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Quantum State Holography

C. Leichtle and W. P. Schleich
Abteilung fir Quantenphysik, Universitat Uim, D-89069 Ulm, Germany

I. Sh. Averbukh and M. Shapiro

Department of Chemical Physics, Weizmann Institute of Science, Rehovot, 76100, Israel
(Received 2 September 1997

We introduce a method for reconstructing quantum superposition states excited in molecules or
atoms by short laser pulses. The technique is based on mixing the unkobjeat statewith
a known reference stategenerated in the same system by an additional delayed laser pulse, and
detecting the total time- and frequency-integrated fluorescence as a function of the delay. We
demonstrate the feasibility of the method by reconstructing various vibrational wave packets in sodium
dimers. [S0031-9007(98)05330-7]

PACS numbers: 42.40.Kw, 03.65.Bz, 31.50.+w, 42.50.Md

The problem of how to measure the wave function of P,(7) = |a,|* + |b,|> + 2Rea,b}e L7t (1)
a quantum system in amplitudend phase has attracted o technique relies on the observation that the interfer-

a lot of attention over the last few years [1]. Such agnce term in Eq. (1) depends on thmplitudesa, and
reconstruction has been achieved for only a few system@m rather than on the probabilitiés,|> and|b,|?. As in
s_uch as a single mode of the electrqmagr_letic field [,2-3]ordinary holography, the populatia, plays the role of
vibratory states of molecules [4], a single ion stored in he photographic density, which allows for the full recon-
Paul trap [5], and an atomic beam [6]. In this Letter, Wegir;ction of the object wave function. We also note that
address the problem of measuring the quantum state @fare is no need to determine the populatfyrfor each of

a molecule [4,7,8], and propose the concepgoantum  he siates separately: It suffices to measure the time- and
state holography _ _ frequency-integrated fluorescence of the molecule making
~In analogy to the ordinary optical holography, we 5 snontaneous transition to the lower electronic level as a
interfere theobject wave function to be measured with ¢,nction of the delay timer. Indeed, for a wave packet

a knownreferencewave function. For this purpose, we \yhich comprises several vibrational stale$ populated

employ a sequence of two time-delayed laser pulses whici the probabilityP,, the time-integrated energy emit-
subsequently excite the object and the reference wavg incoherently by the molecule is given by
packet in the excited molecular potential. This is similar

to the recently introduced technique of wave packet cross- Fuou % Y Pul(v |mPE;, | (2)

interferometry [9]. The total incoherent fluorescence [10 e .

of the excited molecule, which is recorded as the functio&ﬂhe.re v numerates vibrational levels in the lower elec-

of the delay timer, serves as a hologram. We show that ronic_state, andE, , = E, — E, denotes the energy

these data contain enough information to extract the fulfi|ﬁerence of the two states. From Egs. (1) and (2) we

quantum state of the object wave packet. Moreover, wiecognize that in this case the total fluorescence

demonstrate the feasibility of quantum state holography Fio(1) = Fo + F, + Fin(7), 3)

by numerically simulating the reconstruction of wave consists of ther-independent term#, = 5, |a,|> and

packets in a sodium dimer. The method is capable ofr, = Y |5,[2, and the interference term

determining wave packets in arbitrary potentials and is

not restricted to weakly anharmonic molecules. Fin(7) = 2R Zéjane*"[‘“”*‘“”] ) (4)
Quantum state holography applied to a wave packet n

in an excited molecular potential adds coherently thewhich results from the overlap between the two wave

referencestate|y,) = ¢'*W' Y b,|n) to the objectstate  packets, and, therefore, depends an Here, we have

lg,) = >, ase ' "|n) which already has evolved for a introduced the notatioa, = «,a, andb, = «,b, with

time 7. Here, |n) denotes thesth vibrational state with  «, = [>., [(v | n)I*E% ,]'/2. Note that by measuring the

energyE, = hw, in the excited molecular potential, and fluorescence of the object and the reference wave packet

we allow for an additional phas¢(7) between the object alone, one finds the quantitigg, and F, which can be

and reference states. This relative phase is determinesibtracted fromF,,. We, therefore, in the remainder

by the actual experimental setup and may depend on thebncentrate o'y, only.

