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where

s = (C»-C«)/(C»+C44), f= (C&2 C«)/C

N is the total number of atoms, V is the volume,
p is the density, and the remaining symbols have
their usual meanings. f(s, t) is presented in tab-
ular form. From reference 2 one can obtain

d in+, d lnC«» d ln f(s, t)
ding 2 ding ' ~ ding

Si: -y = -0.4 SO+ 0.167+0.073 = -0.250.

Note that the third term, involving the inter-
polation in the table and arising from the change
of elastic anisotropy and Poisson ratios with vol-
ume, is a relatively small correction for these
materials. The values of y, so obtained are in-

which can be evaluated using the tables and the
known values of C~& and d lnCt&/d lnV for Ges and
Si.' Term by term the results are, for Ge and Si,

Ge: dinch/dlnV= -go= -0.751+0.167+0.092= -0.492;

dicated by x's on the T/e = 0 ordinate of Fig. 1.
A possible interpolation of the data is indicated
by a dotted line, whence the y of Qe does ex-
hibit the same behavior as that of Si and InSb. It
seems probable that Gibbons' extrapolation given
by the dashed line is incorrect in the case of Ge
and that the similarity of behavior of Ga, Si, and
InSb is preserved.
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In the course of studying the galvanomagnetic
properties at low temperatures in pure bismuth
at a magnetic field above several kilo-oersteds,
we have found a strong nonlinear conduction be-
havior; that is, a sharp change of slope in the
current-voltage curve at a certain high electric
field, which we call the kink field, as illustrated
in Fig. 1. Each trace was taken at constant trans-
verse magnetic field (B [~ trigonal).

Several specimens of approximate cross section
1 mrna and length from 0.5 to 5 mm were carefully
cut from pure bismuth single crystals grown by
the Czochralski technique. ' In the present ex-
periment, the direction of current flow was chosen
parallel to the bisector direction between the bi-
nary and the bisectrix axes and the temperature
was around 2'K.

The solid curve in Fig. 2 indicates the well-
known Shubnikov —de Haas oscillatory behavior of
our specimen in the transverse magnetoresist-
ance with period &(1/B) =eh/Efm ~c -1.5 x10 '
oersted ', where Ef is the Fermi energy and the
magnetic field J3 is parallel to the trigonal axis.
The lower curve in Fig. 2 shows the differential

magnetoresistance derived from the straight line
beyond the kink field in the current-voltage curve.
The background of the latter curve is fairly in-
dependent of the magnetic field, contrary to the
strong magnetic field dependency of the former
curve, though the latter curve also seems to
show some oscillatory effect. It should be noted
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FIG. 1. Current-voltage curves showing the kink.
Each curve corresponds to 14, 15, 16, 17, 18, 19, 20,
and 21 kilo-oersteds from left to right. The abscissa
and the ordinate are 0.2 volt/div and 100 ma/div, re-
spectively. (B ~~

the trigonal axis. )
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FIG. 2. The upper and lower figures show the or-
dinary transverse magnetoresistance and the differen-
tial magnetoresistance beyond the kink field plotted
against the inverse of the magnetic field, respectively.
(8 ~~ the trigonal axis. )

that the magnetoresistance drops from several
times to more than fifty times after the onset of
the kink. Figure 3 illustrates the magnetic field
dependency of the kink field Ekjnk which gives
a very simple relation, Ekink= cxB, where the
constant o. is -10 ' volt/cm oersted over the
whole range of the applied magnetic field, no
matter what the length of the specimen is. How-

ever, it has been seen that both the sharpness of
the kink and the kink field strength are fairly sen-
sitive to the crystal orientation, when the trans-
verse magnetic field is rotated from the trigonal
axis toward the other direction.

The motion of a charged particle of mass m* and

velocity v in a strong magnetic field B=Bz and an
electric field E =E&, perpendicular to each other,
is classically given by a cyclotron rotation of an-
gular frequency co=eB /m c and radius r=m ce/
eBs and a motion of velocity vx =CE&/Bs in the x
direction, which is independent of both the
particle's mass and its velocity, as well as of
the sign of its charge. In our case, this veloci-
ty ux has turned out to be approximately 10' cm/
sec at the kink electric field, no matter what the
magnetic field is. This numerical value, more-
over, seems fairly comparable to the sound ve-
locity in bismuth. ' This fact may suggest that
a strong electron-phonon interaction occurs when
the velocity v~ reaches this critical value. The
wave function gf, „yfor a charged particle atxn z
such crossed fields, Bz and Ey, as described
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FIG. 3. The relation between
the kink field and the magnetic
field. (B ~~

the trigonal axis. )
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above, is given by

expi(k»+k z) | Fick 8 mc')
X Z

k nk (L L )~' ~nI eB eB2 j'x z x z z z

Therefore,

c& ~(q ) ~(q )
X X

B k '-k qz x x x
=S

where k = (k», k&, kz) is the electron wave vector.
The central coordinate y, of the cyclotron motion
is

y =Kick leB .
0 x z

The current, that is the transport of carriers in
the direction of the electric field Ey, is brought
about only by scattering for such a case as the
strong transverse magnetic field. ' In our bis-
muth, there is an evidence of considerable con-
tribution of the lattice scattering even below 4.2'K.
Therefore from momentum conservation the
change of the electron wave vector (k»'-k„), due
to the change of the central coordinate yo by one
scattering, should be equal to the wave vector,
qx, of a phonon emitted; and also the energy,
which the electron can get from the electric field
and can give to the phonon, should be greater than
the phonon energy 5&v(q») of such a wave vector, q».
This single-phonon emission condition is written
as

