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Charge-Fluctuation Forces between Rodlike Polyelectrolytes:
Pairwise Summability Reexamined
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We formulate low-frequency charge-fluctuation forces between charged cylinders, parallel or skewed,
in salt solution. At high-salt concentrations, forces are exponentially screened. In low-salt solutions,
dipolar fluctuation energies go @& > or R™*; monopolar energies vary @ ' or InR, whereR is
the minimal separation between cylinder axes. The most important result is not the derivation of long-
sought pair potentials but rather the demonstration that pairwise summability of rod-rod ion-fluctuation
forces is easily violated under low-salt conditions. [S0031-9007(97)05263-0]

PACS numbers: 87.15.Kg, 61.20.Qg, 61.25.Hq, 87.15.Da

Models of assembly by rodlike particles such as DNA, either via the solution of Poisson-Boltzmann equation or
tobacco mosaic virus, microtubules, or filamentous bacthrough more sophisticated statistical mechanical approxi-
terial viruses often require closed-form expressions fomations [7,8]; nonadditivity in the present case does not
molecular interaction. In addition to brute steric forces,depend on the amount of charge or magnitude of the
hydration forces, and electrostatic double layer interacmean electrostatic potential on the interacting particles.
tions [1] between charged rods, there are interactions ofhe interactions we are studying here are due to long
correlated charge fluctuations [2]. Most generally, thesavavelength mobile charge density fluctuations—similar to
fluctuations can be either the dipolar events of traditionathose discussed in qualitative terms in [9]—that can extend
van der Waals forces [3] or monopolar charge fluctuation®ver many individual polyelectrolyte molecules.
from transient changes in the density of mobile ions around The Lifshitz-Pitaevskii approach [3,10] begins with an
a charged particle. The study of monopolar charge flucartificial but easily formulated interaction between arrays
tuations in molecular interactions has a venerable historgf cylindrical rodlike molecules. Specifically, we exam-
[4] with approximate but explicit formulation of fluctua- ine the van der Waals (vdw) attraction between two like
tion forces between two parallel polyelectrolyte rods [5],anisotropic medial and?, containing parallel cylindri-
as well as more sophisticated and versatile analyses [6]. cal particles embedded in a mediwm(Fig. 1). £ andD

Between like particles, these -correlated-fluctuatiorare separated by an isotropic region of salt solution devoid
forces are attractive. There is always a question, thoughof cylinders. Pair potentials between individual particles
whether one is allowed to compute these attractive forcen £ andD are extracted in a dilute rod limit.
in molecular arrays as though they were the sum of The anisotropic regions are composites of parallel
individual rod-rod interactions. The purpose of thiscylindrical rods of effective dielectric cross sectiam?
paper is to assess the limits of validity of the pairwiseat volume fractionv = N7a?; N is the cross-sectional
additivity assumption in rod-rod fluctuation attraction number density oV rods per unit area. The cylinders of
with or without the added salt, as well as to derive thedielectric materiat have anisotropic intrinsic susceptibil-
form of the effective fluctuation pair potential in parallel ities €1 ande, perpendicular and parallel to the rod axis.
and skewed geometries, basing the theory of correlatioRor each regiom = L ,m, D the effective dielectric and
attraction on the Lifshitz-Pitaevskii approach [3]. Theionic properties of the composites can be written in terms
perspective of this approach lets one speak of ion densitgf their local values. In this construction the axis parallel
fluctuations that extend simultaneously over many rodlikeo the rod in regiorD is rotated about axis to create an
particles. The nonadditivity of rod-rod interactions in angled with respect to the rod axis in L .
arrays, as addressed in this paper, is different and distinct Because ionic fluctuations are slow [3], we consider
from the nonadditivity of interactions between segmentonly “zero-frequency” van der Waals interactions, de-
of rods in a two-rod theoretical framework [2]. scribing thermal as opposed to quantum fluctuations. The

We find that the conditions for the validity of pairwise wave equations in media= L, m, andD follow
additivity in an array can be quite restrictive. The ranges
of validity of different theories [2,5] that formalize rod-rod V[eVo(r)] = o (r), (1)
counterion correlation forces are thus practically limited if kT
the interacting polyelectrolytes are part of an ordered arrawhere ¢(r) is the electrostatic potential, with, =
or in a solution. We stress that the nonadditivities studie® , Z%n,(Z); and n,(Z) is the average number density
here are of a nature different from those encountered inf ions of valenceZ taken over each region. The av-
analyses of electrostatic forces between charged surfacesage can be computed from an appropriate microscopic