delay timer. In the weak field limit, the populatio®, We assume that the reference stdte.) and the

of the nth vibrational level is thus given by coefficientsb,, are known quantities. Hence, the only
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unknowns which enter the expression Eq. (4) for themolecular Schrédinger cat state [17,18] prepared in the
fluorescencd, (7) are the amplitudes, of the unknown upper electronic potential. Its Wigner function

object wave packet. But how can we recover these _ 1 r- w. —Layp
complex-valued amplitudes from the real-valued signal W(r.p) = mh ) o dy ¢"(r = y)g(r + y)e ()

Fin(7)? ) . in r-p phase space is shown in Fig. 1(a), and consists
In wave packet interferometry one uses a Michelsory 1o distinct wave packets with a prominent fringe

interferometer with a delay line to prepare the sequence,cqre reflecting the quantum coherence between them.
of two laser pulses. During the coherent interaction ofg,ch 4 state can be prepared by a pair of delayed

the pulses with the molecule the relative phase) =  |55er pulses which pump the system from the ground
¢y + w7 between the two pulses is transfe_rr_ed onto theiprational level lv = 0) [19]. We note that similar
wave packets. Here, we allow for an additional phasgates were created only recently for an electronic wave
shift ¢y as in the experiments reported in Ref. [11]. Wepacket in a Rydberg atom [11], for a single atom stored
now measure the fluorescendg,(7) at a fixed delay 4 5 paul trap [20], and for en’tangled system “atem
7 for two different phase angleg, e.9.,¢o =0 and  gjectromagnetic field” in a cavity [21]. As the reference
¢o = —m/2, and define [12] the signal state we use a replica of the ground vibrational state
1 ) in the lower potential, which may be transferred to the
S(r) = E{Fim(T, o = 0) + iFin(7, po = —7/2)} upper potential by a short laser pulse. In the limit of
short reference pulses, the amplitudgsof the excited

= > biage Hentenr, (5)  reference wave packet read simphy = a{n|v = 0),
" whereq is a constant.
The phase proportional to the optical laser frequengy Figure 2 presents the fluorescence hologram for the

gives rise to fast oscillations in the signal, the so-callednterval from 7 =0 to 7 = 27.;,. The signal consists
“Ramsey fringes,” which can be resolved with currentof fast oscillations with the optical laser frequenay.
techniques [11,13]. that are modulated by an envelope which varies with
Since every physical state characterized by the coef@ period of aboutlyi,/2. In order to simulate errors
ficients a, is normalized, these coefficients vanish for ain an actual measurement and to test the robustness

sufficiently large index:. Therefore we assume that only Of the reconstruction procedure, we have introduced
a finite number of coefficients,, sayn = 0,...,nmy, andom fluctuations in the measured signal, which obey

have nonvanishing values. We now make at least @ Gaussian distribution with standard deviation Here,
nmax + 1 Measurements of the signalr) at distinct We have chosen the value = 0.1(Fy + F,) and have
times 7,, with m = 1,..., N, and write the resulting set taken N =100 simulated data points equally spaced

of equations in matrix form, betweenr = 0 andr = 27.;y. .
nmax Figure 1(b) shows the Wigner function of the so recon-
S(r,) = Z e ny s (6) structed superposition state. A comparison with Fig. 1(a)
0 demonstrates that the method reproduces nicely the object

state. As a measure for the fidelity of the reconstruction

procedure we use the overlap= | a*a™| between

nn

the exact and the reconstructed state, which in this case is
o = 0.98.

Where we have introduced the notatiom,, , =
brexd—i(w, + @p)Tm].

