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Fluctuation of Local Order and Connectivity of Water Molecules
in Two Phases of Supercooled Water
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We investigate the fluctuations of coordination numbers and the spatial correlations of imperfectly
coordinated water molecules in two phases of supercooled water. It is found, although the average
coordination numbers are 4 in local energy minimum structures of both phases, that the magnitude
of the fluctuation differs significantly between two phases. Connectivity of water molecules whose
first and second neighbors are also perfectly (four-) coordinated is examined. It is revealed that
such locally ordered water molecules spread over the entire system in the low density liquid phase
whereas those molecules form only small size clusters in the high density liquid water phase.
[S0031-9007(97)04925-9]

PACS numbers: 64.70.Ja, 61.20.Ja
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Water occupies a unique position among various liquid
because of many anomalous properties such as the app
ance of temperature of maximum density [1]. Above al
the divergence of heat capacity and other thermodynam
response functions on approaching the temperature 228
in supercooled state is the most notable one [2,3]. R
cently, the anomalies have been accounted for by existen
of a second critical point from which a phase boundary o
the low and high density liquid (LDL and HDL) phases
appear [4,5] or by LDL-HDL phase transition [6,7]. LDL
is a lower energy phase than HDL, which is similar to th
fact that an ordered ice phase has a lower density (and a
energy) than liquid water. Two amorphous ices have be
indeed observed experimentally at high pressure [8,9]. A
though it is still controversial where the critical point lo-
cates in phase diagram, we can understand in the bro
sense the origin of the unique properties of water in term
of the critical behavior and/or the associated spinod
instability [10,11].

We have shown that various properties of TIP4P wat
[12] below the temperature 213 K at atmospheric pressu
are significantly different from those above that temper
ture [6,7]. It may, however, not be generally accepted th
there is a first order phase transition at atmospheric pre
sure among many computational studies. The location
the second critical point seems to depend seriously on
termolecular interaction, boundary condition, treatment
long range intermolecular interaction, simulation time, en
semble, and so on. In this Letter, we will not discuss th
relation between the simulated and experimental pressur
from which the exact location of the second critical point i
deduced, but will investigate structural difference betwee
two phases in order to obtain an insight into the origin o
the transition in network forming substances such as wat
silica, silicon, etc. [13].

The most important issue at present is to address w
two phases exist in one component liquid state and what
the most noticeable difference in structure between the
Structures of two liquid phases and their hydrogen bon
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network patterns are, however, far from clear. Here, stru
tural difference between two liquid states will be accounte
for in terms of the fluctuation of local order and the ne
work pattern among the ordered water molecules. The
cal order is well characterized by hydrogen bonds. T
number of water molecules hydrogen bonded with fo
neighbors increases drastically upon the transition from t
high to the low density liquid for any reasonable choice
hydrogen bond criterion [7]. The local order of LDL is
much enhanced compared with HDL. However, the hydr
gen bond number itself depends seriously on the criteri
[7]. Therefore, the coordination number is more prefe
able rather than the hydrogen bond number in discuss
the connectivity of the network structure since we have
more definite criterion to define it than the hydrogen bon
the coordination number can be defined quite reasona
by the number of other molecules (oxygen atoms) with
the first minimum distance of the corresponding radial di
tribution function,gsrd. The running coordination num-
ber,nsrd, is given as

nsrd ­ r
Z r

0
gsr 0ddr0, (1)

wherer is the molecular separation andr stands for the
number density.

The experimental coordination number at room tempe
ture is 4.4 according to the above definition with a molec
lar separationrm at whichgsrd takes the first minimum [1].
This value is not expected to change significantly upo
temperature decrease: at most it approaches the limit
value 4 (in ice). Instead, a difference appears in its fluct
ation and species-4 decreases with increasing tempera
(species-j is a water molecule to which otherj molecules
are coordinated). We will examine a difference in coo
dination number fluctuation and its spatial correlation
show that the phase transition is associated with the per
lation transition of a kind of locally ordered clusters [14]

Molecular dynamics simulations for 1728 TIP4P wa
ter molecules [12] are performed with a fixed pressure
0.1 MPa at several temperatures using Nosé-Anderse
© 1997 The American Physical Society 113
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constant temperature-pressure method [15,16]. Sinc
large gap in thermodynamic properties at atmosphe
pressure has been found around 213 K, the temperatu
T cover the higher and lower states than that temperatu
setting to 233 and 193 K together with the room temper
ture, 298 K. The simulation time ranges from 0.2 (298 K
to 5 ns (233 and 193 K). We examine the coordinatio
number, its fluctuation, and the connectivity of specie
4 from the present configurations. The minimum ener
structures called quenched structures [17] are obtain
which provide information on fundamental structure with
out thermal excitation [18].

