
VOLUME 80, NUMBER 6 P H Y S I C A L R E V I E W L E T T E R S 9 FEBRUARY 1998

1

Gravitational Lensing of Gravitational Waves from Inspiraling Binaries by a Point Mass Lens
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Gravitational lensing of gravitational waves from inspiraling binaries is discussed in the context of
advanced laser-interferometer detectors, taking correct account of the diffraction effect. Convolving
the spectrum of the lensed waveform with that of the detector noise, we calculate how much the
signal-to-noise ratio is magnified by gravitational lensing as a function of the mass and position
of the lens. When the lens is much lighter than,102MØ, the diffraction is so effective that the
wave flux is not magnified appreciably. We predict that lensed waveforms are distinguishable from
unlensed ones in that the signal-to-noise ratio shows an oscillatory behavior as the frequency sweeps up.
[S0031-9007(97)05167-3]

PACS numbers: 04.30.Nk, 04.80.Nn, 95.30.Sf, 97.80.Fk
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The gravitational waves emitted during the inspira
stage before the final coalescence of two neutron st
(NS-NS binary) is the most promising source for th
laser-interferometer detectors under construction such
the LIGO [1]. To this end, much effort has been mad
to calculate accurately the waveform template [2] whic
is matched filtered with the observed signal, and al
to estimate the event rate [3]. Thus it is important t
consider every possible source of noise that alters t
results of these theoretical calculations. One such ki
of noise may be the gravitational focusing of gravitationa
waves [4], the subject we shall investigate in this paper.

Previously, Wanget al. [5] considered the microlensing
of gravitational waves from inspiraling binaries by (hypo
thetical) stellar mass lenses distributed over the Univer
(since the probability of lensing by galaxies is negligible
and concluded that, due to the lensing magnification, the
may be a significant number of those inspiral events whi
would be too distant to be detected had it not been f
the lensing. They simply calculated the lensing magn
fication using geometric optics limit in the same way a
for the optical light, and took the maximum magnificatio
to be infinite on the caustics. As shown by several a
thors [6], however, if the wavelengthl is longer than the
Schwarzschild radius of the lens massM, then the wave
effect (diffraction) becomes important so the maximum
magnification should be small. Since the wavelength
typically ,102 104 km in the observable frequency range
of the planned detectors, the wave flux cannot be mag
fied significantly for lens masses lighter than,102MØ, as
is the case for the microlensing considered in Ref. [5].

This paper provides the first proper treatment of grav
tational lensing of gravitational waves from inspiraling
binaries in the context of advanced laser-interferome
detectors, taking correct account of the diffraction effec
We show that the lensed events should be much rarer th
estimated in Ref. [5] for the LIGO type detectors, bu
that it is possible to distinguish lensed waveforms from
unlensed ones once the former are actually detected.
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We

assume theV  1 and L  0 cosmology and use the
unitsc  G  1.

To give a rough account of why the ratioMyl deter-
mines the significance of diffraction, consider monochro
matic waves with wavelengthl passing through a double
slit with the slit width of order the Einstein radiusjE ,
sMDd1y2 where D is the distance from us to the lens.
Interference of two waves coming from the slits would
produce an oscillating pattern in the intensity distribu
tion on the screen located at the observer. The width
of the central peak of the distribution is given by, ,
lDyjE , sDyMd1y2l. Then the maximum magnification
of the wave flux is on the order of,jEy, , Myl. Thus
large magnification can occur only when the wavelength
much shorter than the Schwarzschild radius of the lens.

