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in every process of pair creation the system is
required to remember how many pairs of each
type it started with. Such considerations miti-
gate the initial physical attractiveness of the
model due to its simplicity and help to indicate
why the inconsistency described above arises.
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In the last few years, the method of Green’s
functions,! based on the infinite set (S) of cou-

pled equations (with boundary conditions) satisfied

by the sequence of n-particle Green’s functions,
has been used extensively®™® in the theory of su-
perconductivity.” While (S) is a consequence of
the Schrddinger equation, it is often believed,
although not proved, that the converse is also
true. In fact, we have shown, by solving an ex-
ample exactly, that (S) may possess spurious so-
lutions, some of which lead to an energy lower
than the true ground-state energy, and so do not
correspond to any state wave function. Thus the
Green’s function method as usually formulated
is not a complete dynamical description of the
system, and requires in addition some criterion
to distinguish these extraneous solutions from
the correct one.

This work was developed in order to choose
between two contradictory theories®*° of the pos-
sible superfluid phase of He®. These theories
can be discussed in terms of the truncated pair
Hamiltonian

fa-
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where aEGT creates a plane wave of momentum
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k and spin o in the volume . A model potential
is chosen which vanishes unless k and k’ lie in-
side a thin spherical shell centered on the Fermi
surface, in which case

QWaes =-4mY) Y. *(R)Y
m 2m
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For the pair Hamiltonian (1), asymptotically ex-
act solutions®s® of (S) can be found for which all
correlation functions®® of third and higher order
vanish like 27'. Two types of such solutions
have been studied: One is the BCS type,”® for
which the second order correlation function is

C,(ktt,, -kit,; kot -knit,)
=F(k, t, ~t,)F*(k’, t," - t,"); ®3)

the other, recently given by Gor’kov and Galit -
skii,’® is based on the more general nonseparable
form

= o - +(Ter r . ’
c, EmFm(k,tl tz)Fm k', 2,7 =1,7), (4)

where Fm(E, t) is proportional to Yzm(lg). The
BCS approach yields a ground state and an exci-
tation spectrum which are anisotropic®®; in con-
trast, the GG method leads to an isotropic sys-
tem. Furthermore, the ground-state energy per
unit volume WGG obtained by GG is lower than

Wacs:
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Indeed, it is even possible to find more than
one solution of (S) satisfying (3), because the en-
ergy gap equation itself has more than one solu-
tion for a general V i,.»'! Since the energy gap
equation can also be derived from a variational
calculation,” these additional solutions corre-
spond to stationary values of the average energy
other than the absolute minimum; hence they can
be discarded by appending a variational principle
to the Green’s function method.

If any GG -type solution corresponded to a wave
function, then variational arguments could also be
applied in this case, and would imply that the GG
solution is the correct one. On the other hand,
physical reasons'®'* have been given to show
that the BCS method yields the asymptotically
exact solution of (1). Thus there exist two solu-
tions, both of which seem admissible on physical
grounds; since only one can be correct, further
investigation is of importance to determine the
validity of the methods involved. To gain some
understanding of these problems, we have stud-
ied in detail a simple model Hamiltonian, for
which the GG method again yields a lower ground-
state energy than the BCS method. However, by
constructing a lower bound to W for this Hamil-
tonian, we have proved that the BCS solution of
lowest energy is asymptotically exact and that
the GG type of solution of (S) must be rejected.

The model Hamiltonian we take is of the form
(1) in the strong-coupling limit'®%; i.e., the kinetic
energy €,- is neglected. We choose a potential
V &k analogous to (2), but with a simplified an-
gular dependence. We divide the spherical shell
into four equal “orange segments” (each contain-
ing p pair states) labeled by the index K =1, 2, 3, 4,
and replace the continuously variable spherical
harmonics by functions constant in each segment.
Such a discrete space is spanned by four functions,
so in order to simulate a partial wave of given an-
gular momentum, we use only two functions gm(K)
satisfying

2> lg (K)I?=independent of K,
m=1,2 ™

%gm (K)gm ) = 5mm' )

The interaction (2) is then replaced by
QWae =- * ’
Vig =22,8, "Be K, (6)

where the g, (K) are given in Table I, and X is

Table I. Potential functions for the four-segment
model and resulting solutions for the energy gap. The
other two BCS solutions are obtained by the K inter-
change 1~ 3, 2<— 4,

K 1 2 3 4
(10)%g,(X) 1 2 1 2
(10)V%g,(K) 2 i -2 -

15AK(BCSI)/AP 4+2V5 8+V5 4-2iV5 8-V5

15a, B2 0 givs avs-4i -8+V5 2544

K

15EK(GG)/Ap 15/2 15/2 15/2 15/2

of order Q1.

