VOLUME 80, NUMBER 6 PHYSICAL REVIEW LETTERS 9 EBRUARY 1998

Properties of Two-Species Bose Condensates
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We present theoretical studies of a two-species Bose condensate. Using a new numerical method,
we have calculated ground state wave functions and show that, due to interspecies interactions, the
condensate mixture displays novel behavior not found in a pure condensate. We compared our results
with those of the Thomas-Fermi approximation (TFA) and find that under a broad range of conditions
the TFA can be reliably used to predict many qualitative features of the condensates. Using our
technique, we have modeled a recent JILA experiment on dual spinféRibecondensate. Finally,
collective excitations of double condensates are discussed. [S0031-9007(97)05211-3]

PACS numbers: 03.75.Fi, 05.30.—d

Since the realization of dilute alkali atomic vapor con-overlap between the condensates. For example, the TFA
densates in 1995 [1], we have seen a rapid developmedbes not accurately describe a new phenomenon which
on the field of Bose-Einstein Condensation (BEC). Newwe describe here—that of density compression—nor can
progress poses new questions to both experimentalists aitcbe used to precisely evaluate collisional relaxation rates
theorists. One such questions is: What will the ground7]. Therefore, we conclude that the solutions derived for
state density distribution be if we put two condensates ofthe TBEC within the TFA are remarkably robust and pro-
different atoms together? We have learned that the invide an excellent starting point of study; however, we also
teractions between particles inside a pure condensate hagtess the TFA should not be relied upon when a quanti-
huge effects on the properties of the condensate [2]. Thusative comparison of experiment and theory are impor-
it is natural to conjecture that the interactions betweerant. Instead, a numerical approach becomes necessary.
different species will play an important role in a multi- The realization of such an approach and examples of its
species condensate. For example, one might guess thegplication to the study of other novel properties of con-
interspecies interactions could cause novel ground staiensates mixtures, such as self-compression and collective
structures that would not exist had only one species beegxcitations, are the subject of this Letter.
present. Recently, the ground state wave functions of bi- In the following, we will present our method of
nary mixture of Bose condensates have been calculated lmalculation. In the case of a two-species condensate inside
Ho and Shenoy [3], who devised an elegant algorithm t@n isotropic harmonic trap at zero temperature, letting
determine the density profiles of the mixtures within they;(r) (i = 1,2) be the wave function of specigswith
Thomas-Fermi approximation (TFA). particle numbeV; (wherer is the radial coordinate), we

A single-species Bose condensate can be described logn write two coupled Schrddinger equations as [3]
the nonlinear Schrddinger equation, also known as the N .

Gross-Pitaevskii Equation [4], which can be solved nu- Higi(r) = patpi(r). i = 1.2, (@)
merically [5]. However, in order to derive analytic re-

sults, some approximations must be applied. Acommonly 47, — _n V2 4 Lmlwlzrz + N U 2
used one is the TFA, which ignores the kinetic energy 2m 2

terms. It has been shown that the TFA results agree well + NaUplinl?, )
with numerical calculations for large particle numbers,

except for a small region near the boundary of the con- 2 1

densate [6]. In fact, even for small particle numbers, the — 7{, = ——— V2 + — myw3r? + NoUslth|?
ground state wave function calculated within the TFA still 2my 2

usually gives qualitatively correct overall shapes. We find + N Ul |?, (3)

that this is also usually the case for a two-species conder\1l\—lhere . and w. are mass. trap frequency. and
sate. For example, the TFA solution correctly predicts Mis @i, Ki , lrap irequency,

that “phase separation” will occur if there exists a stron chemical potential for théth species, respectively. We

repulsive interaction between the two species [3] and, in- ave asgumed that th? ground state wave functions
deed, it can reliably and efficiently estimate when this2'® spherically symmetric [8]. The interaction between

separation will occur. However, we do find that in manyfart'ctlﬁst's descrlbe(;j t:y S}sglf;mter?ctlot? :etm andqffa i
situations the TFA cannot be relied upon to predjgan- erm that corresponds to the interaction between ditieren

