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As examples of quantum-“classical” coupling systems, multicomponent systems are studied b
semiclassical evaluations of the Feynman kernels in the coherent-state representation. From t
observation of the phase space caustics, due to the presence of the internal degree of freedom (ID
two phenomena are explained in terms of the semiclassical theory: (1) The quantum oscillations o
the IDF induce quantum interference patterns in the Hushimi representation and (2) chaotic dynamic
destroys the coherence of the quantum oscillations. [S0031-9007(98)05336-8]

PACS numbers: 05.45.+b, 03.65.Sq, 03.65.Bz
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Coupling a quantum system with a “classical” system
provides not only conceptual problems, e.g., the descr
tions of measurement processes only in terms of un
tary time evolutions [1], but also practical problems, e.g
interactions between electrons and nuclei in molecules [2
4]. The difficulty that the classical concept is inapplica
ble for the “classical subsystem” in the coupled syste
arises since the quantum and the classical subsystems
come entangled [5] due to their interaction. However,
is possible to apply semiclassical methods, which eluc
date quantum dynamics in terms of classical dynamics,
quantum-classical coupling systems. It is natural to tre
only the classical subsystem with semiclassical metho
for quantum-classical coupling systems, though it is fo
mally simple to apply a semiclassical method to the who
system [4].

By applying a semiclassical theory only to the classic
subsystem, this Letter elucidates the following two phe
nomena of the quantum-classical coupling systems: T
first is the interference phenomena of the classical subs
tem due to the coupling to the quantum subsystem; t
second is the destruction of the coherent quantum oscil
tion of the quantum subsystem by the “chaotic” dynamic
of the classical subsystem. Note that the notion of cha
in quantum dynamics can be introduced only through th
semiclassical argument [6].

Throughout this Letter, multicomponent systems, e.g
electrons with a spin, and molecules that have quantiz
electrons, are employed as simple quantum-classical co
pling systems. A quantum multicomponent system co
sists of internal and “external” degrees of freedom (ID
and EDF, respectively): the IDF is a quantum subsyste
i.e., the IDF is conveniently described by matrices tha
have discrete indices rather than continuous indices;
the other hand, the EDF can be regarded as a classical s
tem. Namely, it is natural to employ continuous-value
variables for describing the EDF.

The emergence of the quantum interference phenome
implies the complete breakdown of the classical pictur
However, we can understand the interference phenome
with a semiclassical argument. In the following, I will
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study the interference phenomena produced by a tim
evolution in the Feynman kernel in the coherent stat
representation

Ktsq00p00h00; q0p0h0d ; kq00p00, h00je2iĤty h̄jq0p0, h0l ,
(1)

where Ĥ is a Hamiltonian,jqpl is an EDF’s coherent
state [7], which is a natural correspondent of a point in
the classical phase space, andjhl is an IDF’s state vector.
Note that for the interference phenomena inKt, or more
generally, in the Hushimi representation of state vector
[8], we have an established semiclassical interpretatio
[9], which will be employed below.

In order to investigate the influence of IDF’s quantum
oscillations on the EDF in a purified manner,the two-
state linear curve crossing model for an infinitely heavy
particle (for short, the heavy particle model) is studied.
The IDF of this model is a two-level system, which is
described by Pauli matrices. The heavy particle model i
described by the Hamiltonian that does not have EDF’
kinetic term

Ĥ ; V̂ sq̂d  2h̄ŝzFq̂ 1 h̄ŝxJ . (2)

The Hamiltonian is scaled by the Planck constanth̄ in
order to retain the independence of IDF’s time scales from
h̄. During a time evolution, the position of the EDF is an
invariant. On the contrary, the momentum of the EDF is
excited: In the absence ofJ, the EDF feels the force1F
(2F) when the state of the IDF isj"l (j#l). The transition
matrix elementJ induces the quantum oscillation of the
IDF betweenj"l and j#l. Hence we lose the classical
picture of the force acting on the EDF.