The BCS and GG solutions for the ground state
of this Hamiltonian are obtained straightforwardly.
In the BCS formalism the single-particle energies
are given by E = la(k)|, with the usual gap equa-
tion

AR) =307 02 Vo AR /B, (7)

This equation has many solutions,®**! those of
lowest total energy being listed in Table I. In
contrast, the GG spectrum is

. N2
E-=(Z A (k)l"‘) ,
k m m
where each Am(ﬁ) satisfies Eq. (7). The result-
ing ground-state energies, W=-§E§EE/Q, are
- 2 - 2
Woes™ -(14/15)ap% /92, Weg™ 2P /9, (8)
where p, the number of pair states per shell seg-
ment, tends to infinity with . It is interesting
to note the fourfold degeneracy of the BCS ground
state, corresponding to the four discrete rotations
of the segmented shell; the BCS solutions of the
He® problem also exhibit a rotational degeneracy.
Similarly, our model reproduces the isotropy of
the GG treatment of He®. It is also worth empha-
sizing that in this model, Wgqg is lower than WgCs-
In order to find W exactly, we use the pseudo-
spin formalism,*!%:1% bagsed on the fact that the
operators
a1
ni| < ©)
-kt

a

sp=lg g,

form a representation of an angular momentum
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3. By defining

Z s- (10)
kek
the Hamiltonian becomes
_ * ’ - +
= T g *Keg K)SSt ()

mKK'

The usual approximation for treating this Hamil-
tonian is to minimize it with respect to the §
considered as four classical vectors of length 3p
Since the magnitudes of the SK are very large
when @ - o, it is plausible that this classical ap-
proximation is asymptotically exact. In fact, this
approach is equivalent to the BCS method and thus
yields an upper bound to W. However, a lower
bound W, may be constructed which tends to Wgcg
as §2 » o,

To construct this bound, we first note that the
SK commute with (11) and have as their largest

is then natural to modify the previous calculation
by constraining all the §K2 to retain this correct
quantum mechanical value instead of (4p)?; the
minimum energy thus obtained is

WC =-(14/15p(p +2)/Q.

It is now possible to rewrite H in a for _'ck_l’osgn
to exhibit its lower bound. By defmmg A B,C,D
as the transverse components of S +S3, 51 §3,

S +Sq, S S4, respectively, and

%RKEEP(ip+1)-SK +S 220:

Kz

_ 2 25
K SK'y) +(SKy +SK,x) 0,

-A C ,
y x

QKK,E(S

AxC=A C (13)
Xy

it is straightforward but tedious to verify the op-
erator identity

eigenvalue p(4p+1). In order to take a more pre- H EWCQ +H1 +H2 , (14)
cise account of these constants of the motion, it
where
=1 in(l _3 2 1\2 3 AXC 1 R. D)2
H, 2AZ)K[2p(5p+ 1) Sy +(us+ Y21+ /p(p+2)]{(AXC +B-D)
+[A-C-BxD-3p(p+2)P+AD?+ (R, +Ry+A% (R, + R, +D?) +R,Q,, + RyQ5, + RyQuy +R,Qa},  (15)

Hy=-D+[D/p(p+2)]S , +S, )(S, +S, ). (16)

4z
Equations (13) and the form of (15) show that H,

is a positive-definite operator. Furthermore, H,,
which results from commutators of the spin oper-
ators, is greater than -(11/10)A, a quantity of or-
der Q7% compared to WCQ and so completely negli-
gible. Thus the classical minimum energy W c s
the desired lower bound, a result which can also
be understood physically, since in this case quan-
tum mechanical effects tend to raise the energy.
The various terms of H, do not commute, and

lead to a positive zero-point motion, analogous

to that of a single particle in a potential well. In
addition, the components of §K , being discrete
quantum mechanically, do not assume the contin-
uum of values which has been used for the classi-
cal minimization.

