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Scaling and Thermal Conductivity in Unconventional Superconductors: The Case ofUPt3
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We present extensive measurements of the thermal conductivityk of a high quality single crystal
of the heavy fermion superconductor UPt3 at low fields and very low temperatures (down to16 mK).
Our ksB, T d data under magnetic fields scale as a function of a single parameterx  TyTc

p
Bc2yB

yielding to the first observation of the magnetic field-temperature scaling relations recently predicted for
a superconductor with a line of zeros in the gap. Both the zero field and the mixed phase measurements
of k give now a consistent picture regarding the gap structure of UPt3. [S0031-9007(97)04888-6]

PACS numbers: 74.70.Tx, 74.25.Fy, 74.60.–w
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At present, similarities between heavy fermion and hig
Tc copper oxide superconductors are such that most th
ries aiming at a probe of the unconventional nature
their superconducting phase or at an exploration of
specific properties are elaborated for both types of co
pounds. Nevertheless, this should not obliterate diffe
ences in the current focus of the debate. As regards
high Tc compounds, a lot of activity is still devoted to the
question of extendeds-wave versusd-wave scenarios. A
consensus towards ad-wave scenario is emerging mostly
due to microscopic experiments sensitive to the phase
the order parameter (see, e.g., Ref. [1] for a review).
heavy fermion compounds, a direct microscopic eviden
for phase changes on the order parameter is not availa
but the consensus in favor of the unconventional scena
has emerged with the discovery of multiple superco
ducting transitions in UPt3 sTc  0.5 Kd and extensive
work on its complete pressure-field-temperature (P-B-T)
phase diagram (see, e.g., Ref. [2] for a review). The ce
tral topic concerning UPt3 is now to identify, among the
various order parameters classified according to the ir
ducible representations of the hexagonalD6h crystal point
group, which one is actually realized.

Recently, a renewed interest for the thermal conducti
ity (k) of UPt3 has been shown both by theorists [3] an
experimentalists [4–6] as it appears that very low tem
perature measurements ofk might be sensitive not only
to the gap anisotropy but also to the order of the ga
nodes which distinguish today’s most popularE1g (even
parity) andE2u (odd parity) models. Both models pro-
duce a hybrid gap with a line node in the basal plane a
point nodes along thec axis, suggested by early therma
conductivity and London penetration depth measureme
[4,7]. The difference concerning the gap structure for th
E1g and E2u models lies in the point nodes which are
linear forE1g and quadratic forE2u [2,3].

The main goal of our paper is to present our new exte
sive low temperature–low magnetic field measuremen
of k in a high quality single crystal of UPt3. These mea-
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surements give the first demonstration of the scaling re
tions recently predicted for superconductors having a li
of zeros in the gap [8–10]. We argue that the scali
relations we find give a new and up to now complete
unexplored appealing probe of the order parameter a
that the future theoretical work on the basis of this ne
probe might lead to a more precise identification of th
gap structure of UPt3.

At the origin of the scaling hypotheses is the predi
tion by Volovik [8] that the Doppler shift of the excitation
spectrum due to the supercurrent velocity field around
vortex core would lead to a dominant

p
ByBc2 contribu-

tion to the density of states in a superconductor having
gap with a line of nodes. This triggered careful low tem
perature specific heat experiments under magnetic fie
on high Tc superconductors and a first claim for the e
perimental observation of such a term in YBaCuO [11
Later on, the debate runs over the complex analysis of
different low temperature–low field contributions to th
specific heat (Schottky anomalies due to impurities, latti
specific heat, parasitic phases, and hyperfine contributi
[12]). So at present, both the observation of aT2 power
law at zero field coming from the thermal excitations clo
to the gap nodes and that of the square root behavior
theT-linear term in the specific heat (CyT ~

p
ByBc2 ) re-

main a matter of controversy [12].
In UPt3, a similar claim has also been made [13]. B

strong doubts are shed on this claim because the spe
heat of UPt3 has a huge anomaly below100 mK which is
not of Schottky type [14] and is of unknown origin. Thi
anomaly restricted the analysis of Ref. [13] to the ran
TyTc . 0.3.

More recently [9,10] it has been shown that the sam
effects responsible for the

p
ByBc2 behavior of the density

of states should yield more general scaling relations
the various thermodynamic and transport properties w
respect to the scaling variablex  TyTc

p
Bc2yB. In

particular, the
p

ByBc2 behavior for the specific hea
is predicted for TyTc ø 1, ByBc2 ø 1, and x ø 1,
© 1997 The American Physical Society 165
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conditions which were not reached in the measureme
of Ref. [13] in UPt3. For high Tc compounds, the only
published report for such a scaling behavior concer
thermal Hall data on YBaCuO for only five tempera
tures between 20 and30 K, a quite limited temperature
range [10].

