VOLUME 80, NUMBER 6 PHYSICAL REVIEW LETTERS 9 EBRUARY 1998

Gravitational Lensing of Gravitational Waves from Inspiraling Binaries by a Point Mass Lens
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Gravitational lensing of gravitational waves from inspiraling binaries is discussed in the context of
advanced laser-interferometer detectors, taking correct account of the diffraction effect. Convolving
the spectrum of the lensed waveform with that of the detector noise, we calculate how much the
signal-to-noise ratio is magnified by gravitational lensing as a function of the mass and position
of the lens. When the lens is much lighter tharl0’M,, the diffraction is so effective that the
wave flux is not magnified appreciably. We predict that lensed waveforms are distinguishable from
unlensed ones in that the signal-to-noise ratio shows an oscillatory behavior as the frequency sweeps up.
[S0031-9007(97)05167-3]

PACS numbers: 04.30.Nk, 04.80.Nn, 95.30.Sf, 97.80.Fk

The gravitational waves emitted during the inspiralassume the) = 1 and A = 0 cosmology and use the
stage before the final coalescence of two neutron stamsnitsc = G = 1.
(NS-NS binary) is the most promising source for the To give a rough account of why the ratid /A deter-
laser-interferometer detectors under construction such asines the significance of diffraction, consider monochro-
the LIGO [1]. To this end, much effort has been madematic waves with wavelength passing through a double
to calculate accurately the waveform template [2] whichslit with the slit width of order the Einstein radiug: ~
is matched filtered with the observed signal, and alsaMD)'/2 where D is the distance from us to the lens.
to estimate the event rate [3]. Thus it is important tolnterference of two waves coming from the slits would
consider every possible source of noise that alters thproduce an oscillating pattern in the intensity distribu-
results of these theoretical calculations. One such kindion on the screen located at the observer. The width
of noise may be the gravitational focusing of gravitationalof the central peak of the distribution is given By~
waves [4], the subject we shall investigate in this paper. AD /&g ~ (D/M)'/?A. Then the maximum magnification

Previously, Wanget al. [5] considered the microlensing of the wave flux is on the order efég /€ ~ M /A. Thus
of gravitational waves from inspiraling binaries by (hypo- large magnification can occur only when the wavelength is
thetical) stellar mass lenses distributed over the Universeuch shorter than the Schwarzschild radius of the lens.
(since the probability of lensing by galaxies is negligible), More quantitatively, we perform the phase integral ac-
and concluded that, due to the lensing magnification, thereording to the Huygens principle in the wave optics theory
may be a significant number of those inspiral events whiclio obtain the wave amplitude at the observer. Consider
would be too distant to be detected had it not been fom point source of radiation whose position vector on the
the lensing. They simply calculated the lensing magnisource plane ig, and a Schwarzschild lens of magslo-
fication using geometric optics limit in the same way ascated at redshift of.. _The arrival time at the observer for
for the optical light, and took the maximum magnification a ray passing through on the lens plane is written as [7]
to be infinite on the caustics. As shown by several au- 7(x,5) = 4M(1 + z)[31% — 5> — Inx — ()],
thors [6], however, if the wavelengthis longer than the (1)
Schwarzschild radius of the lens ma¥s then the wave a0z .= E/és and§ := 7/ are dimensionless vari-

effect (diffraction) becomes important so the maximumgpeq normalized by the Einstein radius, and the origins of

magnification should be small. Since the wavelength is, andy planes are on the optic axis which connects the

typically ~10?~10" km in the observable frequency range observer and lens. The first and second terms of Eq. (1)

of the planned detectors, the wave flux cannot be magnipresent the geometrical and gravitational time delays, re-
fied significantly for lens masses lighter thari0-M,, as

spectively, and we choo so that the minimum
is the case for the microlensing considered in Ref. [5]. P y 6m(y)

. . > _value ofr on thex plane is zero. For a Fourier component
This paper provides the first proper treatment of gravi¢ \ayes with the frequency at the observer, the wave
tational lensing of gravitational waves from inspiraling

el , amplitude (apart from the time-dependent™/* factor
binaries in the context of advanced laser-interferomet P (@p P )

&5 given by the Kirchhoff integral on the | | 7
detectors, taking correct account of the diffraction effec .S given by ? irchhoff integral on the lens plane as [7]
[dzx exdg2mifr(x,y)] 2

We show that the lensed events should be much rarer thany (@, y) = .w
estimated in Ref. [5] for the LIGO type detectors, but _ ‘v LA o é — (]
that it is possible to distinguish lensed waveforms from = explymd + 16N = dmly
unlensed ones once the former are actually detected. We X T(1 — i®)F(id,1;idy?), 3)
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where & :=47fM measures the ratio of the maximum SN as [9,10]

