VoLUME 8, NUMBER 9

PHYSICAL REVIEW LETTERS

May 1, 1962

already made [P. H, Smith et al., Phys. Rev. Letters
6, 686 (1961); see also L. N. Cooper, Phys. Rev. Let-
ters 6, 689 (1961)]. The theory discussed in the pres-
ent Letter takes its simplest form if the single-particle
electron states are plane waves or Bloch states. But
clearly this is not necessary.

'Small effects due to the curvature of the Fermi

surface have been neglected. There is no need in
principle to do this. A pairing can be introduced, if
necessary, by enumeration of the states and by coup-
ling states as close to total momentum zero as possi-
ble. The device we have employed should not be ele-
vated to the level of a universal principle; it merely
provides a quick way to count the paired states.
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Gor’kov and Galitskii! have proposed one- and
two=-particle Green’s functions for a supercon-
ductor whose Cooper pairs are in states of non-
zero relative angular momentum. Anderson and
Morel,? using BCS*-type states with parameters
which depend on the direction as well as the mag-
nitude of the momentum, start with an isotropic
Hamiltonian but find an anisotropic state, with
an energy gap which vanishes in certain direc-
tions in momentum space. The Gor’kov-Galitskii
model, on the other hand, exhibits an isotropic
energy gap; furthermore, it predicts a lower
free energy than that of the Anderson-Morel
states. However, attempts to construct a wave
function for the isotropic state have so far been
unsuccessful, which leaves unanswered the ques-
tion of whether or not the above-mentioned
Green’s functions in fact describe the physical
system. We propose to show that they do not,
by demonstrating the impossibility of construct-
ing a complete hierarchy of Green’s functions,
with the first two being given by those of Gor’kov
and Galitskii. (Note that such a hierarchy can
be constructed for the BCS case.)

We introduce the thermodynamic Green’s
function,?
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where H- uN is the reduced Hamiltonian, the ®
indices refer to space-time points, B is the in-
verse temperature, and 7T is the Wick time-
ordering operator. We also find it useful to de-
fine the dynamical correlation functions*)® C,
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and C,:
G,(12;12')

=G,(117)G,(22")- G,(12")G,(217) + C,(12;172"),
G,(123;172/3")
=@[G,(11")G,(22")G,(33") ]+ [C,(12;172")G,(33")

+cyclic perm. of (123)+cyclic perm. of (1'2’3/)]
+C,(123;17237), @)

where @ is the antisymmetrization operator for
primed and unprimed indices separately. The
interaction term in the reduced Hamiltonian is
effective only for scattering pairs of opposite
momenta. Thus a single-particle excitation

has infinite lifetime. Then since G, corresponds
to the observation of the evolution of an odd num-
ber of excited particles, at least one of these
must propagate freely, and C,=0—at least at
zero temperature. We note that the remaining
G, contains the properly antisymmetrized com-
bination of each of the terms appearing. This
approximation breaks off the infinite set of
coupled Green’s function equations of motion;

we find

o
=5(1-11)-2(131V 145)C,(45;173) + 0(1/22),
[z§+§1—]c (12;127)

é(13lV|45)C (45;172")G(23)+0(1/2). (3)
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Summation (or integration) over repeated in-
dices is implied here. We have necessarily
used a nonlocal potential and have indicated the
volume () dependence explicitly. Depending
on our choice of C,, (3) is just the set of equa-
tions obtained by Gor’kov® (for =0 pairing) or
by Gor’kov and Galitskii.' These equations can
now be used to obtain an explicit expression,
correct to order 1/, for the quantity
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if we neglect C, in the decomposition (2) of Gj.
We already have another expression for this
quantity, given by the equation of motion of Gj:

{i—a—+Zi]G (123;12'3)
ot, 2mJ] 3T

=6(1-17)G,(23;273")-6(1-2")
X G,(23;1737) + 6(1-37)G,(23;172")
-(i/2)(141V156)G,(5623;12374), (4)

By comparing these two expressions, we find
(141V156)[G,(5623;12'374)-{C,G,G,}]
=(141V156)[C,(56;174)C,(23; 2'3")
+C,(56;2'4)C,(23;3'1")
+C,(56;374)C,(23;172/)]+0(1/R). (5)
Here we have indicated by {C,G,G,} the properly
antisymmetrized product of terms of the form
C,(56;1'4)G,(22')G,(33").
Equation (5) implies that
G,(5623;17273'4)={C,G, G, } +C,(56;1"4)C,(23; 2'3")
+C,(56;274)C,(23;3/17) + C,(56; 374)C,(23;1'27)
+G,'(5623;172'3'4), (6)
where G,’ contains only terms which give O(1/Q)
when multiplied by (1/2)(14|V156) and summed
over 5 and 6. Because of the symmetry of G,,
the right-hand side of (6) must be invariant under

the permutation (1’2’) > (3’4). We note that for
C, factorizable,

C,(12;1727)=£(12)f(172),

this symmetry is obtained with any G,’ which it-
self exhibits it (e.g., G,’=0). If this factoriza-
tion cannot be made (as is true in the Gor’kov-
Galitskii theory), then

