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Rayleigh-Taylor Instability in Elastic-Plastic Materials
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The Rayleigh-Taylor instability is investigated in a material with a shear modulusm and yield stress
s0. Incompressible experiments are conducted with constant and impulsive acceleration historiesgstd
using a fully characterized material. Two dimensional (2D) perturbations are found to be stabilized
wave numberk . rgy2m and initial amplitudeh0 , s0yrg, wherer is the density. The stability
region is larger for 3D perturbations. Unstable modes are found to grow classically during
acceleration phase, but they can recover elastically while coasting. [S0031-9007(97)05230-7]

PACS numbers: 47.20.Bp, 47.50.+d
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When an elastic-plastic plate is accelerated by a low
density fluid, the interface between them is Rayleigh
Taylor (RT) unstable [1–7], but the mechanical streng
of the plate mitigates the growth. This occurs when met
plates are accelerated by high explosives (HE) [6,8–10]
electrical currents [11], and in volcanic island formatio
due to the strength of the earth’s crust [12].

The effect of a shear modulusm and a tensile yield
s0 on RT stability is reviewed nicely by Robinson
and Swegle (RS) [3]. The elastic force,22mk2h can
overcome the RT buoyancy,rgkh and stabilize small
amplitudeskh ø 1d perturbations with wave numbers

k . rgy2m ; kc , (1)

where r is the plate density andg is the acceleration.
These modes may again be destabilized if the press
drop across the initial amplitudeh0 exceeds the yield
stress and drives the plastic flow, i.e.,

Pp ; rgh0y2s0 $ Pcr . (2)

Estimates of the critical scaled pressurePcr for two
dimensional (2D) perturbations are,1.15ys1 1 e2kHd by
Miles [1], whereH is the plate thickness,,1 by Drucker
[2], ,0.58fb 1 sb2 1 1d1y2g1y2 by RS [3], whereb ;
1 2 e22kH , and,s1 2 0.86e2kHy

p
3d fs1 2 e2kHy

p
3d2 2

skcykd2g by Nizovtsev and Raevskii (NR) [5,6]. The
stability may be enhanced in 3D [2] withPcr , 2 and
reduced growth rates [6].

Experiments [6,8–10] in which metal plates are acce
erated by HE find aPcr , 1 that decreases withl ;
2pyk and show slower growth in 3D than in 2D [5]. Un-
fortunately, the uncertainties are large,,50%, because the
parameter variations are coarse and the material proper
are uncertain at the high pressure. For example, to expl
the observations, it is necessary to increase the static yi
tenfold for weak aluminum (1100-0) but not for strong
aluminum (6061-T6) and steel. If there is a strain ra
dependence, as with viscosityshd, a reduced RT growth
rate [3] may appear as strength since the experiments
short t , 2y

p
kg. Also, Eq. (1) could not be tested be

causelc  2pykc exceeded the plate width.
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Numerical simulations [4,6] can treat the nonlinear co
stitutive properties and complexgstd profiles. For 10 GPa
drive pressures, the simulations obtainPcr , 0.4 at l 
2H consistent with the HE experiments. However, th
critical wavelength is observed to be much smaller th
4pmyrg for the experimental conditions, possibly be
causekcH ø 1. At higher pressures, the values ofPcr are
orders of magnitude smaller than Eq. (2). This discre
ancy can be reconciled [3,7] by replacing the unstress
initial amplitudeh0 in Eq. (2) by the new equilibrium am-
plitude after the drive pressure is applied. The simulatio
also find a strong sensitivity to the acceleration history d
to the generation of elastic waves.

Here, we conduct experiments on the Linear Elect
Motor (LEM) [13] using different acceleration profiles to
measure the critical wavelengthlc and amplitudePcr ,
and to compare 2D and 3D perturbations. The elas
material is chosen to be yogurt because its constitut
properties sm, h, s0d are well characterized [14] and
satisfy Eqs. (1) and (2) for the accelerations obtainable
the LEM. These scaled experiments complement those
high pressure because a higher precision is possible s
the constitutive properties are known and the paramet
are more easily varied.