ez 5y = eE (k '-k )o(u(q ).5c
y 0 y eB x x x'

z

The maximum energy which an electron can get
in one scattering process may be estimated as
eEy 5y 0 = 2ezEy - 2 & 10~ ev, if a circular orbit is
assumed rather than an elongated ellipse. There-
fore, because only a linear portion in the dis-
persion curve near qx = 0 is involved, the right-
hand side sx of the above inequality is exactly
equal to the sound velocity in the x direction. If
this sort of consideration is correct, the crystal
orientation dependency of the quantity c&kinklB
may represent the orientation dependency of the
sound velocity of some mode. The lower curve
in Fig. 4 shows the experimental value v =cEkinkl
B as a function of rotation angle of transverse
magnetic field (total 180 degrees rotation), keep-
ing the electric field direction constant, though
Ey can hardly be well defined at some directions
because of the broad curvature. The upper curves
in Fig. 4 show the sound velocities of the two
shear modes calculated from the six independent
elastic constants determined by Eckstein et al.'
for the directions corresponding to the present
experiment. The direction at 0 and 180 degrees
and that at 90 degrees on the abscissa are the
trigonal axis and the 15 degrees off direction to-
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FIG. 4. The lower curve
shows the experimental values
v =cEk~/B as a function of ro-
tation angle of the transverse
magnetic field, keeping the elec-
tric field direction constant,
though Eki~ can hardly be well
defined at such directions as
indicated. The upper curves
in Fig. 4 show the sound veloc-
ities of the two shear modes
calculated from the elastic con-
stants of Eckstein et al. The
trigonal axis: 0 and 180 degrees.
The bisector direction between
both the binary and bisectrix
axes: 90 degrees.
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ward the bisectrix from the binary axis, respec-
tively. If we take into account that our experi-
mental values may always correspond to the low-
er one of two shear modes indicated with a solid
curve in the figure, the absolute values of the
velocity and the general shape of both curves are
in fairly good agreement. Some discrepancies
might come from the misorientation of crystal
axes, misalignment of crystal mounting in the
magnetic field, and the complex many-ellipsoidal
energy structure of bismuth. On the other hand,
this anisotropic band structure may allow the
strong coupling of the electrons with the shear
mode. The experimental fact that the sharpness
of the kink and the differential resistance beyond
the kink field vary with the crystal orientation
may indicate the directional dependency of the
strength of the coupling between the electrons
and the phonons. It is also conceivable that our
new method may give a slightly higher value than
the actual sound velocity.

In some crystal direction, for instance, around
100 degrees in Fig. 4, we can see the occurrence
of a sinusoidal electrical oscillation of frequency
-10' cycles/sec when the applied field exceeds
the kink field, whose frequency f does not depend
on the external circuit but is determined by means
of the simple formula, f= s/d, where d and s are
the width of the bismuth specimen and the sound

velocity in the direction perpendicular to the
crossed electric and magnetic fields. This os-
cillation phenomenon may indicate an acoustic
standing wave built up of frequencies that resonate
corresponding to the size of the specimen; in
other words, the generation of coherent phonons.

Moreover, we may have to think about the elec-
tron-hole recombination and generation velocities,
v~ and v& on the bismuth surface, if these are not
much larger than the velocity vx-10' cm/sec,
which may give an accumulation of electrons and
holes on the surface, because the recombination
and generation processes in bulk may be fairly
slow at low temperature. No positive evidence
has been observed so far on this surface accumu-
lation.

The author wishes to thank P. J. Price, R. R.
Haering, R. C. Casella, and other colleagues in
this laboratory for stimulating discussions and
valuable suggestions and L. F. Alexander for help
in taking a large part of the data.
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Because of the Coulomb force between charges,
electrons in metals can participate in oscillatic. ..s
of a collective type, the so-called plasma oscilla-
tions. Both theory and experiment have shown
that these plasma oscillations can be excited by
high-energy charged particles passing through
the metal. More recently it has been shown ex-
perimentally' that in thin metal films electrons
can excite plasma oscillations which in turn emit
a peak of electromagnetic radiation around the
plasma frequency. This radiation from thin foils
had first been predicted theoretically by Ferrell. '
Subsequently an alternative theoretical treatment
of this radiation was presented3 which connected
it with Russian work on transition radiation &' and
was more exact than the original theory of Fer-
rell. In view of the appearance of a recent paper'

and the possibility that it may give the impression
that Ferrell's mechanism for the peak in radiation
differs from the interpretation of transition radia-
tion, it was felt desirable to publish more details
of the previous work' which emphasized that Fer-
rell's calculation and that of transition radiation
give equivalent results for the peak in radiation.
This is discussed further near the end of this pa-
per.

It was first pointed out by Frank and Ginsburg'
that a charged particle will emit electromagnetic
radiation when passing through a boundary sepa-
rating two different media even though the parti-
cle is moving at a constant velocity. The change
in the electromagnetic fields surrounding the
charged particle as it makes the transition from
one medium to another with a different dielectric




