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Flat Spots: Topological Signatures of an Open Universe
in Cosmic Background Explorer Sky Maps
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We investigate the behavior of light rays in an open universe with a partly periodic horn
topology. The geodesics can be solved exactly and the periodic topology creates characteristic new
effects in temperature maps of the microwave background. Large flat regions appear in Cosmic
Background Explorer sky maps even when multiple images of astronomical sources are unobservable.
[S0031-9007(97)03689-2]
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Despite the appeal of a nearly flat cosmology, the unilower bound could be set using the CBR power spec-
verse may have a significant negative curvature. Detailettum. The compact space imposes a mode cutoff, which
studies have begun to compare the predicted large-scaie not observed, and constrains the minimum periodicity
structure of open universes with observations [1-4]. Wescale to exceed the particle horizon. Anisotropic 3-tori
can also learn about the global topology of space fromwere ruled out in Ref. [8]. In an open horn topology
such a comparison. The topology is not directly deterthere is also a cutoff in two directions but none along
mined by the matter content of the Universe: indeed, ithe horn. The power spectrum is suppressed but not so
is not fixed by the Einstein equations at all. Yet, astro-dramatically as in the flat 3-torus universe. More promi-
nomical observations are influenced by the topology ohent features result from suppression of the power spec-
the Universe and the cosmic microwave background ratrum along the narrowest part of the horn. This occurs
diation (CBR) provides a uniquely sensitive probe. Weeven if the topology scale is so large that no periodic-
present some new observable topological effects on thigy of images is visible. We will show that this sup-
CBR that occur in open universes with nonstandard topolopression leads to flat spots in CBR sky maps. However,
gies. These effects can be observed in the absence of gha$taotic geodesic mixing has been avoided at the cost
images. of destroying both homogeneity and isotropy. Only the

The topologies of a flat universe are very limited andlargest modes are affected since only these will probe the
have been studied by many authors [5-8], of whom Gottopology scale. Consequently, a contribution to the lowest
has also considered multiply connected closed and opemultipoles of the angular power spectrum is prominent in
cosmological spaces. Negatively curved spaces can sugie maps.
port a richer spectrum of possible topologies. Negatively Consider an open Friedmann metric
curved spaces create hyperbolic geodesic motions. When, ,  , 2 2 . 2 . ’
the space is compactified these trajectories mix and fold?ls = @’[~dn® + dr? + Sin r(d6” + sin’ 0d$?)].
creating a structurally stable chaotic motion [9]. There-Make the coordinate transformation [12],° = coshr —
fore there are no analytic solutions for the motions of thesinhr cosf, e *x = sinf cos¢ sinhr, e *y = sing X
CBR photons. However, potentially generic features ofsin¢ sinhr, so the metric becomes
compact universes may appear in the statistics of ghost _, ,, 2 2 22042 2
images in the CBR [10]. By contrast, if some dimensions @ "ds” = —dn® +dz" + e dxt A+ dy). (1)
are compact while others remain unbounded, the motioffhe topology is induced by identifying points periodically
may be integrable with exact solutions that display the efalongx andy by (x,y) = (x + b,y + h), whereb andh
fects of the compact directions on local geodesics. Ware constants, to create a 2-torus (two-dimensional torus).
consider noncompact topologies of this integrable vari-This torus is stretched or shrunk by the factor? along
ety, motivated by the simplicity of regular motion and thethe z axis to create a toroidal horn. The comoving proper
strong observable features that they create. We find exaatea of the torus is~**bh and depends on location along
solutions for the geodesic motions on an open space witthe z axis. The global topology clearly introduces global
the topology of a horn [11]. inhomogeneity as well as global anisotropy.

