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A central problem in comparing the Bardeen-
Cooper -Schrieffer theory of superconductivity
with experiment is the construction and solution
of an integral equation giving the energy gap
parameter A(E) as a. function of the excitation
energy E. The properties of superconductors,
which are insensitive to the energy dependence
of b, (E), are well accounted for by approximat-
ing the kernel of the equation by a product (or
sum of severs, l products) of step functions in
momentum space. ' More generally, the kernel
must explicitly include the dynamic interaction
between electrons due to exchange of phonons
and the (screened) Coulomb interaction. Using
a finite temperature generalization of the Green's
function formalism of Nambu, ' Schrieffer and
Wilkins' have derived an energy gap equation
including phonon and Coulomb interactions. We
present here the results of an exact numerical
solution of this eiiergy gap equation achieved
with the use of a novel "on-line" computational
scheme. 4

If we use a spherical band model for electrons
which are coupled by deformation potential ma-
trix elements to phonons with a Debye spectrum,
the s -wave part of the energy gap equation can
be reduced to:

x(F(E'+E)+F(E' -E)-C)tanh t
/z )

B j

where

[~ y 2 + ~2 (E p) Il/2

and

E(x) = , x+x--log x+1

all energies being measured in units of the Debye
energy, kg8~. Here k@ is Boltzmann's constant
and T is the absolute temperature. The "cou-
pling constant" k is proportional to the square
of the deformation potential constant and gives
the strength of the phonon part of the interaction.
The parameter kC is a pseudopotential for the
screened Coulomb interaction defined to include
interactions involving states of energy greater
than ~,'&'; the results are independent of &, if

10 While, in principle, k C can be estimated
from first principles, we choose it to be an ad-
justable parameter. The phonon part of the ker-
nel, aside from the tanh factor, is of the form
derived by Eliashberg' at zero temperature. We
have neglected damping effects as well as cor-
rections to the phonon interaction which are for-
mally of order k but which are negligible for
weak coupling superconductor s and of importance
only near the transition temperature for strong
coupling cases. 3

An energy gap equation employing a nonsepara-
ble square well approximation to the Bardeen-
Pines phonon interaction has been solved numer-
ically by Swihart' through a quasi-linearization
of the integral equation. While our results are
in many respects similar to those of Swihart,
there are important differences.

The solution of Eq. (I) was carried out using
an experimental console which allows direct
control of the computer and also provides im-
mediate graphical representations of the results
of each significant computational step. 4 The
principal results of our calculations are sum-
marized in Figs. 1 through 4. In Fig. 1, the
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relation between the coupling constant k and

b0=b(&) IE 0 is shown for T=0 and several
values of the Coulomb pseudopotential strength
C. The true energy gap, 2h(h), is approximate-
ly 2&„since ~ varies slowly with E for 0&E &~
in all cases of interest (see Figs. 2 and 3). Also
shown in Fig. 1 are the results corresponding to
C= 0 for a separable potential of strength k for
0 & e & w = 0.436 and zero otherwise, giving

b,,= (u/sinh(l/k).

For the C &0 case, k is replaced by an effective
coupling constant k(k, C).

The critical temperature T& is the maximum
value of T for which Eq. (l) has a nontrivial so-
lution with given k and C. The ratio, 260(0)/k&Tc,
is essentially 3.50 for k«1, and decreases slight-
ly for k ~ 0.5. Damping effects are expected to in-
crease this ratio for strong coupling, since the
temperature-dependent part of the damping will
lower Tc but not affect b, 0(0). For 0&T&T the
variation of b,,(T) with T is so accurately de-
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FIG. 1. Coupling constant, k,
vs energy gap, 60, for T =0 and
C=0, 0.2, and 0. 5. Results ob-
tained by solving Eq. (2} are
shown as solid curves, while the
heavy points were computed us-
ing the separable kernel approxi-
mation described in the text for
C =0 and C =0.5.
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FIG. 2. Energy gap, b, , vs
energy for T=O, C =0, in the
weak-coupling (40 =+32} and strong-
coupling (~0 =4} regions.
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scribed by

a (T)/b, (O)=tanh[T & (T)/T~ (O)]

as to be not worth plotting, a result noted by
Swihart' and in agreement with the strong cou-
pling limit of the separable potential approxi-
mation.

In Fig. 2, we show the actual shape of the
solutions b, (E) of Eq. (1) for T=O and C=O in
the weak and strong coupling limits. While the

curves are similar to Swihart's in having a
negative minimum followed in the strong cou-
pling case by a small positive maximum, the
low-energy behavior is distinctly different. In
all cases we find that A(E) increases for small
E, passing through a maximum before changing
sign at E-1. Swihart, on the other hand, found
in all cases that 4(E) decreased monotonically
toward the negative minimum and conjectured that
this behavior would obtain for all physically rea-
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FIG. 3. Energy gap, 4, vs
energy for T =0 in the strong-
coupling region (Ap = 0o 15) with
C = 0 and C = 0.5.
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FIG. 4. Ratio of supercon-
ducting and normal density-of-
state factors for T = 0 4p = 0 15
with C =0 and C =0.5.
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sonable kernels. On physical grounds we ex-
pect the kernel to exhibit a damped resonance
near the Debye energy. Thus we feel the initial
rise and maximum in &(E) is a true physical
effect. '

For T g0 we find A(E, T)/60(T) is almost in-
dependent of T, provided k and C are held fixed.
The effects of C g 0 are shown in Fig. 3 for T = 0
and 4, = 0.15, a value roughly appropriate to lead.

The ratio ps/p of the density of states for the
superconducting and normal states follows direct-
ly from &(E) if we assume that pz is a constant:

The ratio is of particular interest since it can
be measured directly from electron tunneling
experiments. '0 The functions ps(E)/p„(E) cor-
responding to the curves of Fig. 3 are shown in

Fig. 4, the solid curve corresponding roughly
to the case of lead at low reduced temperature.
Recent tunneling experiments by Giaever, Hart,
and Megerle" indicate that ps/p~-1 has a more
complicated form than the positive quantity
E/e-1 predicted by the separable-potential ap-
proximation. They find at least one zero cross-
ing of the function and most likely peaks occur
in p~ near the Debye energy. " Detailed com-
parison of our results with experiment has not
yet been attempted.

The inclusion of finite lifetime effects is ex-
pected to smooth out the energy dependence of
4, particularly near the Debye energy. This
will tend to decrease the predicted peaks in the

density-of-states curves. The predicted maxi-
mum in b(E) is expected to affect thermodynamic
as well as transport properties of superconduc-
tor s.

We wish to thank Dr. I. Giaever, Dr. H. R.
Hart, and Dr. K. Megerle for communicating
their results to us prior to publication.
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Several authors have reported experiments in
which they observed photoemission of electrons
from metals into semiconductors. ' 4 Photoex-
cited electrons may be collected at a blocking
contact between the metal and an n-type semi-
conductor. Such a contact enables an experi-
mental separation to be made between photoex-
cited electrons in the metal and those at the
Fermi level. By using a blocking contact of a
metal to a P-type semiconductor it should be
possible, using the same principle, to observe

photoemission of holes from the metal into the
semiconductor. The theoretical treatment of
Quinn' indicates that for small excitation ener-
gies around 1 eV the mean free path for energy
loss in a metal may be the same order of mag-
nitude for both holes and electrons. In the pres-
ent note, experimental evidence is presented
which is believed to demonstrate the photoemis-
sion of holes from tin into P-type gallium arsen-
ide.

Measurements were made of the spectral de-
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