G,'(5623;172/3/4)
=C,(56;32")C,(23; 41") +C,(56;1’2")
X C,(23;3'4')+ G,”(5623;1'2'3'4),  (7)

where G,” must have the desired symmetry. Con-
sider

(141V156)[G,’(5623;12/3"4)- G,"(5623; 3'412)]
= (141V156)[C,(56;327)C,(23; 417)

-C,(56;174)C,(23;23")
+C,(56;1727)C,(23;3'4)
-C,(56;374)C,(23;1727)]. (8)

If we explicitly insert Gor’kov and Galitskii’s
expression for C, into Eq. (8), we find that the
right-hand side is of order unity unless /=0,
when C, becomes factorizable. But we have re-
quired VG,’=0(1/9) and the left-hand side of (8)
is, therefore, O(1/Q). This contradiction demon-
strates the inconsistency of the Gor’kov-Galitskii
decomposition.

Physically we can also point out some disturb-
ing aspects of the Gor’kov-Galitskii theory. In
the first place they suggest

C,(12;1'2))= P (0)f12)7(1°2"), )

where 6 is the angle between r,-T, and T,’-T,".
This implies a correlation between the direction
of the angular momenta of pairs separated by an
arbitrarily large amount in space-time. This
feature of the correlations can be expressed in
a different way. The equation for Fy, = Y; Mg
can be written in the form:

T 97
FM (127)
= -iG(31')AM*(33')G(3'2’)
+iF, fu3)Da, @39F, 162), (o)

where the gap Ay is defined by
* - t 11
A, 2)=F, 1(34)(341VI12). (11)

(The asterisk denotes complex conjugate.) Thus
37
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in every process of pair creation the system is
required to remember how many pairs of each
type it started with. Such considerations miti-
gate the initial physical attractiveness of the
model due to its simplicity and help to indicate
why the inconsistency described above arises.

The author would like to acknowledge helpful
discussions with Professor J. Bardeen, Profes-
sor L. P, Kadanoff, and Professor J. R. Schrief-
fer on this and related topics.
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In the last few years, the method of Green’s
functions,! based on the infinite set (S) of cou-

pled equations (with boundary conditions) satisfied

by the sequence of n-particle Green’s functions,
has been used extensively®™® in the theory of su-
perconductivity.” While (S) is a consequence of
the Schrddinger equation, it is often believed,
although not proved, that the converse is also
true. In fact, we have shown, by solving an ex-
ample exactly, that (S) may possess spurious so-
lutions, some of which lead to an energy lower
than the true ground-state energy, and so do not
correspond to any state wave function. Thus the
Green’s function method as usually formulated
is not a complete dynamical description of the
system, and requires in addition some criterion
to distinguish these extraneous solutions from
the correct one.

This work was developed in order to choose
between two contradictory theories®*° of the pos-
sible superfluid phase of He®. These theories
can be discussed in terms of the truncated pair
Hamiltonian

fa-

H=gileg-wag Tag,
ko

* EZE;,ka"‘-ko ARt PR ke (1)

where aEGT creates a plane wave of momentum
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k and spin o in the volume . A model potential
is chosen which vanishes unless k and k’ lie in-
side a thin spherical shell centered on the Fermi
surface, in which case

QWaes =-4mY) Y. *(R)Y
m 2m
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2
For the pair Hamiltonian (1), asymptotically ex-
act solutions®s® of (S) can be found for which all
correlation functions®® of third and higher order
vanish like 27'. Two types of such solutions
have been studied: One is the BCS type,”® for
which the second order correlation function is

C,(ktt,, -kit,; kot -knit,)
=F(k, t, ~t,)F*(k’, t," - t,"); ®3)

the other, recently given by Gor’kov and Galit -
skii,’® is based on the more general nonseparable
form

= o - +(Ter r . ’
c, EmFm(k,tl tz)Fm k', 2,7 =1,7), (4)

where Fm(E, t) is proportional to Yzm(lg). The
BCS approach yields a ground state and an exci-
tation spectrum which are anisotropic®®; in con-
trast, the GG method leads to an isotropic sys-
tem. Furthermore, the ground-state energy per
unit volume WGG obtained by GG is lower than

Wacs:



