the specific heat of a Haldane liqui
As we studied by Nayak and Wilczek [13], Isakov
Arovas, Myrheim, and Polychronakos [14], and the auth
[21], the specific heat of a Haldane gas isT linear at very
low temperature unlessg ­ 0. Here, the author [21] has
presented the most complete expression for the spec
heat Cy in terms of the language of the generalize
Riemann zeta functionzgssd:

Cy ­ ggT 1 OsT 2d , (19)

gg ­ 2ags2dk2
BNDseFd, ags2d ­ zgs2d 1 z1ygs2d ,

(20)

where NDsed is the density of states for noninteractin
quasiparticles in theD-dimensional lattice system and the
generalized Riemann zeta functionzgssd is defined as

zgssd ­
X̀
l­1

clsgd
ls ,

clsgd ­
s21dl11

lg
flgg!

sl 2 1d! flsg 2 1dg!
. (21)

Here the coefficientsclsgd are those of the Sutherland
expansion (i.e., the cluster expansion) for the CSM in o
dimension [7], and appeared even in higher dimension
systems with HWS [10,14,15].

This is a consequence of the existence of the pseu
Fermi surface: Each of theNkBTyeF quasiparticles has
a thermal energy of the order ofkBT unless g ­ 0.
Therefore, the total thermal kinetic energyE is of the
order of E . sNkBTyeFdkBT . Hence, the specific heat
cy is given by cy . sNk2

ByeFdT . The aboveT-linear
specific heat holds true even for a Haldane liquid
well. Because if statisticsg is taken care of by the
interacting quasiparticle picture and even if the spectru
of the quasiparticle is changed to distort only the dens
of states of the system, the above argument works for a
statistical parameterg . 0. And other quantities such
as magnetic susceptibility and compressibility would b
obtained by a similar way as was so in the Landau’s Fer
liquid theory [1].

In conclusion, I have discussed the foundation
a liquid with HWS—a Haldane liquid—in arbitrary
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dimensions, as generalizing the point of view of the
Landau’s Fermi liquid theory [1]. I have shown that
many properties of a Haldane liquid, if it exists in nature,
are shared with those of a Luttinger liquid [6] in one
dimension. It is very interesting to study what a physica
system satisfies the Haldane liquid properties.

I would like to thank Professor Bill Sutherland for
sending me an article prior to publication and Kazuko
Iguchi for continuous encouragement.
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