The yogurt is prepared from scratch in the test mol
so that the samples are undisturbed (virgin). Yogurt
incompressible with density,1.04 gycm3. The constitu-
tive properties were obtained at 8–10±C using six differ-
ent tests [14], some of which are exemplified in Fig.
A stress-strain curve for a yogurt cylinder is shown
Fig. 1(a). For unidirectional compression (solid line), w
obtainm  1030 Pa ands0 , 280 Pa. For bidirectional
loading (dashed line), we observe a hysteresis with an av
agem , 1530 Pa. We corroborate the yield measureme
by extruding a yogurt cylinder in earth’s gravitysg0d as
shown in Fig. 1(b). The yogurt yields when its length b
comess0yrg0, which we measure to obtains0 , 340 Pa.
Conventional tests [14] with vane and cone-plate rheom
ters give a shear yield of 175 and 190 Pa, respective
consistent with [3]s0y

p
3. We show unequivocally that
© 1998 The American Physical Society
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FIG. 1. (a) Stress/strain curve of the compressed yogu
cylinder. (b) Yogurt cylinder in earth’s gravity with a
maximum self-supporting length of,s0yrg0. (c) Frequency
vs wave number and (d) damping decrement of elastic wav
with H  4 cm. Points are measured and lines are calculat
with m  1500 Pa andh  5 Pas.

s0 fi 0 by inverting an open container of yogurt atg0
with no observed motion for106 s. The dynamic prop-
erties are obtained [14] from elastic waves of frequenc
v. Roughly, the wave number isk0 , vy

p
myr and

the damping decrement iski , hv2y
p

m3yr. The solid
points in Figs. 1(c) and 1(d) are measured for a yogu
slab of thicknessH  4 cm, and the lines are solutions
to the full dispersion relation [14] withm  1500 Pa and
h  5 Pa s. This value ofm agrees with the bidirec-
tional result in Fig. 1(a), and shows that the elastic wav
sample the hysteresis. This measurement ofm andh uses
a dispersion relation [3] that is applicable to the RT insta
bility. Based on these diverse tests, the dynamic propert
of yogurt arem  1500 6 300 Pa, s0  315 6 60 Pa,
andh  5 6 1.5 Pa s.

The RT experiments are conducted with virgin yogu
at 8–10±C. The preparation starts two days prior by
pouring the mixed ingredients into a test mold and placin
it in the refrigerator to solidify. The mold cavity has
horizontal dimensions ofWx  6 cm by Wy  6.3 cm
and a heightH , 3.2 cm. Initially, we overfill the
mold to H , 5 cm to aid the cutting of the sinusoidal
perturbations. Just before an experiment, they are cut w
a thin taut wire at the top of the mold using patterne
guides and the excess is removed. The remaining yog
is undisturbed and fully supported with all surfaces flus
with the mold walls. Thus, for 2D perturbations, the
patterns are also in the front and back mold walls. Fo
3D tests, the mold walls are flat and the patterns are fi
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cut sideways as in 2D and then trimmed front to bac
using guides at the side. The yogurt filled mold is the
sealed into the projectile. The light accelerating fluid i
N2 pressurized to2.3 105 Pa, which is much greater than
the dynamic pressure,rgH , 104 Pa, so that the nitrogen
remains uncompressed with a density,5 mgycm3.

The yogurt is accelerated in the LEM, which ha
been used for RT experiments in Newtonian fluids [15
A downward electromagnetic force is obtained in a
augmented rail gun configuration with linear electrode
(rails) and sliding armatures. The power supply consis
of 16 capacitor banks (450 V, 0.36 F each) which ca
be independently charged and discharged to vary t
acceleration profilegstd. The acceleration is measured
with piezoresistive accelerometers. The projectile has
total mass of 1.8 kg, clear plastic windows for viewing
and a fluid cavity that is 7.3 cm wide, 7.3 cm deep, an
8.8 cm high. Stop-action pictures are taken with eigh
computerized electronic cameras and flash backlighte
s5 msd. Only the spikes with amplitudehs are seen since
yogurt is opaque.

