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Long Jumps in Surface Diffusion: A Microscopic Derivation of the Jump Frequencies
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Starting from a microscopic Hamiltonian for a particle on the corrugated surface of a solid we derive
the master equation for phonon-mediated hopping and friction using the Wannier representation. For
a sinusoidal corrugation (in addition to a Morse surface potential) we investigate the role of interband
transitions and numerically calculate transition probabilities. We find that long hops beyond nearest
neighbor sites are significant, particularly for weakly coupled systems. [S0031-9007(97)05244-7]

PACS numbers: 68.35.Fx

Diffusion of particles on solid surfaces is most often mechanical treatment of the coupled solid-gas system
controlled by a hopping mechanism by which the particlewhich has been used before to derive the kinetic equations
resides in well-defined adsorption wells for times muchfor adsorption and desorption [21-23]. To study surface
longer than it takes to jump into neighboring sites [1].diffusion we will use the Wannier representation of the
This idea goes back at least to Chudley and Elliott [2]Jwave functions for a periodic system that provide the
who developed a lattice gas model for diffusion by discretenatural framework for the localization of the particles
jumps. They suggested that in liquids jumps are nott lattice sites. This approach has several advantages:
only to nearest neighbor sites but that jumps into mordi) Being quantum mechanical, no assumptions need to
distant sites must also be considered. Recent advancbe made concerning the mass of the diffusing particles
in quasielastic helium scattering on surfaces [3—7] andnd the coupling to the substrate; (i) we will get
in field ion microscopy [8] have given ample evidenceexplicit expressions of the jump frequencies in terms of
that on surfaces diffusion of adsorbed particles is notnicroscopic parameters of the coupled adsorbate-substrate
restricted to jumps between nearest neighbor adsorptiosystem. Numerical results will be presented for one-
sites but that for weakly coupled adsorbates jumps taimensional motion.
second and even third neighbor sites are non-negligible. We begin by considering a single particle of mass
This does not come as a total surprise because moleculan the surface of a solid (lateral interactions at nonzero
dynamics simulations—which one may view as numericakoverages will be considered in the full account of this

experiments—have shown this repeatedly [9—-15]. work). Its Hamiltonian can be written
Apart from classical molecular dynamics simulations K2 92
almost all theoretical approaches to surface diffusion, and Hy=—5 -3 7 Vi(z,R). 1)

erer = (z, R) with the z axis perpendicular to the sur-

also the analysis of experimental data [16], are baseﬁ
ace andR a two-dimensional vector in the surface. We

on the master equation for a kinetic lattice gas mode
with ad hochopping probabilities, and consequent sim-55c;me that the surface potential has translational sym-
plifications to the Langevin, Kramers, or Fokker-PIanckmetry along the surface, i.eV,(z,R + Ry) = V,(z, R)
equations. Several, more or less identical, caIcuIationﬁ,hereRl = La; + bLay \’/vith ’;1 'émd I integerss 61';1Ch11

of the (phonon-mediated) friction coefficient have been,q,, |attice vectors in two dimensions spanning a sur-
published based on a correlation function approach withif, o nit cell.

cl'assical statistical mechanics both for the motion PErPeN- Translational symmetry implies that we can write the
dicular [17-19] and parallel to the surface [18—20] (with g, tace potential as
the exception of Refs. [21-23] where the friction coeffi-
cient for the perpendicular motion is derived quantum me- v (z,R) = Vy(z) + Z Vm(z)expiKy - R).  (2)
chanically together with the Fokker-Planck and Kramers m#0
equations). It has also been discussed recently that juniphe first term is the surface potential of a flat surface and
probabilities on surfaces (and as a result friction) are nothe sum extends over all the Fourier components describing
only due to the coupling of the adsorbate to the phononthe surface corrugation whel€,, = 27 (mb; + m;b>)
of the substrate but also to the electronic degrees of freavith m; andm, integers and,; reciprocal lattice vectors
dom [15,20,24]. such thata; - b; = §;;. Thez dependence of the higher

In this paper we will sketch a microscopic derivation Fourier componentd/;,(z), introduces some coupling be-
of the master equation, and thus of a kinetic lattice gasween the eigenstates &f(z) (bound states and contin-
model, for surface diffusion. It is based on a quantumuum) and of the Bloch states in the periodic potential along
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the surface. Because of the extended (and periodic) nder higher bands. Because Bloch functions can be multi-
ture of the Bloch states they are not well suited to studyplied by a phase factor that is an arbitrary function of the
localized hopping on the surface. We therefore switch tavave vector, this phase factor makes the Wannier functions
Wannier functions, constructed from the Bloch functionsnonunique and can be used to control their localization.
via a two-dimensional Fourier transform [25]. These func-This, of course, does not affect jump frequencies, friction,
tions are orthogonal in the band index and also on differenaind diffusion coefficients but can be used advantageously
lattice sites, but are not eigenfunctions of the (static) sinin the numerical calculations.