By contrast, our low temperature measurements in U3
allow one for the first time to span the wholeH, T plane
at low temperatures and fields. Figure 1 shows some
the measuredksT , Bd curves between16 mK s0.03 Tcd
and0.1 K below 0.6 T for fields and heat currents paralle
to the basal plane or perpendicular to it. We insist th
these are raw data: Owing to the temperature range
the low residual resistivity, the phonons give a negligib
contribution tok (contrary to most other superconductor
like YBaCuO). Below0.1 K, inelastic electron-electron
collisions, which are still very important close toTc

in UPt3 can be safely ignored: The zero field therm
conductivity is controlled by purely electronic excitation
scattered by the crystal defects and impurities [4–6]. N
sign of the specific heat anomaly is observed inksT d,
suggesting that it is due to rather localized excitatio
[6]. Also, by contrast to highTc cuprates,Bc2sT d is
accessible down toT ! 0 K [15] and displayed in Fig. 2
as measured by the resistive transition. The insets sh
a zoom between 10 and100 mK showing no detectable
sign of the anomaly reported in the specific heat. The lo
temperature–low field part of the diagram, which will b

FIG. 1. The figure shows the thermal conductivity divided b
temperaturekyT as a function ofT for different magnetic fields
below 100 mK for B k j k b (upper part) andB k j k c (lower
part). The insets show the magnetic field behavior ofkyT
extrapolated atT ! 0 K.
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the region of interest in this paper has been shadowed
Fig. 2.

The samples and the experimental apparatus are
scribed in Ref. [6]. The samples were cut on adjace
sites of the same mother crystal along theb and c axes
(basal plane and perpendicular to it) and measured do
to 15 mK with the field applied always parallel to the hea
current (B k j k b andB k j k c). Their high quality is
demonstrated by the specific heat [5] and the residual
sistivities (rb,0  0.54 mV cm andrc,0  0.17 mV cm)
which are among the lowest ever reported. The meth
was a standard steady heat transport measurement,
the magnetoresistance of the thermometers was correc
systematically at every magnetic field by comparison to
thermometer located in the zero field region of the ma
net. The temperature-field sweep is almost continuou
and more than 10 different magnetic field values were a
plied in the shadowed region of Fig. 2 for each field di
rection (not all of them are shown in Figs. 1, 3, and 4 fo
clarity).

In zero field k follows roughly a T3 power law for
j k b andj k c due to the hybrid gap. The magnetic field
behavior ofkyT extrapolated atT ! 0 K is shown in the
insets of Fig. 1. Let us point out that this linear field
behavior ofkyT s0, Bd is not a trivial result for a clean
superconductor like UPt3 where the electronic mean free
path sl $ 5000 Åd greatly exceeds the superconductin
coherence lengthsj0 , 150 Åd. In clean superconduc-
tors, it has been demonstrated that the contribution to t
thermal conductivity of the electrons in the vortex core

FIG. 2. The B-T phase diagram of UPt3 with the magnetic
field applied along the basal plane and perpendicular to
measured by the resistive transition [points,Bc2sT d]. The lines
are taken from Ref. [2] and show the different phase transitio
found in this compound. The inset showsBc2sT d between 10
and100 mK.
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is negligible because the mean free path of the core ex
tations is reduced from the normal state mean free patl
to aboutj0 ø l. In s-wave superconductors, the excita
tions outside the vortex cores are fully gapped andksBd
at low fields and low temperatures is nearly field inde
pendent contrasting the linear field increase of the spec
heat [16]. Therefore the continuous increase ofk with the
magnetic field found here is qualitatively completely dif
ferent from the one found in cleans-wave superconduc-
tors. The question now is whether or not we can rela
the magnetic field behavior with the proposed models
a hybrid gap, suggested by the low temperature zero fi
ksTd measurements.

The scaling relations recently proposed [9,10] shou
provide a first answer to the question. Indeed, they co
nect the zero field temperature dependence of therm
dynamic and transport properties to their field behavio
under the assumption that everything is governed by th
mal excitations of wave vectors in the neighborhood of th
nodes of the gap, and located spatially outside the vor
cores. This last point is particularly relevant for the the
mal conductivity of clean superconductors. The scalin
relations are functions of a single reduced parameterx 
TyTc

p
Bc2yB and are valid forTyTc and

p
ByBc2 ø 1.

But Kopnin and Volovik [9] have shown that they shoul
hold both for x ø 1 and x ¿ 1, although the scaling
function should show a change of regime forx , 1. This
function has been explicitly calculated for the specific he
of a superconductor having a line of nodes under the for
CsB, T dyT2 , fsxd [9,10] and the asymptotic behavior o
f [ fsxd ! const forx ! 0 andfsxd ! 1yx for x ! `]
give indeedCs0, T d ~ T2 andCsB, 0d ~

p
ByBc2. As re-

gards thermal conductivity, theoretical predictions ha
been presented only for 2D superconductors [10], but, f
lowing the spirit of Refs. [9,10], we expect a scaling rela
tion close toksB, TdyT 3  gsxd assuming the zero field
behaviorks0, T d ~ T3.

The knowledge ofgsxd is, of course, not necessary to
check if the experimental data follow a scaling relation
It is already a challenge to find if the curves can sca
as a function of the single parameterx  TyTc

p
Bc2yB.

