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Breakdown of Scale Invariance in the Coarsening of Phase-Separating Binary Fluids
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We present evidence, based on lattice Boltzmann simulations, to show that the coarsening of the
domains in phase-separating binary fluids is not a scale-invariant process. Moreover we emphasize tha
the pathway by which phase separation occurs depends strongly on the relation between diffusive and
hydrodynamic time scales. [S0031-9007(98)05335-6]

PACS numbers: 47.20.Hw, 05.50.+q, 47.55.Kf, 61.20.Ja
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Our aim in this Letter is to discuss domain growth in
two-dimensional binary fluid mixtures. When a binar
mixture of fluids,A andB, say, is quenched below its criti-
cal point it phase separates into anA-rich and aB-rich
phase. This is achieved by domains of the two phas
forming and then growing. It has been widely assume
that the coarsening of the domains is a scale-invaria
process [1]. We present evidence, based on lattice Bo
mann simulations [2], to show that this is not the cas
for binary fluids where different growth mechanisms com
pete at all times. We also emphasize that the pathways
which coarsening occurs have a strong qualitative depe
dence on the relation between diffusive and hydrodynam
time scales.

There is a large body of numerical and experimental da
on domain coarsening in systems without hydrodynamic
such as magnets or binary alloys. The conclusion is th
after initial transients, the domain growth is scale invarian
The morphology of the domain pattern remains statistica
equivalent at all times apart from a change of the leng
scale, and the correlation function of the order parame
f obeys the scaling form

kfsx 1 r, tdfsx, tdl ­ fsssryRstdddd , (1)
wherek· · ·l indicates a spatial average andRstd is a length
scale which is typically observed to grow as a power law

Rstd , st 2 t0da . (2)
a, the growth exponent, is a universal constant which
expected to depend only on the growth mechanism a
not on the microscopic details of the system.t0 is a zero
time that does not have to coincide with the start of th
simulation.

Several different growth mechanisms have been iden
fied or proposed for bicontinuous two-dimensional binar
fluids.

Diffusive growth.—This is the mechanism by which
domains grow by the diffusion of material between them
[3]. The growth is slow witha ­ 1y3 as material has to
diffuse across aB domain to move betweenA domains and
vice versa. This mechanism is common to all materia
with a conserved order parameter (e.g., binary alloys, sp
systems with Kawasaki dynamics) and does not rely on t
hydrodynamic properties of fluids.

Diffusion-enhanced collisions.—In a system of concen-
trated droplets the diffusion field around the droplets lea
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to an attraction between them [4]. In a fluid they are ab
to flow in response leading to a faster coalescence,
with a still 1y3.

Hydrodynamic growth.—For time scales over which
hydrodynamic modes can be excited bulk fluid flow
possible [5]. This is a faster process which leads
a growth exponenta ­ 2y3 for fluids at long times.
However, as we shall demonstrate below, hydrodynam
flow, driven by the pressure difference between points
different curvature, is effective in reducing the interfac
length and making domains more nearly circular but n
in enhancing coalescence of domains.

Noise-induced growth.—Noise can lead to a growth
exponenta ­ 1y2 [6]. However, there is no noise in
the lattice Boltzmann results presented here, and t
mechanism will not be relevant.

In this Letter we present evidence as follows: (1) Th
competition between diffusive and hydrodynamic grow
leads to a breakdown of scale invariance. (2) For ve
low viscosities capillary waves are important and lead
yet another possible growth mechanism. (3) The relati
magnitudes of the diffusion constant, viscosity, and su
face tension are qualitatively important in determining th
route along which domain growth proceeds. In partic
lar, we clearly identify the double quench pathway fir
described by Tanaka [7].

Our evidence for the breakdown of scale invarianc
in hydrodynamic systems is encapsulated in Figs.
2, and 3 which correspond to high, intermediate, a
low viscosities, respectively. The left-hand column o
snapshot pictures in each figure shows the domain patt
at 3 times. Coarsening of the domains can be clea
seen, and it is immediately apparent that the shap
of the growing domains depend on the value of th
viscosity.

To more easily compare the emerging patterns t
right-hand column of snapshots in each of the figur
shows an enlargement of part of the corresponding le
hand picture. The enlargement is by a factor ofst3ytda1

for a picture at timet where t3 is the time of the final
snapshot anda1 is the growth exponent for the length
scaleR1 defined below. If the system is scale invarian
all the figures in the right-hand column would be expecte
to look (statistically) identical.
© 1998 The American Physical Society 1429
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FIG. 1. Evolution of phase-separating domains for a bina
fluid with high viscosity. The left-hand column shows th
phase ordering process at three different times. The right-ha
column shows each snapshot scaled by a factor ofsty48588d1y3.
The resulting box sizesLx , Lyd is indicated. The graph at the
base of the figure shows the behavior of lnR as a function
of ln t where R is a length scale andt the time. Different
scales are distinguished by¶sR1d, nsR0d, andpsR#d. The line
corresponds toa ­ 1y3.

To obtain a more quantitative measure of the growth
graph of lnRstd as a function of lnt is also displayed for
each value of the viscosity. Three different measures
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FIG. 2. As Fig. 1 but for an intermediate value of the
viscosity. Scaling is by a factor ofsty6399d2y3. The lines
correspond toa ­ 2y3 and1y3.

length are considered. Previous work [8] has concentrat
on measuringR1std, the inverse first moment of the
circularly averaged structure factor. Here we also prese
results for length scales derived from the length of th
interfaceLI and the number of domainsN

R0std ­
Lx p Ly

LI
, R#std ­

s
LxLy

N
, (3)
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FIG. 3. As Fig. 1 but for a low value of the viscosity. Scaling
is by a factor ofsty6399d2y3. The lines correspond toa ­ 2y3
and1y2.

respectively, whereLx and Ly are the linear dimensions
of the simulation box.

If the system is scale invariant all lengths should sca
with the same value ofa. (This excludes microscopic
lengths, such as the lattice spacing and interface widt
which remain unchanged during the growth process.) W
show that the different lengths do not scale in the sam
way for some values of the fluid viscosity. This implies
le

hs,
e
e

a

breakdown of scale invariance which is further support
by visual inspection of the growing domains.

We consider each value of the viscosity in turn. At ve
high viscosities (Fig. 1) hydrodynamics is unimportan
Therefore the system resembles model B (growth w
a conserved order parameter) in the language of cr
cal phenomena. Diffusive growth, witha ­ 1y3, is
expected. The length scalesR1 andR0 clearly show this
behavior. For early timesR# also scales ast1y3, but there
is a slower growth for later times. This was a feature
all the simulations we ran and became more pronounc
for the larger systems. A possible explanation lies in t
lack of a bicontinuous structure in two dimensions whic
leads to the formation of nested structures which affect
growth. The snapshots on the right-hand side of Fig
show no visual evidence for a breakdown of scaling.

Figure 2 shows results for intermediate viscositi
which are low enough to allow hydrodynamic flow bu
sufficiently high to damp out capillary waves. The wel
known hydrodynamic growth exponent2y3 is observed
for R1 and R0, but for R# the growth exponent quickly
crosses over toa# ­ 1y3. This implies that the number
of domains is decreasing more slowly than in a sca
invariant state. It occurs because, although the interfa
curvature of the domains is rapidly decreased by the flo
once the domains are circular hydrodynamics can o
assist the growth through the much slower diffusio
enhanced collisions which proceed witha ­ 1y3 [4].

As a result domains on large length scales are tortuo
The smaller the domains the more circular they becom
The length scale of the crossover between these behav
increases with time. Hence, as time progresses an incr
ingly deep hierarchy of circular domains within circula
domains results. Pictorial evidence for the lack of sca
invariance in the growth process can be seen in the sca
snapshots in Fig. 2.

In most simulations of hydrodynamic growth resul
have been limited toR1 (but see [9] where severa
different measures are used for a one-component flu
This gives most weight to the largest domains whic
continue to grow via the2y3 power law, and this is the
exponent that has been widely reported [8]. The meas
R0 is derived from the interface length. Initially this is
mostly in the larger domains, andR0 is not sensitive to the
structural change. For late times there is some indicat
that the growth of this measure is slowing down.R#,
however, is related to the number of domains and provid
a good measure of the smaller scale features of the patt

At low viscosities (Fig. 3) the morphology of the
domain growth is again altered. Now the damping
capillary waves is so small that their amplitude can be
order of the domain size. The real-space pictures of
growth show rugged interfaces. This enhances the dom
coalescence, and the growth law forR# is changed from
1y3 to 1y2.

Finally, in Fig. 4 we show yet another pathway t
phase separation in a binary fluid, the double quench fi
1431
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FIG. 4. The evolution with time of phase-separating domain
for a binary fluid with intermediate viscosity but low diffusiv-
ity. Domains quickly become circular but the order paramet
does not reach its equilibrium value. Hence a second crop
domains forms by spinodal decomposition. Tanaka has term
this a double quench.Rstd shows no clear scaling behavior
(see Fig. 1 caption for definition of symbols).

described by Tanaka [7]. These results were obtained
intermediate viscosities but a low value of the diffusio
coefficient. Domains are created and hydrodynamic flo
allows them to attain a circular shape. However, becau
of the weak diffusivity this occurs before the orde
parameter in each domain attains its equilibrium valu
Hence, secondary spinodal decomposition can take pla
within each domain, and a nested hierarchy of circul
domains form up to a length scale which increases wi
time. Plots of the logarithm of the length scales again
the logarithm of time in Fig. 4 show no clear scaling
behavior on length and time scales accessible to t
simulations.

These results were obtained using the lattice Boltzma
approach described in [2]. This gives a numerical solutio
1432
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of the continuity, Navier-Stokes, and convection-diffusion
equations describing the flow of binary fluids. There ar
two particularly relevant advantages of the method. Firs
it is possible to vary the diffusivity and the viscosity over
a wide range. Second, the equilibrium state minimizes a
input free energy which here is taken to be that of a mod
binary fluid

C ­
Z

dr

(
ln
4

√
1 2

w2

n2

!
2 T

"
n 1

n 1 w

2

3 ln

√
n 1 w

2

!
1

n 2 w

2
ln

√
n 2 w

2

!#

1
k

2
s=wd2

)
, (4)

with n the total density,w the density difference be-
tween the phases,T the temperature, andk . 0, l . 0
constants.

To conclude, domain growth in binary fluids is a
richer phenomenon than hitherto described. The domina
growth mechanism depends strongly on the viscosi
and diffusivity of the fluid and may be different at
different length and time scales. Many questions remai
among them clarification of the growth mechanisms a
nonsymmetric compositions, investigation of the role o
noise, clarification of the importance of self-diffusion
in liquid-gas systems, and assessment of the effect
anisotropy in the dynamics of the two phases.

We thank G. Gonnella, E. Orlandini, B. Buck, and
A. Rutenberg for enlightening discussions. J. M. Y
acknowledges support from the EPSRC Gran
No. GRyK97783.

[1] A. J. Bray, Adv. Phys.43, 357 (1994).
[2] E. Orlandini, M. R. Swift, and J. M. Yeomans, Europhys.

Lett. 32, 463 (1995); M. R. Swift, E. Orlandini, W. R.
Osborn, and J. M. Yeomans, Phys. Rev. E54, 5041 (1996).

[3] I. M. Lifshitz and V. V. Slyozov, J. Phys. Chem. Solids
19, 35 (1961).

[4] H. Tanaka, J. Chem. Phys.103, 2361 (1995).
[5] E. D. Siggia, Phys. Rev. A20, 595 (1979).
[6] M. San Miguel, M. Grant, and J. D. Gunton, Phys. Rev. A

31, 1001 (1985).
[7] H. Tanaka, Phys. Rev. Lett.72, 3690 (1994).
[8] W. R. Osborn, E. Orlandini, M. R. Swift, J. M. Yeomans,

and J. R. Banavar, Phys. Rev. Lett.75, 4031 (1995); A. N.
Emerton, P. V. Coveney, and B. M. Boghosian, Phys
Rev. E 55, 708 (1997); T. Lookman, Y. Wu, F. J.
Alexander, and S. Chen, Phys. Rev. E53, 5513 (1996).

[9] K. R. Menke and V. Sofonea, Phys. Rev. E56, 3761
(1997).


