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Microscopic Universality in the Spectrum of the Lattice Dirac Operator
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Large ensembles of complete spectra of the Euclidean Dirac operator for staggered fermions
calculated for SU(2) lattice gauge theory. The accumulation of eigenvalues near zero is analyzed a
signal of chiral symmetry breaking and compared with parameter-free predictions from chiral random
matrix theory. Excellent agreement for the distribution of the smallest eigenvalue and the microscop
spectral density is found. This provides direct evidence for the conjecture that these quantities
universal functions. [S0031-9007(98)05378-2]
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Hadronic properties, such as the lightness of the pi
masses and the absence of parity doublets, stron
indicate that chiral symmetry is broken spontaneous
In QCD, a great deal of insight in such nonperturbativ
phenomena has been obtained from extensive lattice Q
simulations [1,2]. This did not go without a significan
amount of effort. One of the difficulties is that the orde
parameter of the chiral phase transition,kc̄cl, can be
obtained only after a complicated limiting procedure: th
thermodynamic limit, the chiral limit, and the continuum
limit. In addition, in the chiral limit it is extremely costly
to take into account the effect of the fermion determinan
Since the fermion determinant can be expressed as
product over the Dirac eigenvalues, this alone warran
a detailed study of the QCD Dirac spectrum. Moreove
kc̄cl is directly related to the QCD Dirac spectrum
through the Banks-Casher relation [3],

kc̄cl  lim
m!0

lim
V!`

p

V
rs0d . (1)

Here,m is the quark mass,V is the volume of space-time,
andrsld  k

P
n dsl 2 lndl is the eigenvalue density of

the Euclidean Dirac operator,iD  igm≠m 1 gmAm, av-
eraged over gauge field configurations. We observe th
the average position of the smallest eigenvalues is det
mined by the chiral condensate. In this Letter we focu
on fluctuations of the smallest eigenvalues about their a
erage position. It should be clear that such fluctuatio
affect the fermion determinant and are important for th
understanding of finite size effects [4]. The hope is th
they are given by universal functions which can be ob
tained analytically. This analytical information could the
be used to facilitate extrapolations to the thermodynam
and chiral limits.

A similar situation arises in mesoscopic physics [5]. I
these studies, it was shown that for a sufficient amou
of disorder, spectral correlations are universal and c
be obtained from a random-matrix theory (RMT) with
only the basic symmetries included. On the other han
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the average spectral density is nonuniversal and requi
specific knowledge of the dynamics of the system. I
this letter we investigate the question whether a simil
separation of scales takes place in QCD. Does t
disorder of lattice QCD gauge field configurations resu
in universal fluctuations of the small Dirac eigenvalues?

According to the Banks-Casher relation, the low-lying
Dirac eigenvalues are spaced as1yV for kc̄cl fi 0.
Recent work by Leutwyler and Smilga [6] shows tha
this part of the spectrum is related to the pattern of chir
symmetry breaking by means of a class of sum rules f
the inverse Dirac eigenvalues. It is natural to magnif
the spectrum nearl  0 by a factor ofV . This leads
to the introduction of the microscopic spectral density [7
defined by

rsszd  lim
V!`

1
VS

r

µ
z

VS

∂
, (2)

where S is the absolute value ofkc̄cl. Based on the
analysis of the Leutwyler-Smilga sum rules, it was con
jectured [7] that this distribution is universal and de
termined only by the global symmetries of the QCD
partition function, the number of flavors, and the topo
logical charge. If that is the case it can be obtained fro
a much simpler theory with only the global symmetrie
as input. Such a theory is chiral RMT which will be dis-
cussed below. Whether or not QCD is in this universalit
class is a dynamical question that can be answered only
lattice QCD simulations. The investigation of this ques
tion is the main purpose of this Letter. At this moment i
can be addressed only on relatively small lattices whe
our results are consistent with zero topological charg
The pertinent question of what happens in the continuu
limit has to be postponed to future work. In this limit
we expect zero modes to become important.rsszd is then
different in different sectors of topological charge. How
ever, on present day lattices with staggered fermions the
seems to be no evidence of a “zero-mode zone” [8], an
the situation is controversial at best.
© 1998 The American Physical Society
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There are already several pieces of evidence support
the conjecture thatrs is universal: (i) The moments ofrs

generate the Leutwyler-Smilga sum rules [9]. (ii)rs is in-
sensitive to the probability distribution of the random ma
trix [10,11]. (iii) Lattice data for the valence quark mas
dependence of the chiral condensate could be underst
using the analytical expression forrs [12,13]. (iv) The
functional form ofrs does not change at finite tempera
ture [14]. (v) The analytical result forrs is found in the
Hofstadter model for universal conductance fluctuatio
[15]. (vi) For an instanton liquidrs shows good agree-
ment with the random-matrix result [16]. However, a d
rect demonstration for lattice QCD was missing.

