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The Pomeranchuk theorems' have played an
important role in recent discussions of the high-
energy asymptotic behavior of scattering ampli-
tudes. The assumed constancy of high-energy
cross sections has been used by Chew and Fraut-
schi'~3 in their statement of the principle of maxi-
mum strength for strong interactions. Recent
experiments have shown, however, that the m+-p,
K -P, and P-P total cross sections are still fall-
ing at 20 Bev, and that they are doing so at dif-
ferent rates. On the other hand, the K -p and
P-P total cross sections appear to have attained
constant values. This has often led to the state-
ment that the conditions for the validity of the
Pomeranchuk theorems have not yet been attained
in any of the elementary particle scattering proc-
esses, at energies accessible to the present-day
accelerators. Discussions on this question have
been clouded by the complete absence of a theo-
retical framework prescribing how high the en-
ergy has to be for the validity of these theorems,
what is the rate at which the different cross sec-
tions are to approach the constant limit postu-
lated by Pomeranchuk, or how the differences
of particle-antiparticle cross sections are to ap-
proach zero. Therefore, it has not been possible
so far, even empirically, to get a clear and re-
liable idea regarding the trends of these cross
sections at high energies. ~' It is the purpose
of this Letter to point out that one does have such
a framework now, following from the proposal of
Chew and Frautschi that the asymptotic behavior
of the elastic scattering amplitude for any process
is dominated by the Regge poles' in the crossed
channels. We can already recognize why certain
cross sections are falling more rapidly than oth-
ers at high energies while certain others are
more or less constant. With more extensive and
accurate experimental data on the cross sections
at high energies on the one hand, and with a better
theoretical understanding of the trajectories and
residues of the Regge poles corresponding to the
pionic resonances in the low-energy region on the
other, it should be possible in the near future to
understand how the different cross sections are
approaching the Pomeranchuk limit.

The relation between the asymptotic behaviors
of the cross sections and the Regge poles in the

crossed channels will be seen quite clearly if
we consider the example of v*-p cross sections
in some detail. These cross sections may be
expressed as

—,'[o(w+p)+ o(m p)]= ImT+(8=0),
Q

—,'[o(m p) — (r(//+p)]= ImT (8= 0),
q

where q is the laboratory-system momentum
of the pion and T are combinations of I= -,

' and
I= &2 amplitudes given by

7' j(T1/8+ 2~) T 1 (Tl/2 TS/2)

The sum and difference of the m+-p and m -p
cross sections are therefore governed by the
Regge poles that are present in the m+n ~N+N
channel of the T and T amplitudes, respective-
ly. Now T and T for the ~+m —N+N channel
have I=O, 6=+1 and I=1, 6=+1, respectively,
and so the only known Regge poles that could be
present in them are the vacuum pole and ABC
pole' in the case of T, and the p-meson pole in
the case of T . The vacuum pole trajectory, of
course, passes through 1 at s = 0 in order to en-
sure constancy of high-energy cross sections;
if the trajectories of the ABC pole and p-meson
pole pass through nABC(0) and ap(0), respective-
ly, at s=0, then we immediately sees that

a(m p)-o(m+p) ~E

o(7/ p)+ o(m+p) ~a+ bE ABC
-ll - o/ 0)

where E is the energy of the pion in the labora-
tory system. The ABC pole shows itself as a
virtual state near the threshold of m-~ scattering,
i.e. , at s=4, and so has a value close to zero at
s =4. Therefore, it is expected to have a value
=0 at s = 0. If we put n ABC(0) = 0, we get

o(w+p) + o(m p) = g + b/E.

It is interesting to note that such a fit was actu-
ally used by Lindenbaum et al. ' for their data
purely on empirical grounds. One now sees a
possible reason why it works so well. It is worth
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while to emphasize here the close relationship
between the zero-energy I= 0 scattering of the
&-& system (ABC pole) and the sum of high-energy
m~+ cross sections. The coeQicient b of the

-[l - (o)]E ABC term should eventually be re-
lated to the parameters of the I=0 n-m scattering
at low energies.