The existence of a critical wavelength is shown i
Fig. 2 with a flat initial interfacesh0 , 0.1 mmd. Since
only modes withl . lc  4pmyrg should be unstable
and l is limited by the mold dimensions, the instability
should appear only at high acceleration whenlc fits into
the mold. The circles in Fig. 2(a) show two differen
responses with a constant acceleration (dashed line)
53g0 sg0  9.8 mys2d since this is the transitional case
The solid circles and Fig. 2(b) represent a stable ca
in which the amplitude increases to an equilibrium leve
of hs , 1 mm due to spontaneously generated wave
near the edges. The open circles and the image
Fig. 2(c) show considerable growth. In six cases wit
g # 48g0, we observe stable behavior similar to tha
in Fig. 2(d) with edge waves ofhs , 1 mm. All cases
with g $ 55g0 are unstable. Thus, the instability appear

FIG. 2. (a) Spike evolution for flat initial interface,h0 #
0.1 mm. Symbolssd, s, rd and sample images [(b)–(d) at
53, 38, 55 ms] are for yogurt ands1d and image (e) (at 67 ms)
are for corn syrup. Acceleration profile (dashed line) is show
for 53g0, but the magnitude is varied as indicated on images.
1213
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FIG. 3. Spike evolution (points) for 2D perturbationssl 
3 cmd with (a) g  28g0 and (f) g  40g0 (dashed lines).
Sample images att  75, 74, 74, 41 ms [(b)–(e)] andt  60,
51, 43, 34 ms [(g)–( j)] with indicatedh0 smmd.

between 48 and53g0. This is compared with Eq. (1) by
setting [16]k2 ; s2pyWxd2 1 s2pyWyd2  k2

c since the
resultant perturbations are 3D. This predicts instabili
wheng $ s43 6 8dg0 for m , 1500 6 300 Pa, which is
consistent with our results. The observed stability wit
yogurt is not due to viscosity since experiments wit
corn syrup, a Newtonian fluid with a viscosityh , 4 Pa s
similar to yogurt, are unstable even at28g0 [(1) data
points and Fig. 2(e)].

The critical amplitude is investigated in Fig. 3 with
imposed 2D perturbationssl  3 cmd and a constant
gstd # 40g0 to satisfy Eq. (1)sk $ 1.6kcd for stability.
The amplitude threshold Eq. (2) is obtained by increasin
h0 as indicated at 2 ms and on the images in mm
Figure 3(a) summarizes the temporal evolution ofhs for
a constant28g0 (dashed line) and corresponding image
are shown in Figs. 3(b)–3(e). Forh0  1 mm sdd,
the perturbation is stable, but it stretches elastically
a new equilibriumhs , 1.5 mm due to the increased
gravitational stress. Forh0  1.2 mm srd, hs increases
tenfold over the shot. This is the critical amplitude
since one additional shot was stable and another unsta
Strong growth is observed forh0 $ 1.5 mm, but only
after a 40 ms delay time. This delay is an elast
effect and decreases withh0. Once unstable, the flow
becomes plastic and limited by viscosity. The growt
is exponential expsgtd with similar g , 100 s21 for all
1214
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FIG. 4. (a) Spike evolution for 3D perturbationsss, d, n, rd
and 28g0. 2D perturbations1d taken from Fig. 3(a). Wave-
lengths are2pykx  3 (b) and 6 [(c)–(e)] cm across and
2pyky  6.3 cm into paper. Sample images att  58, 51,
57, and 44 ms with indicatedh0 smmd.

h0 $ 1.5 mm. A similar growth rate is observed for corn
syrup in Fig. 2 with h0 , 0. These growth rates are
40% of classical

p
kg , 250 s21, but in agreement with

linear theory [3] with viscositysh , 5 Pasd, namely,
gh , 0.4srg2yhd1y3 , 100 s21. This is near the peak
growth rate sincek , srp

gyhd2y3. As expected at
40g0, Figs. 3(f)–3( j) show that the instability appears
at a smaller amplitude,0.66 , h0 smmd , 0.8, and with
larger growth ratesg , 150 s21 , gh for h0 $ 0.8 mm.
The elastic stretching and time delay are also evident. F
h0  4 mm, the spikes grow robustly and develop slende
bodies with enlarged tips.