Owing to the fact that the zero field curve does not follo
a strictT 3 behavior [6], we have searched scaling relatio
of the form ksB, T dyTn  gsxd with n an adjustable
parameter which should be close ton  3.

The best scaling relation is found forx  TyTc

p
Bc2yB

and kyT 2.7 for B k j k b and kyT3.1 for B k j k c, that
is, for power laws inT quite close to the zero tem-
perature power lawT3. Figure 3 shows the data for
TyTc , 0.5 and

p
ByBc2 , 0.5 plotted in an appropri-

ate way to show the scaling relations. We have plo
ted the data at low temperaturesTyTc , 0.2 and low
fields

p
ByBc2 , 0.4 as filled symbols, at higher tem-

peraturesTyTc . 0.2 as open symbols and at highe
fields

p
ByBc2 . 0.4 as crosses. The scaling works in th

low magnetic field ranges
p

ByBc2 , 0.4d, however, only
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FIG. 3. The upper part (lower part) of the figure shows at lo
temperatures and low fields (T , 0.5Tc and

p
ByBc2 , 0.5)

plotted askyT2.7 for B k j k b kyT3.1 for B k j k c) as a
function of x  sTyTcd

p
Bc2yB. For T . 0.2Tc we use open

symbols, whereas forT , 0.2Tc we use filled symbols. For
high fieldss

p
ByBc2 . 0.4d we use crosses.

at temperatures even lower than0.2sTyTcd. A detailed
analysis shows that the departure from scaling laws on
creasing temperature for a given field value if found
the temperatureTp where theksB, Td curves cross the
zero field curveks0, Tpd (see Fig. 1), in such a way tha
ksB, T d . ks0, Td for T , T p andksB, T d , ks0, T d for
T . Tp. This indicates probably that aboveTp some
electron scattering process which was not included
the theories of Refs. [9,10] contributes appreciably to t
thermal conductivityk. Note that in UPt3 it is very dif-
ficult to reach the regimex . 1, i.e., magnetic fields
as low as

p
ByBc2 ø TyTc ø 1, because, in this case

we quickly approachBc1sø0.01Td; nevertheless, the data
show clearly a curvature towards anx-independent behav-
ior at largex fksB, T dyT3  gsxd ! constg, as expected
to recover the zero field behavior.

When plotting the same data as a function of oth
parameters, e.g., a more “classical”x  sTyTcd sBc2yBd,
as shown in Fig. 4 and stillksB, TdyT n with n , 3 in
the ordinate to recover the zero field behavior forx ! `,
the measured curves for different magnetic fields a
always well separated. This shows that the scaling law
indeed sensitive to the

p
B dependence of the parameterx,

expected for unconventional superconductors. Even if
relax the constraint of recovering the zero field behav
for x ! ` (i.e., treatingn as an adjustable paramete
in order to concentrate on the regionx ø 1, we could
not find a valid scaling relation. Note that the trivia
relation ksB, T dyT2 ø 1yx is followed for temperatures
such thatksB, T dyT , ksB, 0dyT , const, but no scaling
is observed, as this is only a sophisticated formulation
the linear field dependence ofksB, 0d.
167



VOLUME 80, NUMBER 1 P H Y S I C A L R E V I E W L E T T E R S 5 JANUARY 1998

t

ts
ng
f

g
in
V.
h,
l

,

s.

-
,

ter

ys.
FIG. 4. This figure shows the same data (same symbols)
Fig. 3 plotted againstx  sTyTcd sBc2yBd. We have included
data (crosses) taken at 1 T.

By contrast, the scaling shown in Fig. 3 is valid u
to values of x sx , 1d which include a temperature
range whereksB, Td has already a large departure from
the ksB, 0dyT , const found at the lowest temperature
Therefore, the scaling relations shown in Fig. 3 tell mo
than the linear increase ofksB, 0d: They also trace
the evolution of the temperature dependence ofksB, T d,
governed by the gap nodes, under magnetic field.

Our result demonstrates that the magnetic field the
mal conductivity in clean superconductors is related to t
gap structure, as much as the thermal conductivity at z
field. The consistent picture regarding the supercondu
ing gap measured by zero field and magnetic field therm
conductivity in UPt3 is a confirmation of the validity of
the thermal conductivity as a probe of the gap structure
unconventional superconductors.

This also gives a new way for measuring the ga
structure that we hope will stimulate new theoretic
calculations which could take full advantage of scalin
and might help to discriminate between different possib
order parameters. The goal might be to provide
microscopic connection between the temperature and fi
dependences ofk. As regards the superconducting gap o
UPt3, we note that we find similar scaling behaviors fo
the heat current in the basal plane and along thec axis:
This seems quite natural for a hybrid gap as theories
already predict only weak differences on the temperatu
168
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[3]
re

dependence ofks0, Td for both directions, but has not ye
been theoretically established.

In conclusion, our thermal conductivity measuremen
have provided a first thorough test of the predicted scali
behavior of the low field–low temperature properties o
superconductors having a line of zeros in the gap.
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