More quantitatively, we perform the phase integral ac
cording to the Huygens principle in the wave optics theor
to obtain the wave amplitude at the observer. Consid
a point source of radiation whose position vector on th
source plane is$h, and a Schwarzschild lens of massM lo-
cated at redshift ofzL. The arrival time at the observer for
a ray passing through$j on the lens plane is written as [7]

ts $x, $yd  4Ms1 1 zLd f 1
2 j $x 2 $yj2 2 ln x 2 fms ydg ,

(1)
where $x := $jyjE and $y := $hyhE are dimensionless vari-
ables normalized by the Einstein radius, and the origins
$x and $y planes are on the optic axis which connects th
observer and lens. The first and second terms of Eq. (
represent the geometrical and gravitational time delays, r
spectively, and we choosefms yd so that the minimum
value oft on the$x plane is zero. For a Fourier componen
of waves with the frequencyf at the observer, the wave
amplitude (apart from the time-dependente22pift factor)
is given by the Kirchhoff integral on the lens plane as [7]

csv̂, yd 
v̂

ip

Z
d2x expf2pifts $x, $ydg (2)

 exph 1
2 pv̂ 1 iv̂fln v̂ 2 fms ydgj

3 Gs1 2 iv̂dFsiv̂, 1; iv̂y2d , (3)
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where v̂ : 4pfM̂ measures the ratio of the
Schwarzschild radius of the lens to the wavelengt
M̂ : Ms1 1 zLd is the redshifted lens mass, andF is
the confluent hypergeometric function. The prefacto
of Eq. (2) is chosen such thatc  1 without lensing.
Then the lensing magnificatioñm  jcj2 for the Fourier
component is

m̃sv̂, yd  m̃msv̂d jFsiv̂, 1; iv̂y2dj2, (4)

where m̃msv̂d : 2pv̂ys1 2 e22pv̂d is the maximum
magnification which occurs when the source is just behin
the lensy  0. Thus one again verifies the fact tha
m̃m ¿ 1 only whenv̂ ¿ 1 as shown above. It is inter-
esting to note that Eq. (3) can also be derived by solvin
the propagation equationhc  0 with the metric of
linearized gravity, which yields the Schrödinger equatio
in a Coulomb scattering potential [8].

The assumption of a point source is highly justified fo
radiation from a binary so it is unnecessary to averag
Eq. (3) overy, since the source size is smaller than th
wavelength because of its quadrupolar character. In fa
the change in the time delayts $x, $yd due to the source size
hp s,ld is ,thpyhE , sMyDd1y2hp ø f21, implying
that the phase in Eq. (2) does not move significantly ov
the source size. Also it is evident that, even when the le
is not a point mass but has finite size, the above formul
are valid if the lens size is much smaller than the Einste
radiusjE (typically greater than 100 AU for cosmological
lensing).

Before examining the lensing effect on gravitationa
waves, let us briefly summarize the notation of som
quantities which characterize the laser-interferometer d
tectors. Performing the matched filtering between th
incoming waveformhstd to the detector and the trial
waveform hpstd in templates, the signal-to-noise ratio
(SN) is given byrfh, hpg  khjhplykhpjhpl1y2 [9], where
the inner product is defined as

kajbl : 4
Z `

0
df

Refãps fdb̃s fdg
Sns fd

,

ãs fd :
Z `

2`

dt astde2pift ,

(5)

andSns fd is the power spectrum of noise in the detecto
For the advanced LIGO detector, we use [10]

fSns fd  Axygsxd, gsxd :
x4Hsx 2 xmind

1 1 2x4s1 1 x2d
,

(6)

where x : fyfk, fk  70 Hz, A  2.1 3 10246,
xmin  1y7, and Hsxd is the step function. The maxi-
mum SN is achieved when the trial waveform coincide
with the incoming waveform: rmfhg  rfh, hg 
2f

R
`
0 dfjh̃s fdj2ySns fdg1y2. For waves from a binary at

redshift of z in circular orbit, the lowest order (Newto-
nian) quadrupole formula gives the expression for th
h,
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maximum SN as [9,10]

rmfhg 
s5y6d1y2

4p2y3

QM̂

dLszd

"Z fm

0

df
f

sM̂fd21y3

fSns fd

#1y2

,

(7)

where dLszd  2cH21
0 s1 1 zd f1 2 s1 1 zd21y2g is the

luminosity distance from us to the source redshiftz,
M̂  M s1 1 zd is the redshifted chirp mass (M 
fsM1M2d3ysM1 1 M2dg1y5 for the binary massesM1

and M2), Q is the orientation function depending
on the angular position and inclination of the sourc
s0 # Q # 4d, and fm is the maximum frequency
at the innermost stable circular orbit. The post
Newtonian calculation of point mass limit shows tha
fm  s1.42 kHzd s1.4MØyM1dys1 1 zd for equal-mass
binariesM1  M2 [11].