In order to treat only the EDF semiclassically, an
effective action for the EDF is introduced:

Seffsqd  2ih̄ ln Zsqd , (3)

where the “influence functional” [10] (cf. Ref. [11]) is
defined as

Zsqd  kh00je2iV̂ sqdty h̄jh0l . (4)

By employingSeff as a “classical action,” the Feynman
kernel Kt is expressed as a coherent-state path integr
© 1998 The American Physical Society
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[12] of the EDF. The semiclassical theory employed he
is the stationary phase evaluation of the coherent-st
path integral [13]. A stationary phase point is specifie
by the complex classical trajectorysq, pd that obeys the
following Hamilton equation (symplectic mapping):

p00  p0 1 ≠Seffsq0dy≠q, q00  q0 , (5)

where single- and double-primed quantities correspond
the initial and the final times, respectively. Furthermor
the “entrance label”sq0, p0d and the “exit label”sq00, p00d
of Kt specify the boundary condition ofsq, pd [13]

P0  sp0 2 iq0dy
p

2, Q00  sq00 2 ip00dy
p

2 , (6)

wheresQ, Pd are defined by the linear canonical transfo
mation P  sp 2 iqdy

p
2 and Q  sq 2 ipdy

p
2 [14].

A solution of (5) and (6) can be specified by the initia
value of Q0. The corresponding semiclassical amplitud
is EsQ0d expfiFsQ0dyh̄g, whereE andF are the amplitude
and the “action,” respectively. Klauder expected that th
semiclassical Feynman kernelKt

SC has always only single
contribution of the semiclassical amplitude [13]. Actu
ally, in a very short time scale, this is the case. Howeve
Adachi showed that in generalKt

SC has multiple contribu-
tions of the semiclassical amplitudes in order to descri
quantum interference phenomena [9].

In Fig. 1, the “exact” evaluation and the semiclassic
evaluation of the Hushimi functionjKt j2 are shown:
the semiclassical theory reproduces the exact Hushi
function well. In the following, the semiclassical theory
elucidates the structure of the Hushimi function. Sinc
the initial condition of the IDF isjh0l  j"l, the center
of the amplitude of the EDF moves upward in the phas
space due to the diagonal element2h̄Fq of Eq. (2). At
the same time, there is a zero of the Hushimi functio
at sq, pd , s0, 20.8d. Namely, we encountera quantum
interference phenomenon.

In “single” component systems, quantum interferenc
patterns in the Hushimi representation have intimate cor
spondence with phase space caustics (PSCs) [9], which

FIG. 1. Contour plots of a Hushimi functionjKtsqp ";
q0p0 "dj2 calculated by (a) the quantum theory and (b) th
semiclassical theory. Parameters areh̄  hys2pd  0.25 [in-
dicated by a box in (a)],F  1.0, J  0.75, sq0, p0d  s0, 0d,
and t  1.5. At the same time, the Stokes lines are indicate
by dashed lines in (b).
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the zero points of the Jacobian≠Q00sQ0dy≠Q0. At a PSC,
the semiclassical amplitudeE  s≠Q00y≠Q0d21y2 [15] di-
verges. Furthermore, around the PSC, a pair of semicla
sical trajectories that are specified by two values ofQ0

appears for one value of the exit labelsq00, p00d. The contri-
butions of the resultant multiple semiclassical amplitude
to the Feynman kernel are controlled by the Stokes ph
nomena [9,16]: In one region of theQ0 plane, one of
the semiclassical amplitudes is “unphysical” so must b
excluded. The boundary of the unphysical region in th
Q0 plane is the Stokes lines; in the other region, the tw
semiclassical amplitudes contribute at once. Accordingly
a destructive interference pattern emerges in the Hushim
function [9]. Similarly, as in the case of single com-
ponent systems, a PSC produced the interference patte
in Fig. 1.

The dynamical origin of PSCs is the “folding” dynamics
due to nonlinearity, especially the chaos, for the cas
of single component systems [9]. For multicomponen
systems, we encounter a brand new source of PSCs, t
logarithmic divergences ofSeff due to the zeros of the
influence functionalZ. Indeed the interference pattern in
Fig. 1(b) is due to such a PSC. The general feature aroun
a zero point ofZ is explained by expandingZ around the
zero point [17,18]. A zero ofZ produces a pair of PSC.
One of the PSCs can be safely ignored, since the valu
of Im F is too large to contribute to the Feynman kernel
For the other PSC, we must treat the Stokes phenomen
The Stokes lines in theQ0 plane are shown in Fig. 2.
According to the shape of these lines (looks like an upside
down‹ symbol), I call the PSC that is caused by zeros o
Z, v-PSC, in order to distinguish the conventional ones
which is calleda-PSC, in the following argument.