By numerically inverting the set of equations (6) we can
extract the quantitied, and hence reconstruct the ampli-
tudesa, of the object wave packet in their modudend
phases. For the inversion of the set of equations (6) we
have used the method of “singular value decomposition”

[14]. This method allows us to invert quadratic as well 10
as nonquadratic matrices (corresponding to an overdeter-p/a.u.
mined set of equations). In the latter case it produces a

solution that is the best approximation in the least-squares iy

sense. We emphasize that our reconstruction scheme is

numerically robust, since the unknown coefficieatsen- -101

ter the set of equations (6) only linearly. .
We now demonstrate the feasibility of quantum state 5 ! r/a.u.

holography using the two Morse-like potential curves [15]
X('SF) and A('S*) of the sodium dimer, for which FIG. 1. Quantum state holography: Exact (a) versus recon-
8 u 1

lculat ically th di ibrati Istructed (b) Wigner function of a molecular Schrédinger cat
we calculate numerically the corresponding vibrationalgiare — Here, solid lines correspond to positive values of the

eigenstates and energies using the renormalized Numergvigner function whereas dashed lines correspond to negative
method [16]. As the object wave function we choose avalues.
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with the exact Wigner function shows that in this case
the reconstruction was only partially successful. Although
the main features of the state could be recovered, the
wings of the reconstructed Wigner distribution differ
from the exact ones. This indicates that coefficients
a, with large values ofrn were discriminated in the
reconstruction. Indeed, from Eg. (4) we find that only
those states contribute to the interference fluorescence
signal for which the amplitudeboth of the signal state

0.0 0.25 Ty 0.5 a, and of the reference staté, are nonzero. Hence,

in order to reconstruct all contributing amplitudes
FIG. 2. Fluorescence hologram—a record of the emittedyhich build up the quantum state to be measured, the

energy of the molecule as a function of the detagetween the .
object and reference pulse. In the top we show the Completgeference wave packet has to cover essentially the same

time region used for the reconstruction, whereas in the botton¥N€rgy range as the object state. Figure 4 shows the
we display only a small window around = 0.25T,;,. Here, probabilities P, = |a,|* for the squeezed state Eq. (8)
white circles correspond to the simulated data points includingogether with the probabilitie®, = |b,|? for the two
measurement errors, whereas black circles correspond to thfifferent reference statel; = 0) and|» = 4). Whereas
exact values. |v = 0) does not cover the complete energy region of
the squeezed state, the sthte= 4) does. Hence for the
reconstruction of the squeezed state Eq. (8) the reference
We now discuss the role of the reference state irftate|r = 4) seems to be more suited. In Fig. 3(c) we
the performance of quantum state holography. For thishow the Wigner function of the squeezed state obtained
purpose we reconstruct the squeezed and rotated state [22ifh the help of this reference state. Again measurement
) errors were included in the simulation as before. In this
W(r) = (wu)‘l/“e”’“% exp|:—(1 _ iu)(r ro) case, however, we find a petter agreement between the
2u exact and reconstructed Wigner functions, as expressed
8) by the fidelity parametes = 0.94 in contrast to the value
o = 0.87 obtained with the reference stdte = 0).
whose Wigner function is shown in Fig. 3(a). Such a To conclude, we have introduced the method of quan-
state can be created by different methods, as discussedm state holography to reconstruct the complete state of
for example, in Ref. [23]. molecular wave packets in excited electronic potentials.
In Fig. 3(b) we display the Wigner function of the In contrast to emission tomography [4], our technique
reconstructed state when the ground state= 0) of the  works for arbitrary potentials, and recovers even highly
lower potential serves as a reference state. A comparisaronclassical features of quantum states. Compared to the

—
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FIG. 3. Role of the reference state in the performance of quantum state holography. (a) shows the contour lines of the exact
Wigner function of a squeezed state, whereas (b) and (c) depict reconstructed states. For the reconstruction in (b) we have used the

ground statdr = 0) and in (c) the statér = 4). We have incorporated measurement errors obeying a Gaussian distribution with
varianceo = 0.1(F, + F,) and have choselV = 200 simulated data points equally spaced betweer 0 and 7 = 600 fsec.
The parameters of the squeezed stateuare 0.025 a.u.,pp = 5 a.u.,ro = 6 a.u., andv = 2.1.
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