47rn,e?
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infinite regions. For small enough volume fractianshe
inverse squared screening lengthsdinand D are

drnre? 47rnpe?
EJ_kT GJ_kT

~ K2|:1 + v(u — 2Ai>i|’
Nm

2 _ 4mn,

where k? = k2 7;2 is the square of the standard
inverse Debye screening length in the regien

The zero-frequency vdw interaction free energy per unit
area between the two anisotropic semi-infinite regidhs
andD across a slal of thicknesd is [3]

kT 21
F.0)=g 5 [ ap
T 0

% f I = 20, p)e VT 0 a0, (2)
0

where A%(0,¢) = Az ,()Ap,,(6 — ). To take ac-
count of anisotropy is for angular integration over
all directions in radial wave vector®. The functions
Arn(¥) and Ap,, (0 — ) can be obtained in the stan-
FIG. 1. Array-interaction geometry. Regiof is confinedto dard way [3]. For small enough values of they can

z < 0, region D to z > I; isotropic regionm is the slab in  usually be expanded to terms linear in cylinder volume
between. The cylindrical array ifD is rotated about the  fractionv. To lowest order in density, the interaction en-

axis by an angl@ with respect toL. Not only the dielectric 2 o i P : ;
constants of the composite medi® and £ but also the ergy goes a®/~. In this dilute limit, rods in the two media

dielectric constants of the cylindrical rods (bottom) themselvedntéract pairwise across the gap _
are anisotropicg, €<, n. refer to the cylinder material. Extraction of the pairwise interaction potential follows

one of two procedures, depending whether the rods in
and D are parallel(# = 0) or skewed. We connect the
per-unit-area interactioF (I, ) between planar regions
model of mean ion distributions or taken from measuredf embedded cylinders with the pair interaction potential
ion content of polyelectrolyte suspensions. For regiongg(/, #) between skewed cylinders or the pair interaction
L and D, we distinguish the densities of mobile ions energy per unit lengttg(I) between parallel cylinders.
n. associated with cylinders and,, in the interven- Note thatG andg have different units and are not always
ing space, respectively. For univalent counteriopsa®>  simply related (see below).
equals the linear density of fixed charges per unit length A sufficient condition for connecting the forces be-
of the cylinder. The volume average andnp overthe tween two semi-infinite dilute macromolecular arrays
whole composite isny = np = n.v + n,(1 — v) = and the corresponding pair potentials between macro-
nn + v(n. — n,). The dielectric susceptibility tensef ~ molecules is thatF (1, §) can be accurately expressed by
is taken only in the limit of zero frequency. For the the first, quadratic term in a series expansion in dengity
composite regions = £ and D €" has diagonal ele- or volume fractionv. The Pitaevskiiansatzcan be ap-
mentse;, €, €, with the axesx andy of D rotated plied in two forms [10]. Foskewectylinders at a mutual
by an angled. For small enough volume fractions, angled, the connection is
the components of the unrotated tensors for the com-

2
posite media are [11k and €?, where e = £ = lim L(ia) — N?sin0G (R, 0), 3)
el =¢€,01-v)+ ve| = €n(l + vA)), €L = eyﬁ = N—0 i I=R
GYD = ef = ezﬂ = em(%)with Ay = @ A = Whilef for parallel cylinders the connection is an Abel
7o, andl = A — 2A . e, is the isotropic suscepti- transform
bility'in region m and in between cylinders iff and D; _ d*F(1,6 =0) , (7 ; ;
superscriptc refers to the response of the cylinder mate- IUTO —ar e N ffoo gWR* + y?)dy.
rial. Because solutions of the wave equation require con- 4)

tinuity of eV¢ perpendicular to the interfaces at= 0
and [, it is the perpendicular response ef and e? In both casesk is the minimal separation between the
that determines the ionic screening lengths in both semieylinder axes.
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ExpandingF (i, ) in Eq. (2) to the second order inone obtains from Eq. (3) fakewedylinders the relation

kT k*(ma®)? fw 3 —2kRp fzw
o k K A/2 5
22 sing p’dpe . 6,9)dy, (5)

