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To a good first approximation the observed in-
variant amplitude in 7 decay is a linear function
of the unlike pion energy, with small slope.! Khuri
and Treiman?® have calculated the slope on the as-
sumption that it would vanish in the absence of fi-
nal-state interactions. They use a one-dimensional
dispersion representation which they derive heuris-
tically, but which is at least known to hold for the
first few orders in perturbation theory.® In keep-
ing with their assumption of no intrinsic structure
they make one subtraction.

By contrast, it has been pointed out recently
that the linear component could equally well be
ascribed to the weak (strangeness-changing) coup-
ling either? of the K7 resonance K*, or® of the nm
resonance p, both regarded as elementary vec-
tor particles in their own right, but unstable al-
ready because of their strong interactions.® This
suggestion is supported by the fact that in order
to fit the data, KT need a combination of T=2 and
T =0 7w scattering lengths somewhat at variance
with those derived from analyses of the pion-nucle-
on system.”® Equivalent conclusions would follow,
in the language of perturbation theory, from the
presence of terms with derivatives in the weak
Lagrangian density, of the general type (na“K)
x(naun), which leads to a strictly linear struc-
ture in the absence of final-state interactions. We
would argue that the existence of intrinsic struc-
ture is eminently plausible even without reference
to the resonances, for a (current) X (current) model
of the weak interactions would surely embody
terms similar to the one above.®

An intrinsic structure, once admitted, makes
it very implausible that KT’s once-subtracted dis-
persion representation converges; even if it did,
it would be impractical for calculation. In any
case, for the iterative solution with scattering
length parametrization at least two subtractions
are needed, so that both the magnitude and the
slope (at some selected point) of the amplitude
must be taken from observation. From this point
of view, the first components of the spectrum
which can yield information about low-energy 77
scattering are the quadratic ones. The situation
is exactly analogous to that in perturbation theory
with a mixture of nonderivative and derivative
weak K7 couplings. There, the constant and the
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linear terms of the amplitude diverge and must

be renormalized independently; the remaining
terms, necessarily prefaced by a quadratic factor,
are then finite.

The preceding observation is made within the
strict letter of the law governing the dispersion-
theoretic approach. It does not imply that with
the exercise of additional physical insight no infor-
mation can be extracted from the measured value
of the slope. In particular, Bég and DeCelles®
point out that in the popular pole approximation
the slope is indeed determined by the 77 scatter-
ing amplitude. Without prejudice to the validity
of any bolder approach, we argue merely that the
calculated quadratic components have the merit
of being less model-dependent, while still on the
verge of measurability.

In view of the prospective increase in the num-
ber of events analyzed, we have calculated these
quadratic components in terms of the 77 scatter-
ing lengths, using the twice-subtracted dispersion
formalism. The result is, of course, independent
of the ancestry ascribed to the linear component.

Except for making an extra subtraction, allowing
both S- and P-wave 77 scattering, and including
the linear component of the amplitude with the
zero-order term for use in the first iteration,
our method, notation, and numerical approxima-
tions follow KT exactly. Since the procedure is
straightforward we present only the results; this
note must therefore be read together with KT, to
whom we refer for a discussion of the approxima-
tions involved. We (i) assume the AT =3} rule'®
(ii) include only the two-pion intermediate state;
(iii) approximate both S- and P-wave 77 scatter-
ing amplitudes by the scattering length parametri-
zation; (iv) confine ourselves to the first iteration;
(v) neglect the variation of the dispersion integrals
over the physical decay region, and evaluate them
only at the symmetric point; (vi) work only to first
order in the scattering lengths, so that only the
real parts of the dispersion integrals are relevant.

The invariant 7 and 7/ decay amplitudes are M
and M’, respectively. Let k4, kp, k. be the four-
momenta of the pions, s, =(kp+k.)% etc., the pion
mass being unity and the K mass Mg=3+€. The
symmetric point, at which the subtractions are
made, is s;=sp=s,=s9=Mg*+3)/3=5.18, cor-
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responding to a squared center-of-mass three-
momentum of k%= (s, -4)/4 =k, and energy w
=(k?+1)"2. Then

M=A+B, M'=C,

with

. =A
A(sa,sb,sc) (sa,sc,sb)

=B(sb, S Sc) =C(sc, s sa).