Schwarzschild radius of the lens to the wavelength, 12 @ M fn o \—1/3 712

M := M(1 + z) is the redshifted lens mass, aitis pmlh] = (3/62)/3 7 M [f af %} ,

the confluent hypergeometric function. The prefactor . L@ [Jo f fSalS)

of Eg. (2) is chosen such that = 1 without lensing. (7)

Then the lensing magnification = |¢|* for the Fourier \yhere 4, (z) = 2eHy'(1 + 2)[1 — (1 + 2)7'/2] is the

component is luminosity distance from us to the source redshift
w(@,y) = fim(@) |Fid, 1;i0y), (4) M= M( + z) is the redshifted chirp massM =

[((MiM,)}/(M; + M»)]'/> for the binary massesM;

where fin(®) == 2w /(1 — ¢ ?7?) is the maximum and M,), ® is the orientation function depending
magnification which occurs when the source is just behingn the angular position and inclination of the source

the lensy = 0. Thus one again verifies the fact that (0 < ® < 4), and f, is the maximum frequency

fim > 1 only when® > 1 as shown above. lItisinter- at the innermost stable circular orbit. The post-

esting to note that Eq. (3) can also be derived by solvingyewtonian calculation of point mass limit shows that

the propagation equatiolyy = 0 with the metric of r = (1.42 kHz) (1.4Mo/M,)/(1 + z) for equal-mass

linearized gravity, which yields the Schrédinger equationpinariesy; = M, [11].

in a Coulomb scattering potential [8]. When gravitational waves are lensed by an intervening
The assumption of a point source is highly justified forpoint mass lens, each Fourier component of the observed

radiation from a binary so it is unnecessary to averag@lensed) waveformiz; is the product of the unlensed

Eq. (3) overy, since the source size is smaller than thewaveform 7 and the wave functions given in Eq. (3);

wavelength because of its quadrupolar character. Infacf; = jy. Consequently the maximum %N magnified

the change in the time delay(x, y) due to the source size due to gravitational lensing by the factor [cf. Eq. (4)]

nx (SA) IS ~7n./mE ~ (M/D)l/zm < fﬁlv implying 2[h ] fxm dex~3 (x) it (mx, y)

that the phase in Eq. (2) does not move significantly over ,,(m, y) := PmliLl _ Jo xx ‘% pARY, Y , (8)

the source size. Also it is evident that, even when the lens palh] o dx x~73g(x)

is not a point mass but has finite size, the above formula\%herem ‘= Am £ M. This is plotted in Figs. 1(a) and

are valid if the lens size is much smaller than the Einsteir]L o .
. ) . b) versus the source positionand the redshifted lens
radius¢ (typically greater than 100 AU for cosmological m(a;s]f/l. Also plotted isrf[he rr?ggnification factor in geo-

lensing). : ; .. 2 2 1/2

- . L metric optics limit, us(y) = (y* + 2)/[y(y~ + 4)"/7]

Before examining the Ien5|r_1g effect on grawtanonagn, which is independent of the lens mass. The results
waves, let us briefly summarize the notation of som

" ; . : are very insensitive to the upper limit of the integrals
quantities which characterize the laser-interferometer de); ‘= fu/fx Whenx, = 10, and in all the figures we
. - . m - mi/. m - '

tectors. Performing the matched filtering between theSetxm — 15 (corresponding to a binary off, ~ M, ~

w;\?n;mr?n \;lva(\t/)e fic::rr;ézr(;) I;?e;heth((jeets(?i(:tr?;l-?g-iotizg trrajl?ilo 1.4M¢ at redshiftz ~ 0.35 [11]). The figure shows the
eto - p ' 9 tendency that geometric optics becomes good as the lens

. . _ 1/2
Er?tla\li)nlr?eglvfgdg)é{)i[sh’d}(la*f]ined@sh*vm*lh*> [9], where mass increases and would be valid for lensing by galac-
P tic masses. In case of microlensing by stellar masses,

] *  Ra*(f)b(f)] however, the diffraction is so effective that the lensing
(alb) := 4f0 df Su(f) ’ cross sectior(«y?) for large magnification is negligibly
0 (5)  small. Therefore we conclude that the number of high-
a(f) .= f dt a(t)e®™ '/, redshift, highly magnified inspiral events detectable by the
- advanced LIGO is overestimated in Ref. [5], which uses
and S, ( f) is the power spectrum of noise in the detector.geometric optics for the magnification and considers mi-
For the advanced LIGO detector, we use [10] crolensing for the lensing probability.

4 o The most important information in the matched filter-
xHx — xmin) ing is the phase of the wave signal [10]. Suppose that
1+ 2x4(1 + x2)° we detect a lensed signal and we do not have lensed wave-
(6) formsintemplates. Then we cannot get the possible maxi-
where x = f/fe, fi=T0Hz, A=2.1X10%, mum value of SN since the phase difference between the

xmn = 1/7, and Hx) is the step function. The maxi- lensed and unlensed waveforms [i.e., the phasé af

mum SN is achieved when the trial waveform coincidesEq' (3)] changes with time as the frequency sweeps up. If

with the incoming waveform: pu[h] = p[h, h] = our templates include unlensed waveforms only, SN would

o[ df I P/Sa( )]/, For waves from a binary at G€crease typically t))cy the following factor:
redshift of z in circular orbit, the lowest order (Newto- plhi.h] _ [o" dxx" 7P g(x)Rey(mx, y)] ©)
nian) quadrupole formula gives the expression for the pmlhL] w2 o dx x =73 g(x) ’

ISa(f) = Ax/g(x), g(x) =
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FIG. 1. (a),(b) The lensing magnification factor of the signal-
to-noise ratio squared [Eg. (8)]. (c),(d) The decreasing facto
in the signal-to-noise ratio [Eq. (9)] when the lensed waveform
hi, is matched filtered with the unlensed wavefodm The

IG. 2. The maximum redshift reached by the advanced
IGO detector taking the lensing magnification into account
[Eq. (10)] versus the redshifted lens madgsfor some values
abscissae in (a) and (c) are the source positian units of  ©f h(po/5)"' (M /1.2M5)"°. Equation (6) was used for the
the Einstein radius and in (b) and (d) the redshifted lens mas80!S€ spectrum.
M = M(1 + z). The magnification factor in the geometric . )
optics limit is plotted by the thick curve in (a) and by horizontal M for various values oh(po/5)" (M /1.2Ms)>/® where
lines in (b). h := Hy/(100 kms ' Mpc™'). Note that — 0 and
o o M — = correspond to no lensing limit and lensing in

which is plotted in Figs. 1(c) and 1(d). Note that in geometric optics limit, respectively. The figure shows
geometric optics the phase shift due to lensing remaingat the maximum detectable redshift hardly increases due
constant and so SN does not decrease. Certainly it i& microlensing by stellar mass lenses. Thus we conclude
desirable to be equipped with the lensed waveform inhat the high-redshift tail in the redshift distribution of
our templates to achieve the maximum SN for everyinspiral events due to the lensing magnification (Fig. 3
signal. Moreover it may be possible to determine the lengf Ref. [5]) should not exist (but much lower tail due to
mass from the matched filtering of the lensed signal withyalaxy lensing may exist).

such templates if this SN decrease is sufficiently large. Finally, we estimate the lensing probability and the
HOV\{ever,'the. flgure iﬂdicates that the SN decrease dUI@nsed event rate very roughly_ F0||0wing Ref. [5] we
to diffraction is insignificant except for some rare casesonsider hypothetical point mass lenses distributed over
of close encounter of sources with very large lens masghe Universe, since the probability of galaxy lensing?)
occurring with extremely low probability (discussion on s an order of magnitude smaller. The optical depth of
the probability is given below). lensing for source redshiftwith impact parameter smaller

Next we calculate the maximum redshiff of sources thany is r = 1Qy y?2% for smallz [13], whereQ, is the

reached by the single advanced LIGO detector with SNjensjty parameter contributed from lensing objects. It is
greater than a certain threshqld, in the presence of the estimated in Ref. [5] that unlensed events with SN\
lensing magpnification. Solvingm[AL] = poWith® =4 have the rat&V ~ 150-200 yr~! for 1 ~ 0.5-0.8 and the
and y = 0 (maximum magnification) with respect ©  average redshiff ~ 0.2. So the lensed event rate is of

yields [12] order Ni ~ 7N ~ (0.16-0.2)y*(Qy./0.1) (z/0.2)? yr~ 1.
m = (a + B+ a?/B)® — 1, (10) Thus we expect that a lensed event with= 1 occurs
where about once in every 5-8 yr i), = 0.1. These crude

(5/6)'2 HyM o df (M) (@) 1/2 arguments may slightly underestimate the number of small
~ 672’ po fo f

y events since we have neglected entirely the increase of
f IS5a (1) events due to the lensing magnification. More accurate
(11)  calculation of the lensing probability requires detailed
and B :=[a® + % + (a® + §)1/2]1/3. Figure 2 plots information on the mass function of lenses and is not
the maximum redshift,, versus the redshifted lens mass presented here.
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non—diffraction of gravitational waves—itself is physi-

_E%‘ Gi)Y) i cally very interesting.
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