As plotted in Fig. 1(a), no significant difference is see
in running coordination number for structures generat
by molecular dynamics simulations. The coordinatio
numbers lie in the range from 4.1 (193 K) to 4.8 (298 K
at the corresponding inflection points (the minimum in th
radial distribution function) due to a partial collapse o
ice structure and a thermal excitation in water. Quench
structures are, however, preferable rather than structu
generated by molecular dynamics simulation in calcula
ing the coordination numbers because we are interes
in purely structural properties. The coordination numbe
at three temperatures are all reduced to approximat
4.0 as shown in Fig. 1(b). The local structure (withi
rm ­ 3 Å) after removing thermal energy remains un
changedon averagein liquid water.

This does not mean all the water molecules participa
in icelike structure. The percentages of various spec
are given in Table I. The species-4 is the most domina
one in HDL at 298 and 233 K. In water, its population in
creases drastically upon transition from the high to the lo
density liquid, which is reconfirmation of what we found
in the analysis of hydrogen bond number distributions [7
Although the number of each species is sensitive to te
perature, their mean values, approximately 4, at all thr
temperatures are rather insensitive.

A new quantity, fluctuation of the coordination numbe
is defined by

Dnsrd ­ kfNsrd 2 nsrdg2l1y2, (2)

whereNsrd is the coordination number for a given mole
cule at a given instant andk. . .l stands for average taken
over all generated configurations. The fluctuations of c
ordination number are shown in Fig. 2. The fluctuation
Dnsrd becomes the smallest around the minimum of th
radial distribution function. This fact justifies the choic
of rm to define a coordination number. To visualize ho
small the fluctuation is, we consider a body-centered c
bic lattice model. The half of the sites are regularly occ
pied in cubic ice where the coordination number is 4 an
its fluctuation is 0. If molecules are randomly distribute
and half of the sites are occupied, its fluctuation is ve
large fDnsrmd ­ 21y2g. In water, its magnitude is 0.45
for HDL while 0.25 for LDL.
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FIG. 1. Running coordination number as a function of di
tance from a central molecule. (a) Instantaneous (generated
molecular dynamics simulation) structure; (b) quenched stru
ture. Solid line, water at 193 K (LDL); dotted line, water a
233 K (HDL); and dash-dotted line, water at 298 K (HDL).

Although species-5 has lower energy than species
its mobility (as well as that of species-3) is higher tha
that of species-4 [19]. Thus, species-3 and -5 can
regarded as defects. The number of defects (molecu
other than species-4) are greatly reduced in real wa
at ambient temperature compared with a randomly oc
pied case and the transition gives rise to further redu
tion of defects. A question is raised as to how tho
defects are spatially correlated with each other. We d
fine a probability distributiongij for a molecule next to
a central one havingj neighbor molecules on the con
dition that the central molecule hasi neighbors. The
probability is also given in Table I. Clearly, defects ar
correlated such that species-3 molecules repel each o
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TABLE I. Coordination number distributionpi (%) having i
neighbors and probability distributiongij (%) for a molecule
next to a central one havingj neighbor molecules on the con-
dition that the central molecule hasi neighbors at temperature
T sKd and 0.1 MPa. The cutoff length for coordination numbe
is 3 Å.

pi

Tni 2 3 4 5 6

298 1 18 74 7 0
233 1 11 83 5 0
193 0 3 95 2 0

gij

inj 3 4 5

T ­ 298
3 10 75 14
4 14 77 8
5 22 73 4

T ­ 233
3 4 80 15
4 7 86 7
5 15 82 3

T ­ 193
3 1 87 11
4 2 96 2
5 11 89 0

(so do species-5 molecules) while a species-3 molecule
tracts a species-5.