gle particle Hamiltonian (1). They are centered around Expanding the particle field operators in terms of
a particular unit cell of the surface with their localiza- Wannier functions we introduce creation and annihilation
tion within that cell being the highest for the lowest en-operators, e.g.8} (R, ) creates a particle in band at
ergy band and becoming progressively more delocalizedite Ry and timet. In terms of these operators the various

| contributions to the Hamiltonian read

H= > E,® - RDBIR,NB,RL1) + > hosblby + > X(w,Ryi; v, R ))BIR] 1)
V,Rl,R; J V,Rl,V’,R;,J
X [bJ (1) + by (1B, (R1.1). (3)

where the energies are given in terms of the Blolchion parallel to the surface. We solve Heisenberg's equa-

eigenvaluest, (R, — R)) = Sk E, ke K®~R)  The tion of motion for the creation and annihilation operators

substrate degrees of freedom are excited by the operatop$ Wannier states to second order in the phonon cou-

b1 and can be elastic, magnetic, or electronic in origin. InPling and get for the occupation probabilitigs(R,, 1) =

this Letter we will consider only coupling to the phonon (8. (R1,7)B,(Ry, 1)),

bath of the substrate in which case the matrix elements

X involve the Qerivative of the surface potentia}l, taken ifV(Rl,t) = Z[W(VaRl; v, R)f, (R}, 1)

between Wannier states and can be expressed in terms off V'R

matrix elements between Bloch states. - W@, R v, R)fRLD],  (4)
The master equation for phonon-mediated adsorption

and desorption has been derived elsewhere [21-23] antlhere the transition probabilities (per unit time) are given

we follow the same procedure here to include the moby

2 -
WMWMM=%§WWM%MM2

X {n"" (0,)8[E,(0) — E,(0) — hiw;] + [nP"(w,;) + 1]8[E,(0) — E,.(0) — liwsTt. (5)

In deriving the above master equation, we neglec{edignificant coupling between the motion parallel and
off-diagonal contributions of the king3!(R’,7)8,(R,7))  perpendicular to the surface.

since such contributions decrease exponentially with To confine the processes in (4) to surface diffusion only
IR] — Ry|. This master equation describes the phononwe must restrict the eigenstates to the bound states of the
mediated transitions between the states of the statisystem and consider only transitions between them. A
Hamiltonian. If, for the sake of a qualitative discussion,further simplification results if the coupling to the sub-
we neglect thez dependence in the higher Fourier com-strate is sufficiently strong so that the adsorbate remains
ponents,Vi(z), of the surface potential, then adsorptionin local equilibrium [23]. We then writef, (R}, 1) =

and desorption are controlled mainly by the transitionsf (Ry, t)e £/%7 /> e~ Ev/kT and sum the master equa-

in Vo(z) with a cascade of transitions between the boundion over all states to get

states predating the final desorption transition into the d . .

continuum [23]. If the lowest two eigenstates 6f(z) E.f(Rl,t) = > [WR,R)F(R], 1)

are further separated than the height of the surface R

corrugation then diffusion along the surface is decoupled - WRLRDf(RLD],  (6)

from the motion perpendicular to it. This is most likely where

the case for the light noble gases and for closed shell /

Ze_BE””.

!

molecules such as Nthat are physisorbed. However, W(R},R)) = > W(»/,R};»,R;)e L
for heavier particles (and, in particular, those that are v,y

chemisorbed) the bound state levels Wy(z) become 7
close (and a continuum in the classical limit) and theThese probabilities do not only describe transitions be-
surface corrugation becomes large so that one expect&een nearest neighbor sites but also longer ranged jumps.
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Restricted to nearest neighbor jumps this is the masi one dimension we then get for the energy spectrum

ter equation for a symmetrical (asymmetrical) one-ste 28] E*(K) = (1/2) * (&1 + &2 *+ \/(81 — )2 + V2)
process in the absence (presence) of an external field a%ﬂwere &1 = I2K2/2m and &, = ;2(K ~ Ko)?/2m Llf
Caglggviﬁggd[g/_\gesli'ki?%gg ?gégogsoﬁg].how o extrac{or simplicity in this Letter, we take the corrugation of the
X P .y surface potential to be independentfthen the whole

analytical forms for the friction coefficient (for the mo- -

surface potential is separable and there are two bands for
tion perpendicular to the surface) in terms of the micro-

the motion parallel to the surface for each (bound state)
scopic parameters of the coupled adsorbate substrate Syesigenstate perpendicular to the surface. We then get a
:thaem ssggcvgﬁnwgllgg t:re s;lan;re fﬂetrzewngo\t\'lﬂrrgaﬂl%lntloset of two coupled master equations with intraband and

ger pap P Yinterband transition probabilities. In the case where the
some results on the jump frequencies for single and multi:
le site hobs. To get some exblicit results we take fOtransverse motion to the surface is negligible (when the