When gravitational waves are lensed by an intervenin
point mass lens, each Fourier component of the observ
(lensed) waveformh̃L is the product of the unlensed
waveform h̃ and the wave functionc given in Eq. (3);
h̃L  h̃c . Consequently the maximum SN2 is magnified
due to gravitational lensing by the factor [cf. Eq. (4)]

msm, yd :
r2

mfhLg
r2

mfhg


Rxm

0 dx x27y3gsxdm̃smx, ydRxm

0 dx x27y3gsxd
, (8)

where m : 4pfkM̂. This is plotted in Figs. 1(a) and
1(b) versus the source positiony and the redshifted lens
massM̂. Also plotted is the magnification factor in geo-
metric optics limit, mgs yd  s y2 1 2dyf ys y2 1 4d1y2g
[7], which is independent of the lens mass. The resul
are very insensitive to the upper limit of the integrals
xm : fmyfk when xm * 10, and in all the figures we
set xm  15 (corresponding to a binary ofM1 , M2 ,
1.4MØ at redshiftz , 0.35 [11]). The figure shows the
tendency that geometric optics becomes good as the le
mass increases and would be valid for lensing by gala
tic masses. In case of microlensing by stellar masse
however, the diffraction is so effective that the lensin
cross sections~y2d for large magnification is negligibly
small. Therefore we conclude that the number of high
redshift, highly magnified inspiral events detectable by th
advanced LIGO is overestimated in Ref. [5], which use
geometric optics for the magnification and considers m
crolensing for the lensing probability.

The most important information in the matched filter
ing is the phase of the wave signal [10]. Suppose th
we detect a lensed signal and we do not have lensed wa
forms in templates. Then we cannot get the possible max
mum value of SN since the phase difference between t
lensed and unlensed waveforms [i.e., the phase ofc in
Eq. (3)] changes with time as the frequency sweeps up.
our templates include unlensed waveforms only, SN wou
decrease typically by the following factor:

rfhL, hg
rmfhLg



Rxm

0 dx x27y3gsxdRefcsmx, ydg
m1y2

Rxm

0 dx x27y3gsxd
, (9)
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FIG. 1. (a),(b) The lensing magnification factor of the signa
to-noise ratio squared [Eq. (8)]. (c),(d) The decreasing fact
in the signal-to-noise ratio [Eq. (9)] when the lensed waveform
hL is matched filtered with the unlensed waveformh. The
abscissae in (a) and (c) are the source positiony in units of
the Einstein radius and in (b) and (d) the redshifted lens ma
M̂  Ms1 1 zLd. The magnification factor in the geometric
optics limit is plotted by the thick curve in (a) and by horizonta
lines in (b).

which is plotted in Figs. 1(c) and 1(d). Note that in
geometric optics the phase shift due to lensing remai
constant and so SN does not decrease. Certainly it
desirable to be equipped with the lensed waveform
our templates to achieve the maximum SN for ever
signal. Moreover it may be possible to determine the len
mass from the matched filtering of the lensed signal wi
such templates if this SN decrease is sufficiently larg
However, the figure indicates that the SN decrease d
to diffraction is insignificant except for some rare case
of close encounter of sources with very large lens mas
occurring with extremely low probability (discussion on
the probability is given below).