FIG. 2. Contour plot of ImFsQ0d, the imaginary part of the
action for Ktsq00p00 "; q0p0 "d. The logarithmic divergent point
of the effective action is indicated byj. The corresponding
pair of the PSC is indicated byd and s. As is explained
in the main text, it is safe to ignores. Accordingly, only
for d, the Stokes lines (bold), which are part of the preimage
of the Stokes lines in theQ00 plane, are drawn; Besides, the
bold-dashed lines are the rest of the preimage. The unphysic
region is enclosed by the two Stokes lines that connectd and
j. Parameters are the same as in Fig. 1.
1415
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The coherent quantum oscillation of the IDF produce
zeros ofZ, as is explained below. With a given comple
classical trajectoryq, the IDF is evolved bŷV sqd. Hence,
during a time evolution, the value ofZ oscillates due to
the quantum oscillation of the IDF. In particular,Z  0
holds when the state vector of the IDF is orthogonal
jh00l, which is specified by the exit label ofZ. With a fixed
value oft, we also encounter the zeros ofZ in varyingq.

We saw above that the effect of IDF’s quantu
oscillation appears asv-PSCs at EDF’s semiclassica
dynamics. In turn, I will examine the effect of EDF’
dynamics, especially the chaotic dynamics, onv-PSCs
by employing the spin-kicked rotor(the kicked rotor
for a spin-12 particle) [19,20]. The spin-kicked rotor i
composed of a rotor as an EDF and a two-level system
an IDF and is described by the following Hamiltonian:

Ĥstd ; T sp̂d1̂I 1 V̂ sq̂d
X
n

dst 2 nd , (7)
1416
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where 1̂I is the identity operator of the IDF,T spd ;
p2y2, and V̂ sqd ; 1̂IK cosq 1 h̄ŝzdK cosq 1 h̄ŝxJ.
This model is an extension of the standard mappi
[21] to multicomponent systems. Corresponding to t
periodically time-dependent Hamiltonian̂Hstd, we have a
Floquet operator̂U  expf2iTsp̂dyh̄g expf2iV̂ sq̂dyh̄g.

In Fig. 3, the time evolutions of the regular (K  0.4)
and the chaotic (K  2.4) cases of quantities concernin
to the IDF are shown. At the third step [indicated b
arrows in the figures), the quantum oscillation continu
in the regular case, but decays in the chaotic case. Th
different short time behaviors, which will be explaine
below by the semiclassical theory, determine the lo
time behaviors of the system, i.e., the continuation of t
coherent oscillation in the regular case [Fig. 3(a)] and t
destruction of the oscillation in the chaotic case [Fig. 3(b

In order to give a semiclassical interpretation of th
phenomena mentioned above, the “full” Feynman kern
kq00p00, h00jÛN jq0p0, h0l is studied by “decomposing” it by
a sequence of the IDF’s stateshhnjN21

n1
KN
d sq00p00h00; hhnjN21

n1 ; q0p0h0d ; kq00p00j skhN jÛjhN21l · · · kh1jÛjh0ldjq0p0l , (8)
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wherehN  h00 andh0  h0. The decomposition of the
kernel facilitates the semiclassical analysis: For the fu
kernel, we have to solve the EDF’s equation of motion tha
is nonlocal in time [3]. On the contrary, forKN

d , the equa-
tion of motion is local in time. In evaluatingKN

d by a sta-
tionary phase method concerning to the EDF, similar to th
analysis of the heavy particle model (2), let us introduce a
effective potentialV eff

n sqd ; ih̄ ln Znsqd, whereZnsqd ;
khnj expf2iV̂ sqdyh̄gjhn21l. The interaction term of the
EDF’s effective action isSeff

int  2
PN

n1 V eff
n . Accord-

ingly, the classical equation of motion for the complex
classical trajectoryhsqn, pndjn is

pn  pn21 2 ≠V eff
n sqn21dy≠q, qn  qn21 1 pn .