An analysis of Dirac spectra on the lattice was pe
formed in Ref. [17] where it was shown that the spectr
fluctuations in the bulk of the spectrum on the scale of t
mean level spacing are universal and described by RM
This showed that the eigenvalues of the Dirac opera
are strongly correlated. Only a few configurations we
available in this study, but spectral ergodicity allowed u
to replace the ensemble average by a spectral avera
However, spectral averaging is not possible forrs since
only the first few eigenvalues contribute. Therefore,
large number of configurations is essential.

We briefly summarize the main ingredients of chira
RMT. In a random-matrix model, the matrix elements o
the operator under consideration are replaced by the e
ments of a random matrix with suitable symmetry prop
erties. Here, the operator is the Euclidean Dirac opera
iD which is Hermitian. Becauseg5 anticommutes with
iD the eigenvalues occur in pairs6l. In a chiral basis,
the random-matrix model has the structure [7]

iD 1 im !

∑
im W
Wy im

∏
,

where W is a matrix whose entries are independent
distributed random numbers. In full QCD withNf

flavors, the weight function used in averaging contai
the gluonic action in the form exps2Sgld andNf fermion
determinants. In RMT, the gluonic part of the weigh
function is replaced by a Gaussian distribution of th
random matrixW . The symmetries ofW are determined
by the antiunitary symmetries of the Dirac operato
Depending on the number of colors and the representat
of the fermions the matrixW can be real, complex, or
quaternion real [18]. The corresponding random-matr
ensembles are called chiral Gaussian orthogonal (chGO
unitary (chGUE), and symplectic (chGSE) ensembl
respectively. The microscopic spectral density has be
computed analytically for all three ensembles [9,19,20].

We have performed numerical simulations of lattic
QCD with staggered fermions and gauge group SU(
for couplings b  4yg2  2.0, 2.2, and2.4 on lattices
of size V  L4 with L  8, 10, and16. This range of
lattice parameters covers the crossover region from stro
to weak coupling of SU(2) [21]. The boundary condition
ing
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are periodic for the gauge fields and periodic in space an
antiperiodic in Euclidean time for the fermions. In this
work, we study only the quenched approximation using
hybrid Monte Carlo algorithm [22]. This made it possible
to generate a large number of independent configuratio
(indicated in the figures). The analysis of unquenche
data with four dynamical flavors is in progress.

In SU(2) with staggered fermions, every eigenvalue o
iD is twofold degenerate due to a global charge conju
gation symmetry. In addition, the squared Dirac operato
2D2 couples only even to even and odd to odd lattice site
respectively. Thus,2D2 has Vy2 distinct eigenvalues.
We use the Cullum-Willoughby version of the Lanczos al
gorithm [23] to compute the complete eigenvalue spectrum
of the sparse Hermitian matrix2D2 in order to avoid nu-
merical uncertainties for the low-lying eigenvalues. There
exists an analytical sum rule,trs2D2d  4V , for the dis-
tinct eigenvalues of2D2 [24]. We have checked that this
sum rule is satisfied by our data, the largest relative de
viation was,1028. We have also made a detailed study
to determine the optimal acceptance rates and trajecto
lengths [25]. The integrated autocorrelation times are i
the range of 1 to 4. The chiral condensate was obtained b
fitting the spectral density and extractingrs0d and is given
in Table I below.

The overall spectral density of the Dirac operato
cannot be obtained in a random-matrix model since it i
not a universal function. The lattice result forrsld is
displayed in Fig. 1 forb  2.0, V  104 and b  2.4,
V  164, respectively. Note the strong decrease inkc̄cl
(in lattice units) forb  2.4; cf. Eq. (1) and Table I.

We are particularly interested in the region of smal
eigenvalues to check the predictions from chiral RMT. Ac
cording to Ref. [18], staggered fermions in SU(2) have
the symmetries of the chGSE. Analytical expressions ca
be obtained in the framework of RMT for the micro-
scopic spectral density and the distribution of the smal
est eigenvalue by slight modifications of results compute
for Laguerre symplectic ensembles [20,26]. Incorporatin
the chiral structure of the Dirac operator, we obtain from
Ref. [20]

rsszd  2z2
Z 1

0
du u2

Z 1

0
dyfJ4a21s2uyzdJ4as2uzd

2 yJ4a21s2uzdJ4as2uyzdg

(3)

TABLE I. Chiral condensate and a comparison of lattice dat
and analytical predictions for the Leutwyler-Smilga sum rule
for l22

n .

b L kc̄cl k
P

n l22
n lyV 2 kc̄cl2y2

2.0 8 0.1228(25) 8.20s20d 3 1023 7.54s31d 3 1023

2.0 10 0.1247(22) 7.97s30d 3 1023 7.78s27d 3 1023

2.2 8 0.0556(19) 1.67s03d 3 1023 1.55s11d 3 1023

2.4 16 0.00863(48) 3.97s14d 3 1025 3.72s42d 3 1025
1147
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FIG. 1. Spectral density of the lattice Dirac operator fo
b  2.0 and2.4. Only positive eigenvalues are plotted.