titative features of the double condensate and in particuIals,"oec'ew12 which have the following expressions:
the TFA solution can greatly underestimate the degree of U; = 4mh*a;/m;, 4)
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whereaq; is the scattering length of speciesnda;, that 8 U1 ’
between species 1 and 2. If we dendigr) = ri;(r), H = . (10)
and Iet\/h/2m1w1 and Zw; be the units for length and uf’l —§52
energy, respectively, Egs. (2) and (3) can be rewritten as —62  oF
Hy = _d_2 Vi), 6) V\{herev{ = V(16) + 2672, ar_1d similarly forH,. The
dr? eigenproblem of these matrices can be solved by the
FORTRAN subroutine packag&ISPACK (the Eigenvalue
1 d? Analysis Package) in a CRAY supercomputer system.
H, = a, dr? + Va(r), (") since the Hamiltonians themselves contain the wave func-
tion ¢;, iteration is necessary. In detail, we start from
5 NE a set of trial wave functionsﬁfo). Using H;, we find
Vi=—r"+ 8wNia 2 the eigenvectorp; corresponding to the smallest eigen-
1+ a, o |2 value of H;. (In this way, we can ensure that the
+ am 4mNrar2 2 0 (8)  wave function we find is the ground state.) L(ﬁfl) =
\/e(¢,-(0))2 + (1 — €)(¢;)? (with € being a positive num-
1 5 5 87TNya; |ha)? ber between 0 and 1) be the new trial function. Re-
V2 = g4 dmlo’ + an r2 peat the above procedures until agrees with its trial
1+ a, |1 ]2 function within a certain range. Thegl; = ¢;/r is the
+ T‘”TNI"IZ P2 (9) ground state wave function for speciesWe find that this

where a,, = my/m; and a, = w>/w;. Our numerical
solution requires some discretization of continuum spaceupper bound omv.

Let 6 be the mesh length in the direction and ap- In our calculations, we take Rb as species 1 and
proximate ¢ (r) by ¢; for 16 <r = (I + 1)8. Free-
boundary conditions have been applied, i¢;,= 0 if
I =0or! > L. Replacing the second derivative with re- 27 X 160 Hz and w, = 27 X 310 Hz. In Fig. 1, we
spect tor by its simplest finite-difference approximation compare our results with those of Ho and Shenoy's
d*¢(r)/dr* = (p1+1 — 2¢; + ¢;—1)/82, we can write

H, in a tridiagonal matrix of the form

method is very stable. The largest particle number used
in our calculation isl0®. However, we find no principle

Na as species 2, with scattering lengths taken as 6
and 3 nm, respectively. For the trap, we assume=

[3]. Figures 1(a)—1(c) correspond tn, = 1.8 nm, or
relatively weak interaction between the two species. In
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FIG. 1. Ground state density profiles. Solid curves—TFA results; dashed curves—numerical results. The units for density and
length are(2m;w;/F)*? and (1/2m,w,)"/?, which have numerical values @6 x 10'2 cm~
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3 and 0.6 wm in our calculations,

respectively. The interspecies scattering length is as follows: (ays{cF 1.8 nm; (d)—(f) a;» = 3.6 nm; (g)—() a;» = 0.
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FIG. 3. (a) Ground state density profiles of species 1 (Rb).

FIG. 2. Ground state density profiles of species 2 (N&).= N = 10%, ap, = 3.6 nm. In ascending ordery, = 0, 10°,

2 % 104, ai = 3.6 nm. ~ From left to right, N, = 3 X 10°, 5% 10% 2 X 106, 4 X 10°, and10”. (b) Peak density of Rb

'1:?9’ i X 107, 10°, 2 X 10°, and 4 X 10°. Same units as in 44 5 function ofv,. Calculated with numerical method (dashed
T line) and the TFA (solid line). Same units as in Fig. 1

this case, Ho and Shenoy'’s results agree remarkably wdilinctions to vary rapidly in space, especially in the re-
with our calculations: compared with the, = 0 case gion of coexistence. In the coexistence region it is not
[i.e., no interactions between different species, Figs. 1(g)-at all appropriate to neglect the derivative terms (or the
1(i)], the density profiles for both Rb and Na have kinetic energy terms) in the Hamiltonian and hence there,
lower peak values and wider widths. When we increas¢he TFA becomes rather unsatisfactory. Figure 4 contrasts
ap» [as in Fig. 1(d)-1(f) wherea;; = 3.6 nm] we see the quantitative differences between the two results. The
that the peak density of Na does not occurrat= 0  peak density of Rb can be enhanced by more than 1 order of
any more. It is as if Na has been squeezed out anthagnitude by varyingv, from 0 to10’. This provides us
forced to form a shell around the trap center whichwith the possibility of making a condensate with extraor-
holds Rb, while Rb is compressed—it has a highedinarily high densities, so high that the condensate may
peak density and narrower width compared to its purdecome unstable due to the effects of spin relaxation [7]
condensate. This is because the Rb gets extra confinemeartd/or three-body recombination [9]. A true two-species
from the Na shell surrounding it. In other words, the condensate is a very attractive system in which to study
coupling termN, U »|4»|? in Eq. (2) acts as an effective this phenomenon, since the density of one species can be
attraction potential for the Rb. The formation of this easily controlled by adjusting the particle number of the
central Rb core and outside Na shell is analogous tother.
the phase separation in a two-component fluid—different Although a condensate composed of two different
components occupy different regions of space. Herespecies of atoms remains to be realized, experimentalists
we see that in regions of overlap, the density profilesn JILA have already successfully demonstrated a two-
predicted within the TFA become less satisfactory forstate condensate [10]. That is%Rb condensate com-
largera;,. The detailed nature of this overlap is importantposed of two different spin statd¢” = 2,m = 2) and
because it influences quantities such as the ground state = 1,m = —1). Because atoms in these two states
system energy, the excitation spectrum, and the collisiondlave different values of magnetic moment, under the in-
relaxation rates [7]. fluence of gravity, the two pure condensates made of each
Besides the interaction strength, the density profiles also
depend on particle numbehlg andN,. Figure 2 displays
the density profile of Nap,, as a function ofV; when 400
N, is fixed. The Na is pushed further out as the number
of Rb atoms increases. In Fig. 3(a), we show the density
distribution of Rb,p;, when we chang#&/, while holding
N, fixed. We see that, with the increase Mf, the Rb
condensate is compressed further and further. Figure 3(b)
shows the peak value gf; as a function ofV, as calcu-
lated with both our numerical method and the TFA. With
the increase oN,, the peak density of Rb increases. For
small values ofN, (N, < 7 X 10%), the results from the
TFA qualitatively agree with our numerical results. How-
ever, at larger values av,, P1 remains unchangeq a5 FIG. 4. Ground state density profiles.N; = 10*, N, =
changes. The reason for this is that, for large particle nums x 10, 4,, = 3.6 nm. Solid curves—TFA results; dashed
bers, the strong interspecies interactions cause both wawarves—numerical results. Same units as in Fig. 1.
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FIG. 5. A qualitative explanation of the experiment of ) .
Ref. [6]. Density profiles of the two spin states &Rb  FIG. 6. The angular frequency of the lowest isotropic breath-
without interaction (solid line) and with repulsive interaction ing mode as a function af,. Ny = N> = 10%
(dashed line) between them. States 1 and 2 correspond to spin
state|2,2) and|1, —1), respectively.

shows that a precise measurement of excitation frequencies

can help us determine the valuea$. Further studies on
single state have a slight offset in space, i.e., the two denhis subject will be reported in a separate paper [13].
sity peaks do not coincide with each other. If these two With the present rapid development in the field of
condensates are formed together, the repulsive interaBEC, the goal of making a condensate composed of two
tion between them will separate them farther away. Thislifferent types of atoms does not seem to be far-fetched.
has been observed experimentally. Using the numericabur work will help us understand the properties of the
method outlined above, we made a one-dimensional caBose condensates mixtures and broaden our knowledge of
culation to simulate this phenomenon [7]. Suppose we&oupled macroscopic quantum states.
have two condensates with the respective trapping poten- We are grateful to Tin-Lun Ho, Paul Julienne, Charles
tials mwix?/2 andmw3(x — xo)*/2, respectively, where W. Clark, R. Dum, and Y. Castin for useful conversa-
xo is the initial spatial offset. Figure 5 shows the densitytions. We would also like to thank Renato Ejnisman for
profiles for the two condensates with and without inter-comments on the manuscript. This work was supported
species interaction. Obviously, the separation between thgy the National Science Foundation and the David and
two peaks is significantly widened due to the presence ofucile Packard Foundation.
interaction. Hence, our simple model agrees qualitatively
with the experimental results.
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will not occur. Furthermore, if the magnitude af;, Daviset al., Phys. Rev. Lett75, 3969 (1995).
becomes larger than a certain value which depends;on 2] 1125 I(_leQeé;)(' Huang, and C.N. Yang, Phys. Rel06,
a;, etc., the condensates mixture eventually collapses. ; :
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