The p-meson pole passes through 1 at s =29,
and has a value & 1 at s = 0, and is thus respon-
sible for the decrease with energy of the diQer-
ence of m++ cross sections. The CERN data9
from 4.5 Bev/c to 10 Bev/c can be fitted by

o(m p) -c(w+p)~E ~,
indicating n (0)~0.5. The Brookhaven data at

P
higher energies' also seem to be consistent with
such a fit. But in view of the small value of the
difference of these cross sections, and the con-
sequent large error in the experimental values,
one has to wait for more data before making a
more definitive fit.

One important point which already emerges
from the above discussion is that in attempting
empirical fits to the high-energy cross sections,
one must use certain definite linear combinations
of the cross sections. Thus it is meaningless to
say that o(pp) or a(K p) alone satisfies the con-
ditions for the validity of Pomeranchuk theorem.

In Table I we have shown the Regge poles govern-
ing various sums and differences of cross sec-
tions, and the expected asymptotic behaviors
arising therefrom. '0~" The Regge poles in ques-
tion are those corresponding to vacuum, g, p, ~,
m, ABC, ..., i.e. , six in all. It is therefore not
surprising that the high-energy cross sections
for different channels approach the Pomeranchuk
limit quite differently.

The coeQicients a, b, ...occurring in Table I are
related to the residues of the various Regge poles
in the corresponding channels, and it should be
possible to obtain information on them from an
analysis of data on the electromagnetic structure
of the nucleon, and low-energy m-n, n -N, N-N,
K-N, and w-K scattering. Some of these relation-
ships are being considered in detail. In the mean-
time, it appears on empirical grounds that the
signs of most of the coeQicients as written in the
table are positive. For any given two-particle
channel, the vacuum pole alone contributes to the
forward coherent amplitude at the highest ener-
gies, giving rise to a constant total cross section
and the Pomeranchuk theorems. At lower ener-
gies, more and more Regge poles show up and
produce "deviations" from the Pomeranchuk
theorems. '~ %e have already seen in the case of
[o(~ P)+ o(m+P)] that even though ovac(0) - aABC(0)
= 1, the ABC pole makes a substantial contribu-

Table I. Begge poles contributing to various cross sections.

Cross sections
Contributing
Regge poles Expected high-energy behavior

o{7t p) +(T(x+p)

o(7t-p) -o(m+p}

~{ap) —~{+'p)

o{Kp)+ o{E+p)

4') -~(PP)

&(Pp) + o(pp)

0(PP) —~(~P)

o(pp) + o(np)

a(E p)+n(Z s)

v(E p) -a(E+g)

vacuu~, ABC

Q, (d sp

vacuum, ABC

Re(d sp

vacuum, m, ABC

vacuum, ABC, g, cu

vacuum, ABC, q, ~

[ ABC(0)]

-[»-n (o)]cE

-[» -n {0)] -[» -e~(0)] -[» -a p(0)]+eE ~ -gE

-[» -~ ABC(0)]

-[1—n &(0}] -[» Q (0)] [1 0.
p (0)]

p+nE ~ + ~E
-[» - ng(o)] -[» -n ABc{0)]

-[1-~ (o)] -[»-n, (0)]

ABc(0)] &E-[» -& &(0)l E-[1-&(d(0)]

-[1 —0. ABC(0) [1 o.'(0)] -[1- n (0)]

-[»-~ (o)]gE P
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tion in the energy region of approximately 20

Bev/c, making this cross section fall by about

15$ between 5 and 20 Bev/c. Since all the Regge
poles we are considering have trajectories lying
between the vacuum pole and the ABC pole, we

may expect that whenever more than one of them
are capable of contributing, their contributions
will be comparable in this energy range. Now in
the case of cr(pp) and o(K p), all or almost all of
them are contributing, some with positive sign
and some with negative. The observed near
constancy of these cross sections therefore seems
to be a rather complicated effect arising from
the more or less complete cancellation of the
contributions of all except the vacuum pole.