G(R,0) =
with A”2(6, ) = Mg—,}"‘) W while for parallel cylinders with the inverse Abel transform Eq. (4) gives

o 27
§(R) = =L ma®) [ ptap KoCarp) [ AP @0, (6)

whereKy(x) is the modified Bessel cylindrical function of order 0. There is no simple limit relating Egs. (5) and (6),

i.e., the skewed interaction energy and the parallel interaction energy per unit length for the case of infinitely long

cylinders cannot be obtained from a continuous limiting process. Both skewed and parallel cases reflect three types of

charge fluctuations, written as separate lines in Egs. (7),(8): dipole-dipole, dipole-monopole, and monopole-monopole.
In the limit of vanishing salt concentration in the mediurR — 0 and withF(9) = (2cos 6 + 1)/27

3kT 22[ , 1 2 } 1 kT 22(47Tnce2>|: 1 } 1
= - + — + + — — + =T | —
G(R.6) g TV AL LA TTRO) | Srer o () emkT At gl Ginore
kT 5 2<47Tnce2 )2 IN(2xR)
+-—
4 (ma”) enkT sing
)

kT 1 371 kT 47rn.e? 1 1
R) = ——— 22[A2+—A r+r2—}—+— 22<—C>[A +—r}—
8(R) 30 TV AL T AL 7 75 T g ) enkT LR R
kT, 2<4wncez>2l
8 (ma’) enkT ) R’

When all salt concentrations equal zero, interactions come only from differences in dielectric susceptibility. All
monopolar terms vanish to leave only dipolar terms [10]. Equation (7) has already been derived and discussed [3].

In the opposite case aftrong ionic screeningxR > 1, the only terms surviving are those of longest range that
nevertheless decay exponentially.

8kT e 2Kk kT ne —n e 2KR
R,0) = ——— D2I2F() ——— — — K 22F<C m)
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When all €’s are equal but when there are differences G(R,0) = ﬂ(ﬂaz)z(4wnce°)°imlﬂ ©)
in ionic densitiesn. and n,, only monopolar terms ’ dar enkT /) sin@
endure. For this case in 0.1 M uni-univalent salt and with(to within additive constants) and
monovalent counterions the interaction between two rods X 4 22
at right angle would amount to at the most a fraction g(R) = _kr (ml2)2<ﬂ> - (10)
of kT at a surface to surface separation of one Debye 8 emkT ) R

length or to~kT per persistence length if parallel. This In the case of DNA even for monovalent counterions
is at least about an order of magnitude smaller than otheghese forces would be quite large, amounting-800kT
interactions (hydration and electrostatic) [12]. Higherper persistence length at near contact, overshadowing all
valency counterions, however, would give much largemther interactions [12]. We now show why this particular

interactions, proportional tg*. limitis in fact unattainable and why Eqgs. (9) and (10) give
There is a curious further limit-unscreened severe overestimates for the correlation interactions.

monopole-monopole  correlated  fluctuatiersvhere The n,, — 0 form for parallel rods has been obtained

n, — 0 but cylinders still carry counterions., analytically [5] before and is also closely related to recent
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results [2,13], provided the counterion liquid structure fac- If many-body effects cannot be neglected, how can one
tor introduced in [2] is a constant. This correspondencdormulate the ion fluctuation free energies of aggregated
is quite along the line of our present understanding of thearrays? In its ability to speak of electromagnetic fluctua-
state of condensed counterions [14], as well as completelifons that encompass the entire macromolecular aggregate,
consistent with recent direct measurements of the courthe Lifshitz approach appears to be most appropriate. In
terion structure function in DNA arrays [15]. its language, the free energy connected with electromag-
When can one assume pairwise additivity? The centratetic field fluctuations can be seen to vary with macro-
requirement of the Pitaevskii construction is to createscopic dimensions and even shape of the aggregate [17].
composite media whose dielectric properties are linear ifn an anisotropic polyelectrolyte array the energy of for-
N. The interaction between composites then goe¥‘as mation will also depend on the orientation of macroscopic
With salt solutions, requisite dependence on the square dhcets with respect to anisotropic molecular axes. The dif-

densities requires [Eq. (2)] ferent macroscopic shapes of the DNA aggregates might
(e — ny,) already be indicating such shape dependence [18].
— —2A, | 1. (11) We thank Andrea Liu and Bill Gelbart of UCLA for
Mm discussions and correspondence regarding the correlation

What kind of restriction does this inequality impose forforces in polyelectrolytes. We also thank Per Lyngs
pairwise summability of ionic fluctuation forces in an Hansen for many suggestions regarding the presentation
array? We can read condition Eq. (11) (for simplicity we of our results.

setA| = 0) as saying that there is only a small relative
difference in the total density of ions in the regions with .~
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1 Ljubljana, Slovenia.
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