b)
The zeroth approximation consists in writing

A=D{1 +/\(sa—so)}, (1)

with D determined by the absolute decay rate, and
A by its slope. We drop D from here on. Strictly
speaking, the slope fixes only Rex. However, Imax
enters only into the quadratic dependence of the
rate, and even if Imx = Rex, the entire |x|? contri-
bution is negligible compared with the rest. (Note
also that in the absence of final-state interactions
A would be real by invariance under time reversal,
so that Imx is not expected to be large.) In first
iteration, (1) is replaced by

A={1 +A(sa -so) +§(sa -30)2[J0 -J2]

+ [(sb -30)2+ (sc —sO)z]Jz/Z

+[(sb —sO)(sa - Sc) +(sC -50)(sa —sb)]Hl/Z},

(2)
where
fT(s) = exp(z‘éT) sinéT(s),
FT,Nzﬂ _llwds'fT(s')(s’ —so+ie)_N_ ,
Jo=(5F, , +2\F, ), d,= (2F 5 5 - AF, ),
H =)F,,. @)

Above, 0§, 6,, 06, are the n7 phase shifts for S-
wave T =0 and T =2, and for P-wave T =1 scatter-
ing, respectively. The integrals F are evaluated
in the scattering length parametrization,?

fo=ak/w, f=ak/w, f=ak®/w? (4)

in which they are proportional to the scattering
length. Thus Fo N is got from F( n by the re-

placement a¢,»>a,. We find

a,|In(w-&) 1 .
F,, =<1—1:[_73T-u?] =(-0.114) a,;

’

a

Fop=-gi= (5317;)[(1 +4k%) In(w - k) + wk(1 - 2k?)]

=1.44 x107%a,;

a 3k Bw - 3kw? - k?
Fl’lzz—# 31 +<%§> In[2(w -k)]+—T
=5.10 x102q,. (5)

In the K rest frame let us call ¢ the kinetic ener-
gy of the unlike pion in units of its maximum value,
and let 6 be the angle between the momentum of
the unlike pion and the relative momentum of the
like pions. Define ¢=¢ -3. For comparison with
experiment we quote the expressions for the 7
mode,

1
R(q) =f IM |1%d cosé =1+Aq +C,q°,
(0]

2

R(cos@) = IM1%dg=1+C,cos%, (6)

L1/2

and the corresponding primed quantities for the
7’ mode. They have been separately normalized
so that in each case the leading, constant, term
is unity. We evaluate the quadratic terms in the
nonrelativistic approximation which is good to
about 25% and should be adequate to the statistics
that can be expected to become available. [If a
better approximation is desired, Eqs. (2) and (3)
should be taken as the new starting point.] The
numbers below are calculated using our results
for the FT,N and the rough value 0.185 for A. We
have for the linear terms

A=4ex, A’=-6er, (7)

and for the quadratic coefficients
C,=(8€*/3)[4d,+15J,+6H,]

=0.093a,+0.58a,+0.044 q,;

C,'=(32€/3)[J, - J, - 3H,]

=0.0934a,-0.16a, - 0.088a,;

227



VoLUME 8, NUMBER 5

PHYSICAL REVIEW LETTERS

MaRcH 1, 1962

C,=(4€®/3)[2d,+J, -3 H,]
=0.023 a,+0.0194a, -0.011 a,;
C, =(4€*)[J,+H,]=0.058a,+0.011a,. (8)

Notice that for scattering lengths with a reasona-
ble magnitude the cos?# dependence is negligible,
which agrees with the existing data as far as they
go.! With an estimated” @, < 0.1 the effect of the P
wave is also negligible.

As regards the scattering length parametriza-
tion, it should certainly be adequate for the S-
wave? integrals, but may be questioned for the
P wave, where the p resonance impends, though
at an energy much above the physical decay re-
gion. As a check, we have calculated the real
part (which alone is relevant) of the contribution
of the resonance to F, ,. With the observed width
I'=0.357 and position #,2~6.15, this contribution
is dominated by a term

T /4Tke(k 7 - k%) =0.02, (9)

which is negligible in its effects, even though it

may be comparable to F, , evaluated in the scat-
tering length parametrization. Similarly the ef-
fects of the K* are expected to be negligible.
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ERRATUM

BETA-GAMMA PHASE TRANSFORMATION IN
SOLID He®. J. P. Franck [Phys. Rev. Letters 7,

435 (1961)].

The pressure units were quoted as atmospheres;
this is wrong. Throughout the Letter “atm” should

be replaced by ‘“kg/cm?.”
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