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We introduce a method for reconstructing quantum superposition states excited in molecule
atoms by short laser pulses. The technique is based on mixing the unknownobject statewith
a known reference stategenerated in the same system by an additional delayed laser pulse,
detecting the total time- and frequency-integrated fluorescence as a function of the delay.
demonstrate the feasibility of the method by reconstructing various vibrational wave packets in so
dimers. [S0031-9007(98)05330-7]

PACS numbers: 42.40.Kw, 03.65.Bz, 31.50.+w, 42.50.Md
er-

-
at

and
ing
s a
t

-

-

e

ve

ket

r

y

The problem of how to measure the wave function o
a quantum system in amplitudeand phase has attracted
a lot of attention over the last few years [1]. Such
reconstruction has been achieved for only a few system
such as a single mode of the electromagnetic field [2,3
vibratory states of molecules [4], a single ion stored in
Paul trap [5], and an atomic beam [6]. In this Letter, w
address the problem of measuring the quantum state
a molecule [4,7,8], and propose the concept ofquantum
state holography.

In analogy to the ordinary optical holography, we
interfere theobject wave function to be measured with
a knownreferencewave function. For this purpose, we
employ a sequence of two time-delayed laser pulses wh
subsequently excite the object and the reference wa
packet in the excited molecular potential. This is simila
to the recently introduced technique of wave packet cros
interferometry [9]. The total incoherent fluorescence [10
of the excited molecule, which is recorded as the functio
of the delay timet, serves as a hologram. We show tha
these data contain enough information to extract the f
quantum state of the object wave packet. Moreover, w
demonstrate the feasibility of quantum state holograp
by numerically simulating the reconstruction of wav
packets in a sodium dimer. The method is capable
determining wave packets in arbitrary potentials and
not restricted to weakly anharmonic molecules.

Quantum state holography applied to a wave pack
in an excited molecular potential adds coherently th
referencestatejcrl ­ eifstd P

n bnjnl to the object state
jcol ­

P
n ane2ivntjnl which already has evolved for a

time t. Here, jnl denotes thenth vibrational state with
energyEn ­ h̄vn in the excited molecular potential, and
we allow for an additional phasefstd between the object
and reference states. This relative phase is determin
by the actual experimental setup and may depend on
delay timet. In the weak field limit, the populationPn

of thenth vibrational level is thus given by
0031-9007y98y80(7)y1418(4)$15.00
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Pnstd ­ janj2 1 jbnj2 1 2 Rehanbp
ne2ifvnt1fstdgj . (1)

Our technique relies on the observation that the interf
ence term in Eq. (1) depends on theamplitudesan and
bn, rather than on the probabilitiesjanj2 andjbnj2. As in
ordinary holography, the populationPn plays the role of
the photographic density, which allows for the full recon
struction of the object wave function. We also note th
there is no need to determine the populationPn for each of
the states separately: It suffices to measure the time-
frequency-integrated fluorescence of the molecule mak
a spontaneous transition to the lower electronic level a
function of the delay timet. Indeed, for a wave packe
which comprises several vibrational statesjnl populated
with the probabilityPn, the time-integrated energy emit
ted incoherently by the molecule is given by

Ftot ~
X
n,n

Pnjkn j nlj2E4
n,n , (2)

where n numerates vibrational levels in the lower elec
tronic state, andEn,n ­ En 2 En denotes the energy
difference of the two states. From Eqs. (1) and (2) w
recognize that in this case the total fluorescence

Ftotstd ­ Fo 1 Fr 1 Fintstd , (3)

consists of thet-independent termsFo ;
P

n jãnj2 and
Fr ;

P
n jb̃nj2, and the interference term

Fintstd ; 2 Re

(X
n

b̃p
nãne2ifvnt1fstdg

)
, (4)

which results from the overlap between the two wa
packets, and, therefore, depends ont. Here, we have
introduced the notatioñan ; knan and b̃n ; knbn with
kn ; f

P
n jkn j nlj2E4

n,ng1y2. Note that by measuring the
fluorescence of the object and the reference wave pac
alone, one finds the quantitiesFo and Fr which can be
subtracted fromFtot. We, therefore, in the remainde
concentrate onFint only.

We assume that the reference statejcr l and the
coefficientsbn are known quantities. Hence, the onl
© 1998 The American Physical Society
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unknowns which enter the expression Eq. (4) for th
fluorescenceFintstd are the amplitudesan of the unknown
object wave packet. But how can we recover thes
complex-valued amplitudes from the real-valued sign
Fintstd?

In wave packet interferometry one uses a Michelso
interferometer with a delay line to prepare the sequen
of two laser pulses. During the coherent interaction o
the pulses with the molecule the relative phasefstd ;
f0 1 vLt between the two pulses is transferred onto th
wave packets. Here, we allow for an additional phas
shift f0 as in the experiments reported in Ref. [11]. W
now measure the fluorescenceFintstd at a fixed delay
t for two different phase anglesf0, e.g., f0 ­ 0 and
f0 ­ 2py2, and define [12] the signal

Sstd ;
1
2

hFintst, f0 ­ 0d 1 iFintst, f0 ­ 2py2dj

­
X
n

b̃p
nãne2ihvn1vLjt . (5)

The phase proportional to the optical laser frequencyvL

gives rise to fast oscillations in the signal, the so-calle
“Ramsey fringes,” which can be resolved with curren
techniques [11,13].

Since every physical state characterized by the coe
ficients an is normalized, these coefficients vanish for
sufficiently large indexn. Therefore we assume that only
a finite number of coefficientsan, say n ­ 0, . . . , nmax,
have nonvanishing values. We now make at leastN ­
nmax 1 1 measurements of the signalSstd at distinct
times tm with m ­ 1, . . . , N, and write the resulting set
of equations in matrix form,

Sstmd ­
nmaxX
n­0

em,nãn , (6)

where we have introduced the notationem,n ;
b̃p

n expf2isvn 1 vLdtmg.
By numerically inverting the set of equations (6) we ca

extract the quantities̃an and hence reconstruct the ampli
tudesan of the object wave packet in their modulaand
phases. For the inversion of the set of equations (6) w
have used the method of “singular value decompositio
[14]. This method allows us to invert quadratic as we
as nonquadratic matrices (corresponding to an overdet
mined set of equations). In the latter case it produces
solution that is the best approximation in the least-squar
sense. We emphasize that our reconstruction scheme
numerically robust, since the unknown coefficientsan en-
ter the set of equations (6) only linearly.

We now demonstrate the feasibility of quantum sta
holography using the two Morse-like potential curves [15
Xs1S1

g d and As1S1
u d of the sodium dimer, for which

we calculate numerically the corresponding vibrationa
eigenstates and energies using the renormalized Nume
method [16]. As the object wave function we choose
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molecular Schrödinger cat state [17,18] prepared in th
upper electronic potential. Its Wigner function

W sr, pd ­
1

p h̄

Z `

2`

dy cpsr 2 ydcsr 1 yde2 i

h̄
2yp (7)

in r-p phase space is shown in Fig. 1(a), and consis
of two distinct wave packets with a prominent fringe
structure reflecting the quantum coherence between the
Such a state can be prepared by a pair of delay
laser pulses which pump the system from the groun
vibrational level jn ­ 0l [19]. We note that similar
states were created only recently for an electronic wa
packet in a Rydberg atom [11], for a single atom store
in a Paul trap [20], and for entangled system “atom1

electromagnetic field” in a cavity [21]. As the reference
state we use a replica of the ground vibrational sta
in the lower potential, which may be transferred to th
upper potential by a short laser pulse. In the limit o
short reference pulses, the amplitudesbn of the excited
reference wave packet read simplybn ­ akn j n ­ 0l,
wherea is a constant.

Figure 2 presents the fluorescence hologram for t
interval from t ­ 0 to t ­ 2Tvib . The signal consists
of fast oscillations with the optical laser frequencyvL

that are modulated by an envelope which varies wi
a period of aboutTviby2. In order to simulate errors
in an actual measurement and to test the robustne
of the reconstruction procedure, we have introduce
random fluctuations in the measured signal, which obe
a Gaussian distribution with standard deviations. Here,
we have chosen the values ­ 0.1sF0 1 Fr d and have
taken N ­ 100 simulated data points equally space
betweent ­ 0 andt ­ 2Tvib.

Figure 1(b) shows the Wigner function of the so recon
structed superposition state. A comparison with Fig. 1(
demonstrates that the method reproduces nicely the obj
state. As a measure for the fidelity of the reconstructio
procedure we use the overlapo ; j

P
n ap

na
srecd
n j between

the exact and the reconstructed state, which in this case
o ­ 0.98.

FIG. 1. Quantum state holography: Exact (a) versus reco
structed (b) Wigner function of a molecular Schrödinger ca
state. Here, solid lines correspond to positive values of th
Wigner function whereas dashed lines correspond to negat
values.
1419
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FIG. 2. Fluorescence hologram—a record of the emitte
energy of the molecule as a function of the delayt between the
object and reference pulse. In the top we show the compl
time region used for the reconstruction, whereas in the botto
we display only a small window aroundt ­ 0.25Tvib . Here,
white circles correspond to the simulated data points includi
measurement errors, whereas black circles correspond to
exact values.

We now discuss the role of the reference state
the performance of quantum state holography. For th
purpose we reconstruct the squeezed and rotated state

csrd ­ spud21y4eip0
sr2r0y2d

h̄ exp

"
2s1 2 iyd

sr 2 r0d2

2u

#
(8)

whose Wigner function is shown in Fig. 3(a). Such
state can be created by different methods, as discuss
for example, in Ref. [23].

In Fig. 3(b) we display the Wigner function of the
reconstructed state when the ground statejn ­ 0l of the
lower potential serves as a reference state. A compari
e exact
used the
with
FIG. 3. Role of the reference state in the performance of quantum state holography. (a) shows the contour lines of th
Wigner function of a squeezed state, whereas (b) and (c) depict reconstructed states. For the reconstruction in (b) we have
ground statejn ­ 0l and in (c) the statejn ­ 4l. We have incorporated measurement errors obeying a Gaussian distribution
variances ­ 0.1sFo 1 Fr d and have chosenN ­ 200 simulated data points equally spaced betweent ­ 0 and t ­ 600 fsec.
The parameters of the squeezed state areu ­ 0.025 a.u.,p0 ­ 5 a.u.,r0 ­ 6 a.u., andy ­ 2.1.
1420
d

ete
m

ng
the

in
is
[22]

a
ed,

son

with the exact Wigner function shows that in this ca
the reconstruction was only partially successful. Althou
the main features of the state could be recovered,
wings of the reconstructed Wigner distribution diffe
from the exact ones. This indicates that coefficien
an with large values ofn were discriminated in the
reconstruction. Indeed, from Eq. (4) we find that on
those states contribute to the interference fluoresce
signal for which the amplitudesboth of the signal state
an and of the reference statebn are nonzero. Hence
in order to reconstruct all contributing amplitudesan

which build up the quantum state to be measured,
reference wave packet has to cover essentially the s
energy range as the object state. Figure 4 shows
probabilities Pn ­ janj2 for the squeezed state Eq. (8
together with the probabilitiesPn ­ jbnj2 for the two
different reference states,jn ­ 0l andjn ­ 4l. Whereas
jn ­ 0l does not cover the complete energy region
the squeezed state, the statejn ­ 4l does. Hence for the
reconstruction of the squeezed state Eq. (8) the refere
statejn ­ 4l seems to be more suited. In Fig. 3(c) w
show the Wigner function of the squeezed state obtain
with the help of this reference state. Again measurem
errors were included in the simulation as before. In th
case, however, we find a better agreement between
exact and reconstructed Wigner functions, as expres
by the fidelity parametero ­ 0.94 in contrast to the value
o ­ 0.87 obtained with the reference statejn ­ 0l.

To conclude, we have introduced the method of qua
tum state holography to reconstruct the complete state
molecular wave packets in excited electronic potentia
In contrast to emission tomography [4], our techniq
works for arbitrary potentials, and recovers even high
nonclassical features of quantum states. Compared to
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FIG. 4. Energy level populationPn ­ janj2 (bars) for the
object state, that is, the squeezed state of Fig. 3(a), compare
the populationsjkn j nlj2 in the reference statesjn ­ 0l (white
circles) andjn ­ 4l (black circles). To guide the eye we have
connected the discrete values by continuous curves.

recently introduced method of “wave function imaging
[7], the quantum state holography does not require tim
resolved fluorescence detection. In addition, our line
reconstruction technique is much more numerically robu
than the nonlinear procedure of Ref. [7]. Although th
specific wave packets considered in this Letter belong
the discrete part of spectrum, our preliminary results ind
cate that after proper modification the procedure may
applied to the dissociating states as well. Moreover, th
method may be extended to reconstruct the quantum st
of an electronic wave packet in Rydberg atoms. We als
note that quantum state holography might develop in
a powerful tool to determine the spectral amplitudes an
phases of ultrashort laser pulses: Here we use the mo
cule as a “grating” to chop the unknown pulse into it
spectral amplitudes and phases which we later read o
with the help of a simple reference pulse.
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