with 4a  Nf 1 2n 1 1, where Nf is the number of
massless flavors andn is the topological charge. For our
quenched data,4a  1 sincen  0 as explained in the
introduction. According to Eq. (2), lattice data forrsszd
are constructed from the numerical eigenvalue dens
using a scaleV kc̄cl. This scale is determined by the data
hence the random-matrix predictions are parameter-fr
Similarly, the distribution of the smallest eigenvalue fo
Nf  n  0 follows from Ref. [26],

Pslmind 

r
p

2
csclmind3y2I3y2sclminde2 1

2
sclmind2

, (4)

wherec  V kc̄cl is the same scale as above. In Fig.
we have plotted the lattice results forrsszd and Pslmind
together with the analytical results of Eqs. (3) and (4
for four different combinations ofb and lattice size.
The agreement between lattice data and the parame
or for
the
FIG. 2. Microscopic spectral density (upper row) and distribution of the smallest eigenvalue (lower row) of the Dirac operat
different lattice parameters. From left to right the values ofb are 2.0, 2.0, 2.2, and 2.4. The histograms represent lattice data;
dashed curves are predictions from chiral RMT withNf  n  0.
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free RMT predictions is impressive. Note that the RMT
results were derived in the limitV ! `. Clearly, the
agreement improves as the physical volume increases, i
with larger lattice size and smallerb. From the results
for b  2.0 we observe that the agreement with RMT
improves with increasing lattice size while the value o
the condensate remains the same. This suggests tha
similar improvement will occur forb  2.2 andb  2.4.
These values are just below theb value above which
kc̄cl approaches zero, where the above RMT results a
inapplicable, and an increased sensitivity to the size
the lattice is expected. SincePslmind for these couplings
agrees with the RMT distribution for zero topologica
charge we expect that the discrepancy forrsszd is not
due to a superposition of configurations with differen
topological charge. We hope that future work will clarify
this issue.

Related quantities testing similar properties are th
higher-order spectral correlation functions, in particula
the two-point function which enters in the computation o
scalar susceptibilities. Then-point correlation function
Rnsx1, . . . , xnd is defined as the probability density of
finding a level (regardless of labeling) around each o
the points x1, . . . , xn. The two-level cluster function
T2sx, yd, which contains only the nontrivial correlations,
is defined byT2sx, yd  2R2sx, yd 1 R1sxdR1s yd, i.e.,
the disconnected part is subtracted. For the chGU
there are analytical arguments [27] that the microscop
correlations are universal, and the same is expected
the chGSE. In this case, the predictions from RMT ca
again be obtained from the results of Ref. [20], but we d
not write down the explicit expressions here. In Fig. 3
we have plotted data forrssx, yd for b  2.0 on an
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FIG. 3. Microscopic limit of the two-level cluster function
for some fixed value ofy. The histogram represents data fo
b  2.0 on an84 lattice; the dashed curve shows the random
matrix prediction.

84 lattice as a function ofx for some fixed value of
y, along with the analytical random-matrix prediction
Clearly, the statistics are not as good as for the one-po
function, but the agreement is still quite impressive.

Finally, we have checked the Leutwyler-Smilga sum
rule k

P
n l22

n lyV 2  kc̄cl2y2 appropriate for the chGSE
[6,28]. The numerical results are compared with th
analytical predictions in Table I. Again, the agreeme
improves with physical volume.

In summary, we have performed a high-statistics stu
of the eigenvalue spectrum of the lattice QCD Dirac o
erator with particular emphasis on the low-lying eigen
values. In the absence of a formal proof, our resu
provide very strong and direct evidence for the universal
of rs. In the strong coupling domain, the agreement wi
analytical predictions from random matrix theory is ver
good. On the scale of the smallest eigenvalues, agreem
is found even in the weak-coupling regime. Furthermor
we found that the microscopic two-level cluster functio
agrees nicely with random-matrix predictions and that t
Leutwyler-Smilga sum rule forl22

n is satisfied more ac-
curately with increasing physical volume. We predict th
corresponding lattice data for SU(2) with Wilson fermi
ons and for SU(3) with staggered and Wilson fermion
will be described by random-matrix results for the GOE
chGUE, and GUE, respectively [18]. [The UAs1d sym-
metry is absent for the Hermitian Wilson Dirac operator
The identification of universal features in lattice data
both of conceptual interest and of practical use. In partic
lar, the availability of analytical results allows for reliable
extrapolations to the chiral and thermodynamic limits.
future work we hope to analyze the fate of the fermion
zero modes in the approach to the continuum limit, a
we expect random-matrix results to be a useful tool in t
analysis.
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