The above analysis demonstrates that for this
simple model the BCS solution is asymptotically
exact. Furthermore, there are strong indications
that this treatment can be applied to a general
Hamiltonian of the form (1), leading to the same
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conclusion. First, momentum space is divided
into regions K=1,2,«+- n (each containing p pair
states), and €3 and ka, are replaced by functions
which are constant inside these regions. Next,
pseudospins S, are introduced and the SK2 again
commute with H. The Hamiltonian may now be
m1n1m1zed with respect to the directions of the
SK, considered as classical vectors of length
either 3p, yielding Wgcg, or [4p(3p+1)¥2, yield-
ing W.. As a classical function then, H can be
written as W +H{ . where H, . is non-negative;
it is therefore reasonable to expect (although a
proof has not been found) that, as an operator, H
can be put in the form (14), where H, is a positive-
definite operator having H,.asits classmal limit,
and H, comes from the commutators and vanishes
classtcally Finally, we let Q and » tend to infin-
ity in such a way that p remains much larger than
n. Then €x and Vg again become continuous,

H, can be neglected relative to W Q since it is of
lower order in p, and the upper and lower bounds
Wpgcs and W approach each other.
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The general proof suggested above indicates
that the BCS solution is asymptotically exact for
the model (1), (2) used to describe He®, and just
as in the previous example, the GG solution'® must
be rejected.!®

The example we have treated implies that the
set of equations (S) does not specify the system
uniquely. In particular, it yields solutions which
do not correspond to any state vector, even though
the properties of these solutions have intuitive
physical appeal.'® It is clearly necessary to find
an additional criterion satisfied by the Green’s
functions to reject these solutions. Since they
lead to too low a ground-state energy, a varia-
tional principle cannot be used. One possibility
is that for the spurious solutions, contributions
to the Green’s functions usually neglected as be-
ing of lower order in the volume may not possess
correct analytic properties. The normal solution
below the critical temperature exhibits this be-
havior,! and in addition violates other necessary
conditions® which might equally serve as the de-
sired criterion. A further possibility is the “prin-
ciple of vanishing correlation,”** which is not sat-
isfied by the GG solution. Further investigation
of this difficulty is needed before the method of
Green’s functions can be used without uncertainty.

*Work supported in part by the U, S, Atomic Energy
Commission and the Air Force Office of Scientific
Research.
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de Saclay, Gif-sur-Yvette (Seine et Oise), France.

ip, N. Zubarev, Uspekhi Fiz. Nauk 71, 71 (1960)
[translation: Soviet Phys.— Uspekhi 3, 320 (1960)].
This review article contains extensive references to
earlier work.

L. P. Gor’kov, J. Exptl. Theoret. Phys. U.S.S.R.
34, 735 (1958) [translation: Soviet Phys.—JETP 7, 505
(1958)] .

3P. C. Martin and J. Schwinger, Phys. Rev. 115,
1342 (1959); L, P, Kadanoff and P. C. Martin, Phys.
Rev. 124, 670 (1961).

4y, Nambu, Phys. Rev. 117, 648 (1960).

SN. N. Bogoliubov, D. N, Zubarev, and Y. A. Tser-
kovnikov, J. Exptl. Theoret. Phys. U,S.S.R. 39, 120
(1960) [translation: Soviet Phys.—JETP 12, 88 (1961)].

8A. Klein (to be published).

'J. Bardeen, L. N, Cooper, and J. R. Schrieffer,
Phys. Rev. 108, 1175 (1957); N. N. Bogoliubov, J,
Exptl. Theoret. Phys. U.S.8.R. 34, 58 (1958) [trans-
lation: Soviet Phys,—JETP 7, 41 (1958)]; J. G. Vala-
tin, Nuovo cimento 7, 843 (1958),

%K. A. Brueckner, T. Soda, P, W. Anderson, and
P. Morel, Phys. Rev. 118, 1442 (1960); V. J. Emery
and A, M. Sessler, Phys. Rev. 119, 43 (1960).

P. W. Anderson and P, Morel, Phys. Rev. 123,
1911 (1961).

101,, P. Gor’kov and V. M, Galitskii, J. Exptl, The-
oret. Phys. U.S.S.R. 40, 1124 (1961) [translation:
Soviet Phys.—JETP 13, 792 (1961)], to be referred
to hereafter as GG,

Ugolutions below the transition point other than the
normal one are discussed in D. J. Thouless, Ann.
Phys. (New York) 10, 553 (1960); R, Balian and M. L,
Mehta, Nuclear Phys. (to be published).

2p, w, Anderson, Phys. Rev. 112, 1900 (1958).

133, Bardeen and G. Rickayzen, Phys. Rev. 118, 936
(1960).

14N, N, Bogoliubov, Physica 26, S1 (1960).

18y, Wada, F. T. Takano, and N, Fukuda, Progr.
Theoret. Phys. (Kyoto) 19, 597 (1958); D. J. Thouless,
The Quantum Mechanics of Many-Body Systems (Aca-

demic Press, Inc., New York, 1961), Chap. 6.

8p, W. Anderson and P. Noziéres (private communi-
cation) have independently arrived at conclusions simi-
lar to ours, also using a pseudospin approach. We
wish to thank Dr. Anderson for kindly informing us
of these results,

375