P P g b partlcle performs a very large number of hops before de-

wilzcz)oiuga(te)dcggéentl/al)a+sgn E)I()ac((:);szlne /f;)))r m, Hg?gqelySOrptlon can occur), only interband transitions contribute.
I Lz Txa) T VLR YO ' For a semi-infinite continuum, these are given by
a and b stand for the lattice parameters in theand y

directions, respectively. W{ = 2maV,/l* > 1, such 302

a potential has narrow atomiclike bands well below the W(R; — R)) = =1 <ﬂ> ool (A,R; — R))
potential barrier, which widen for energies around the top 167 M;

of the barrier and become free electronlike much above % 1 1 (8)
it [25,27]. Hopping involves foremost the transitions be- AT — 1 o=A/keT 4 1°

tween the two bands around the top of the barrier. As-

suming that the occupations of the lowest levels are kepyvhere A = N !> ([ET(K) — E"(K)], N being the
in thermal equilibrium by fast transitions we can concen-otal number of sites on the solid surface. Hesg =
trate on the above two bands. In this Letter we deal witht72V; /ma? is the vibrational frequency at the bottom of
only light physisorbed particles with diffusion barriers sothe corrugated surface potential, ang, is an average
small that a two-band approximation can be employedDebye energy of the solid substrate. Moreover

A w3 & 2m .
I'(A,R; — R) = — - do do sing(e!”))?
Vi T oplo) 0
« L plAkx — AK+2p77/a—Acosd>sin0/hc(,]
K=027/Na,.. Nk p== NK+2p7T/a*A cos¢ sin@/ hic,
+A AK*Acosqﬁsinﬁ/Ec” o AK+47T/(J*ACOS¢Sin0/FlC,,
K NK—Acos(/:sinf)/ﬁc,, NK+477/a—Acosd>sin0/hc(,
2
_ 1 . 1 IK(R—R)) )
NK*477/a*A cos¢ sinf/ hic, NK*Acosqbsin&/hc(,
is a dimensionless quantity withiy = /1 + A% | sponding to the velocity,,, Fa_ndMS is thg mass of the unit
cell of the solid. The (additional) functioR(A, R, — R])
Ak = o [(Ka)* — (Ka — 27)*] incorporates the coupling to the phonon bathalso con-

tains all the information about the energy transfer between
- \/[(Ka)Z — (Ka — 2m)?]* + al‘l‘, (10) the adsorbed particle and the substrate degrees of free-
5 _ ) @ dom. _The ear_Iier estimates of parallel f_riction [18—20]
and ex” =sinfgcos¢, ex = —cosfcose, ex =  essentially assign a constant to this functidn.also con-
—sin¢ are thex components of the polarization vector.  trols the jump length in diffusion with the relative weight
For low temperaturekpT < A, the transition proba- of jumps into first or further neighbor sites being con-
bilities (8) are of Arrhenius form for a thermally ac- trolled by Uﬁ_ For light physisorbed particlegﬁ is of
tivated process, but non-Arrhenius behavior sets in age order of 10—-100, a range for which the two-band ap-
the temperature is raised. The dependence of the jumgroximation for the cosine potential is acceptable. For
frequenmes on the mass ratio, on the Debye frequence complete characterization of the system we introduce
wp(o) = ( om p“)mcg, and on the vibrational frequency a second dimensionless parameters= /i/mac, wherec
in the surface potential is analogous to that of the fricds an average phonon velocity.
tion coefficient for the motion perpendicular to the surface Numerical values for the relative jump frequencies (with
[21-23]. o refers to the (surface) phonon mode corre-respect to the jumps to nearest neighbor sites) are shown
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TABLE I. Numerical values for relative jump frequencies.

g'ﬁ — 1 10 50 50 50 4000 MD

a — 0.1 0.1 0. 0.01 0.001 0.03

0—1 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.000
0—2 0.6899 0.0870 0.1333 0.0406 0.0388 0.250 0.381
0—3 0.4615 0.0178 0.0552 0.0077 0.0068 0.11 0.191
0—4 0.2820 0.0014 0.0302 0.0023 0.0018 0.062 0.062
0—5 0.1582 0.0003 0.0191 0.0009 0.0006 0.040 0.046
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