Next we calculate the maximum redshiftzm of sources
reached by the single advanced LIGO detector with S
greater than a certain thresholdr0, in the presence of the
lensing magnification. SolvingrmfhLg  r0 with Q  4
and y  0 (maximum magnification) with respect toz
yields [12]

zm  sa 1 b 1 a2ybd6 2 1 , (10)

where

a :
s5y6d1y2

6p2y3

H0M

r0

"Z fm

0

df
f

sMfd21y3m̃msv̂d
fSns fd

#1y2

(11)

and b : fa3 1 1
2 1 sa3 1 1

4 d1y2g1y3. Figure 2 plots
the maximum redshiftzm versus the redshifted lens mass
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FIG. 2. The maximum redshift reached by the advance
LIGO detector taking the lensing magnification into accoun
[Eq. (10)] versus the redshifted lens massM̂ for some values
of hsr0y5d21sMy1.2MØd5y6. Equation (6) was used for the
noise spectrum.

M̂ for various values ofhsr0y5d21sMy1.2MØd5y6 where
h : H0ys100 km s21 Mpc21d. Note that M̂ ! 0 and
M̂ ! ` correspond to no lensing limit and lensing in
geometric optics limit, respectively. The figure shows
that the maximum detectable redshift hardly increases d
to microlensing by stellar mass lenses. Thus we conclud
that the high-redshift tail in the redshift distribution of
inspiral events due to the lensing magnification (Fig.
of Ref. [5]) should not exist (but much lower tail due to
galaxy lensing may exist).

Finally, we estimate the lensing probability and the
lensed event rate very roughly. Following Ref. [5] we
consider hypothetical point mass lenses distributed ov
the Universe, since the probability of galaxy lensings~z3d
is an order of magnitude smaller. The optical depth o
lensing for source redshiftz with impact parameter smaller
thany is t  1

4 VLy2z2 for smallz [13], whereVL is the
density parameter contributed from lensing objects. It i
estimated in Ref. [5] that unlensed events with SN. 5
have the rateÙN , 150 200 yr21 for h , 0.5 0.8 and the
average redshiftz , 0.2. So the lensed event rate is of
order ÙNL , t ÙN , s0.16 0.2dy2sVLy0.1d szy0.2d2 yr21.
Thus we expect that a lensed event withy  1 occurs
about once in every 5–8 yr ifVL  0.1. These crude
arguments may slightly underestimate the number of sma
y events since we have neglected entirely the increase
events due to the lensing magnification. More accura
calculation of the lensing probability requires detailed
information on the mass function of lenses and is no
presented here.
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FIG. 3. Frequency distribution of the signal-to-noise ratio fo
some values of the source positiony in units of the Einstein
radius and the redshifted lens massM̂, with h  0.7, Q  1.6,
M  1.2MØ, and z  0.1. Shown in thick curve is the
unlensed “universal” distribution.

Although our results are negative in that the event ra
would not significantly increase even with the lensing
magnification, in closing let us predict a possible observ
able effect from diffraction. For unlensed waveforms in
the Newtonian formula [Eq. (7)], plots of the maximum
SN rm versus the sweeping-up frequencyfm have uni-
versal shape irrespective of individual binaries. In fac
this fm-rm relation is observable if we filter the observed
signal with the functionwstd  2fmj0s2pfmtd, though
the error bar is likely to be very large. On the other hand
lensed waveforms should yield deviation from the univer
sal curve because the magnification factor [Eq. (3)] de
pends on the frequency. We plot in Fig. 3 the frequenc
distribution of SN,sdr2

mfhLgyd ln fmd1y2, versusfm for
some values of the source positiony and the lens mass
M̂. Detection of large deviations from the unlensed un
versal curve, in particular, the oscillatory behavior like
those in Fig. 3, is suspected as a signature of gravitation
lensing. Though the frequency of the detection of suc
events is too low to discuss any statistical properties
lensing objects, a single discovery of one such phenom
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non—diffraction of gravitational waves—itself is physi-
cally very interesting.
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