(9)

At the same time, Klauder’s boundary condition (6) is
imposed on the complex classical trajectory.

In the semiclassical study ofKN
d , v-PSCs appear with

the similar mechanism mentioned above. Furthermor

FIG. 3. Time evolutions ofsz ; kŝzl, c ;
p

kŝxl2 1 kŝyl2,
and P ;

p
kŝxl2 1 kŝyl2 1 kŝzl2 [20] of (a) the regular case

(K  0.4) and (b) the chaotic case (K  2.4). The initial
condition is jq0p0, "l with sq0, p0d  s0.0, 1.5d. Parameters
are h̄  0.25, dK  1.0, and J  0.75. In the long-time
evolution, the oscillation of these quantities, especiallyc, is
suppressed in the chaotic case (b).
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we have to discuss the reconstruction of the full kern
from KN

d . However, concerning to the quantum oscilla
tion of the IDF in the short time scale, the reconstructio
of the full kernel plays no particular role, as is confirme
from the numerical observations. Hence, I report only t
semiclassical study ofKN

d .
In evaluatingKN

d semiclassically, a “physical” region
D on the Q0 plane (i.e., initial points of the complex
trajectory) is introduced [9]:

D  hQ0jIm FsQ0d # sIm Fdcutoffj , (10)

where F is the classical action forKN
d . If Q0 is

out of the regionD, the corresponding semiclassica
amplitudes are too small to contribute toKN

d . Hence
it is enough to count the contribution only fromD for
the semiclassical Feynman kernel. For single compon
systems, a perturbation analysis shows that the cha
dynamics makesD contract exponentially fast around th
classically realizable trajectory, whose stability expone
determines the rate of the contraction [18]. Althoug
the multicomponent systems do not have any classica
realizable trajectory, the similar contraction ofD was
observed in the numerical experiment in the chaotic ca
[Fig. 4(b)]. Furthermore, I observed that the contractio
of D have different influences on two kinds of PSC
on one hand,a-PSCs produced by the chaotic dynamic
catch up the contraction ofD. Accordingly,a-PSCs have
significant influence on the Feynman kernel, similarly
the single-component case; on the other hand,v-PSCs fail
to catch upD due to the contraction ofD, thoughv-PSCs
have strong influence in the regular case [Fig. 4(a
Because of the contraction ofD, the unphysical region
produced byv-PSCs become smaller. Furthermore, som
v-PSCs move into the unphysical region produced
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FIG. 4. Contour plot of ImFsQ0d in the domain D (10)
[sIm Fdcutoff  1.151] of K3

dsq00p00 "; h", "j; q0p0 "d for (a) the
regular (K  0.4) and (b) the chaotic (K  2.4) cases. The
Stokes lines that start fromv-PSCs (solid lines) anda-PSCs
(dashed lines) are also shown. Parameters are the sam
in Fig. 3. In order to treat the Stokes phenomena, the reg
that is enclosed by the Stokes lines must be regarded as
unphysical (noncontributing) region. Note that in the chao
case (b), allv-PSCs (indicated byd and pointed by arrows) in
D are in the unphysical region produced bya-PSCs.

a-PSCs [Fig. 4(b)]. Consequently, contributions ofv-
PSCs, which implies the coherence of the IDF’s quantu
oscillations, to the Feynman kernel is suppressed by
EDF’s chaotic dynamics and thus the IDF’s quantu
oscillations, which have strong correspondence to t
cause ofv-PSCs, becomes incoherent [Fig. 3(b)].

The semiclassical method employed for the analysis
the spin-kicked rotor in the latter part of this paper h
only a limited applicability: It is useful only for short time
steps of quantum mapping systems and difficult to app
for quantum flow systems. Hence, we have to develop
semiclassical method that really works with the more ge
eral quantum-“classical” coupling systems. However, it
plausible that similar mechanisms obtained in this Let
generally appear concerning to the interactions betwe
the quantum oscillation of the quantum subsystem and
dynamics of the classical subsystem.
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