Figure 4 shows that 3D perturbations are more stab
than those in 2D by comparing them at28g0. For
h0  1.5 mm, the perturbations are stable in 3Dsdd
and unstable in 2Ds1d. The wave number isk ,
2.32ycm in 3D (2pykx  3 cm, 2pyky , 6.3 cm) and
2.1ycm in 2D sky  0d. SincePcr may increase [1,3,5]
with k, the 3D experiments are repeated atk , 1.5ycm
s2pykx , 2pyky , 6 cmd in Figs. 4(c)–4(e). These 3D

FIG. 5. (a) Spike evolution (points) for impulsive acceleratio
at 95g0 (dashed line) and 2D perturbationssl  3 cmd. (b)–
(e): Sample images with indicated time andh0 smmd.



VOLUME 80, NUMBER 6 P H Y S I C A L R E V I E W L E T T E R S 9 FEBRUARY 1998

he

at
t is
ce

-
d

ts
].

.
ir
n,

s
of
y
s
-

,

k

-

FIG. 6. Measured growth rate vsPp ; rgh0y2s0 for differ-
ent conditions as indicated. The linear growth rate with vis
cosity [3] is gh , 0.4srg2yhd1y3. Corn syrupsNd shows no
instability threshold.

perturbations are also stable forh0  1.5 mm srd. For
h0  2 mm, the 3D modes are only marginally unstabl
with a growth rateg , 35 s21 which is smaller than that
from fluid theorygh , 105 s21 and for 2D perturbations
g , 100 s21 with h0  2 mm. The latter growth rates
are attained in 3D forh0 $ 4 mm.

The elastic response of yogurt is dramatized in Fig.
with l  3 cm (2D) and an impulsivegstd , 95g0

(dashed line). During the acceleration, all cases a
unstable sincek  0.66kc and the measured growth rate
is g , 200 s21 , gh . However, for h0  0.66 mm,
the spikes recover fully during the coast phase aft
reaching hs , 10 mm at 20 ms [Figs. 5(b) and 5(c)].
This is remarkable since the strainhsyH , hsyl , 30%
is larger than observed at yield in static tests [Fig. 1(a
For h0  0.8 and 1 mm, the spike grows marginally into
the plastic region and recovers only slightly while coas
ing. For h0  1.5 mm, the spike has reached the fully
plastic region tohs  25 mm at 20 ms [Fig. 5(d)] and
then continues to grow during the coast phase [Fig. 5(e
The elastic recovery is evident but less dramatic wi
a constantg and it is observed in simulations [4] with
elastic media.

The amplitude transition fork . kc is summarized
in Fig. 6 by plotting the scaled growth rate vsPp for
constantgstd. The instability appears whenPp . Pcr

with a growth rate that is within 20% of the linear
rate [3] with viscosity gh . For 2D and 28g0, the
threshold ish0 , 1.2 mm, corresponding toPcr , 0.54
as indicated by the solid line. For40g0, the threshold is
betweenh0 , 0.66 and 0.8 mm, corresponding toPcr ,
0.43 0.52. The dashed line is the averagePcr , 0.48.
In 3D, the transition occurs ath0 , 2 mm, corresponding
to Pcr , 0.89 as indicated by the dotted line. This is
definitely more stable than in 2D since there are s
points atPp , 0.69 with g , 0. There is an uncertainty
dPcr , 60.1 due to the 20% error ins0, but the relative
values are more precise. The Newtonian fluid (N , corn
syrup) has a similarh and growth rate, but no amplitude
threshold.
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These thresholds are smaller than obtained by t
models:Pcr  1.15 by Miles [1], Pcr  0.9 by RS [3],
andPcr  0.75 and 0.55 for28g0 and40g0, respectively,
by NR [5]. Drucker [2] estimatesPcr  1 in 2D and
Pcr  2 in 3D. Thus, the model of NR [5,6] agrees
best with the experiments. However, please note th
the models consider a free plate, whereas the yogur
supported by the mold, and this may be important sin
l , H.

In conclusion, RT experiments with a fully char
acterized elastic-plastic material confirm Eqs. (1) an
(2). Modes with k . kc are found to be stable when
rgh0y2s0 , Pcr , 0.5 in 2D and ,0.9 in 3D. This
agrees best with the 2D model of NR [5] and suppor
the stability enhancement in 3D estimated by Drucker [2
The elastic behavior is dramatized with an impulsivegstd
in which large perturbations withPp , 3Pcr grow during
the acceleration, but then recover elastically afterwards
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