It should be noticed that some of the coeffi-
cients occur more than once in the table. For
example, the coefficients of the p-pole term are
equal but opposite in sign in [o{pp}-o(pp)]and

[o(PP)- o(sP)]; the coefficients of q and e poles
are equal but opposite in sign in [o(pp)-o(pp)]
and [o(pp)+ v(mp)]; and so on. This means, for
example, that whereas o(PP) approaches the
Pomeranchuk limit from above„o(nP} should do
so from below. The scanty information on a(nP)
is consistent with this expectation. At 5 Bev, '3

o(np) = 33.6+ 1.6 mb, and thus is about 9 mb less
than a(pp}, and this difference is comparable
with a(pp}-o(pp) at the same energy, '4 as ex-
pected. It is to be hoped that enough data will
become available in the near future to test these
predictions in detail.

Recent data'4~" one -p, p-p, and p-p scat-
tering seem to bear out the above expectations,
though since differences of cross sections are
to be fitted, and these have large errors, a de-
tailed quantitative comparison will have to be
postponed. [o(K p}+o(K p)] seems consistent
with o.ABC(0) =0, and [o(K p)-o(K p)] can be
fitted with a single Regge pole with an effective
o.(0) =0.4, which we may for the time being at-
tribute to the g

ie Actually p g and are all
involved in the latter, and with more accurate
data it should be possible to separate their ef-
fects. For the present, it is very encouraging
that the value of n&(0) from [o(K p)+ o(K p)]
is consistent with that from [o(w P}-o(w+P)] and
that n&(0) has a value consistent with our ideas
regarding the slopes of the Regge trajectories. s

The data on 0(PP) and a(PP) also fit into the above
pattern. An analysis of the combined data to get
~(0}for all the poles is in progress.

To conclude, we would like to emphasize that
even though there may be no structure in the

cross sections, there is considerable informa-
tion hidden in the gentle slopes with which the
total cross sections are approaching the Pomer-
anchuk limit.
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In a recent paper' solutions of the coupled $-
and P-wave amplitudes in pion-pion scattering
were obtained for the range in the coupling con-
stant, 0.20 ~ )A. )

~ 0.45, in which the P wave ex-
hibits a resonance, and the 8-wave scattering
length for the 1=0 isotopic spin state is greater
than unity. ' %e present here the results for the
solution corresponding to A, = -0.1, which satisfies
the requirements of analyticity, unitarity, and
crossing symmetry at low energies. ' This solu-
tion possesses the features of the recent experi-
mental results on the P-wave resonance in the two-
pion system. 4 ~

In obtaining the solutions for smaller lA. I, the
same methods were used as in reference 1. In
particular the values of the two P-wave constants
$, and a, (quoted in reference 1) were determined
by the first and second derivative crossing condi-
tions at v = --',. The system of equations for low-
energy pion-pion scattering solved in reference 1
was reprogrammed for numerical solution on the
7090 computer, and the results presented in ref-
erence 1 were reproduced. The greater speed of
the 70SO computing machine provided the possibil-
ity of increasing the number of cycles necessary
to reach convergence for smaller lA. I, and thirty
cycles determined the phase shifts to a sufficient
accuracy. As explained in reference 1, for the
value A, = -0.1, the calculations are carried out

Table I. Calculated values of a~, $~, resonance pa-
rameters v&, I', and 8-wave scattering lengths o'o, o'. 2
for A. =-0.1.

-0.0050 -199.5 5.25 0.2 0.67 0.2

for a number of $„a„ the final values being those
which satisfy the crossing conditions. As was
found previously, the approximate determination
of $„a, by the crossing conditions is nontrivial
and the width I' of the P-wave resonance is sensi-
tive to the value of g, obtained from these condi-
tions.

For the value A. = -0.1 the calculated values of a„
g„ the 3-wave scattering lengths, and the reso-
nance parameters are shown in Table I.' The
width I' is the total width at half maximum, and is
related to the reduced width y by I' = [oft~/(van+1)]~y.
The resonance position quoted in Table I corre-
sponds in units of the pion mass to 700 Mev, while
the total resonance width at half maximum is of
the order 63 Mev. '0 The scattering length a, is
less than unity, and therefore mill. not contradict
the experiments on pion production in pion-nucleon
collisions in processes of the type w+N ~m+m
+g 11-14
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