It has been recognized that water in ambient tempe
ture is a transient gel that hydrogen bonds form an in
nite size of cluster [14]. Even when we consider a si
percolation of only species-4 water at room temperatu
water is percolated as is clear from Table I. The site pe

FIG. 2. Fluctuation of the running coordination numbe
Solid line, water at 193 K (LDL); dotted line, water at 233 K
(HDL); and dash-dotted line, water at 298 K (HDL).
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colation threshold for those systems is as low as that
diamond structure, 0.4 (see below [20]), which should b
compared with 0.74 for water. This suggests that a larg
correlation unit of species-4 should be considered in o
der to distinguish LDL from HDL. Next, we impose a
further condition; a central species-4 has four neighbo
ing species-4. This procedure is repeated up to the thi
neighbors and ratios of the perfectly coordinated wate
molecules are given in Table II. We found a large differ
ence between two liquid phases when a spatial correlati
up to the second neighbors is taken into account. Sin
we are considering site percolation, the percolation thres
old ps is related empirically to the packing fraction,h as

psh . 0.16 (3)

for three dimensional system [21]. The packing fraction
is calculated by

h ­ prr3
my6 . (4)

Hence, the threshold valueps is approximately 0.34
(similar to the diamond structure), which implies tha
water at 193 K is percolated while water at 233 K o
higher is not.

Water molecules whose first and second neighbors a
all species-4 form various sizes of clusters, which ar
called hard core patch [14]. We obtain a hard core patc
size distribution which is plotted in Fig. 3. It is evident
that the largest hard core patch size is about 1000 a
the patch spreads over the entire system at 193 K wh
the maximum size of hard core patch is limited to 100
at 233 K. This indicates that a correlation length o
the hard core patch becomes infinite upon the transitio
from the high to the low density liquid. To examine
whether there exists a special correlation of species-
let us assume random distribution of species-4. Th
probability that the first neighbors are all species-4 i
given bysp4d4. For the perfect first and second neighbors
it is sp4d16. (For the third neighbors, it is impossible
to apply a simple enumeration because of formation o
pentagonal and hexagonal rings, the latter of which is on
a constituent of low pressure ice.) Those probabilities a
given in parentheses. The observed ratio is only slight
larger than that of the random distribution. No specia
correlation seems to exist.

We may consider a further local order of species-4 an
the corresponding percolation transition. However, this

TABLE II. Probability (%) of water molecules which have
only species-4 up toith neighbors. The probability of random
distribution of species-4 is given in parentheses.

Tni 0 1 2 3

298 74 26 (30) 1 (1) 0
233 83 44 (47) 8 (5) 0
193 95 80 (81) 50 (44) 20
115
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FIG. 3. Distribution of the cluster size composed of the wate
molecules having first and second neighbors of species-4; to
233 K, bottom, 193 K.

unlikely to occur since a further local ordering necessari
gives rise to the correlation of ring species and thus lea
probably to ice with some defects. The percolation o
this higher order correlation (up to the third neighbors)
not observed in either the high or the low density liqui
phase (even at 193 K, its population does not exceed t
threshold value).

In summary, we find the following differences betwee
two liquid phases. Liquid water has on average fou
neighbors in quenched structures. Both phases cont
defect species-3 and -5. The population of each defe
species differs between two phases. The like-species
pels each other and the unlike species attracts one anot
Those water molecules having first and second perfec
ordered (four-coordinated) neighbors form various size
of clusters. The clusters are disconnected in high dens
phase whereas the largest cluster in low density phase
connected and spreads over the entire system. A furth
ordering, percolation of the perfectly coordinated cluste
up to the third neighbors, may lead to mostly ring struc
tures and seems to result in ice, whereby exceeding t
limiting size of ice nucleus.

An appropriate order parameter to describe the pha
equilibrium is the density difference between two liquid
phases. In order to understand the phase behavior
supercooled water in terms of the pressure dependence
density, let us consider the simplest lattice model whe
some of the body-centered cubic lattice sites are occup
by water molecules while others are left unoccupied.
all the sites are occupied in this model, the coordinatio
116
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number is 8. Even if the occupation ratio is less tha
1y2, the average coordination number of 4 is realize
by a spatial fluctuation of various species-j analogous
to the critical fluctuation. That is, it is conceivable tha
the density may change by changing magnitude of th
fluctuation on the condition that a water molecule ha
four neighbor molecules on average. The occupation ra
of the lattice sites in high density liquid is expected to
increase with increasing pressure (it cannot exceed 1y2
in order for the average coordination number to be ke
a constant value, 4), while the fluctuation is graduall
suppressed. The degree of the spatial correlation f
unlike defect pairs may depend heavily on pressure. Th
will be examined in detail in future work.
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