Limits on any universal topology’s periodicity scale Primordial photons scatter off perturbations in the
are often set by searching for periodicity in observa-background curvature. In an open universe the Sachs-
tions of large structures [5]. Stevens, Scott, and Silk [7]Wolfe effect, which produces the CBR temperature per-
pointed out that, in a fla#-torus universe, a much stronger turbation57/T, receives a contribution from the surface
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of last scattering and from a cumulative integral over the

gravitatizr;al poltential taken an:g a geodesic, L, — |:l N 2]770 dn F'(n):|ezK,-k(Qez)
=y 2| anemi). @ !
T 3 0 . 2w . 2mn
sin( =5—x) sin(=,~y)
where’ = d/dn. The potentiald®(n,#) is to be evalu- X cos22 v J\ cog22 y) ) (1)

ated somewhere in the volume of last scattering. We
need to locate in that volume the sphere of radius  where ky is a modified Bessel function with imaginary
we see in directiori(d, ¢). The most general geodesics jndex and the entire function is included here in the
can be located [12] but we only need the radial geodesiCtegration overn. The quantityQ in the argument of

in spherical coordinates. The periodicity of the manifoldihe Bessel function is related to the discrete eigenmodes
will be accounted for by imposing periodic boundarythrough 0? = 472(w?/b? + n?/h?). The integral is
conditions on the eigenfunctions of the potential. Weisken from the time of last scattering;, until today, 7, .

receive light rays along the lines We have not included the supercurvature modes in the
e~% = costin, — 1) — sinh(y, — 1)cosd, ir)tegfr_al intIEq. (5) since they were not found to contribute
- _ _ significantly.
e “x = sing cos¢ sinh(n, — 7n), 3) Using the convention of [2], the primordial fluctuation
e~y = sindsing sinh(n, — 7). amp]itud_e is assigned an independent Gaussian probability
distribution
Here, 6§ and ¢ are angles defining the directiai{é, ¢) 22
in which the photon is observed. Parametrically, the pho- (®;,, ) = 50— Py(k)8(k — k')Syrys S
ton path ise* = W; 2 — (x — %)% — (y — $;))%. The k(k* + 1)

constantsW;, x;, y; can be related tdi(9, ¢) by W2 =  The prediction of de Sitter inflation is thd, is a number.

sint @, % = cos¢cotd, and 9; = singcotd. If we We assume all modes are statistically independent and
identify the topology by(x,y) = (x + b,y + h), the equiprobable. In a homogeneous universe, the amplitude
photons will spiral around the flat torus itx,y) while  of perturbations will be the same everywhere, on average.
the entire torus is hyperbolically stretched as light move$y contrast, in our model the amplitude decays inside the
along z. The most general photon motion will be a small regions of the horn [11]. Although the amplitude
looping spiral. Any photon traveling with increasing ©of each mode is assigned a value assuming Gaussian
eventually hits a maximum and then wraps back. Asstatistics, the global anisotropy may not be Gaussian.

W; — 0, the geodesics straighten out. W* = 0 there Curvature and topology effect wavelengths long com-
is no motion alondx, y) and the trajectories are the lines pared to the diameter of the torus in a given direction. The
7= *n + z. long-wavelength limit isQe® > k, where K;;(Qe?) =

The gauge-invariant gravitational potential perturba- % exp(—z/2 — Qe*). The sum in8T/T is quickly
tion, @, can be expanded in terms of eigenfunctionssuppressed as andn are increased. The largest contri-
O = [dk Y, >, Pun(Mwn(x,y,z), where the pution to the sum comes from the smallest valueQof
Yiwn are spatial eigenfunctions and théy,,.(n)  Settingb = i gives a minimumQ value of 27 /b for
are the time-dependent amplitudes. The cosmologity = 1,n = 0) and(w = 0,n = 1). Consequently,
cal perturbations satisfy the scalar wave equation
O+ 2H P — AP, with H = a’/a. Following [2], . 2F? sin(3Z x) \’
we look for separable solutions withy,, = ®pmF(n). (8T/T@I) = T exdz — (4w /b)e*] (cos{z—” ))
The &,,,, is a primordial time-independent perturbation b
predicted from, say, inflationf(n) describes the time « j’QeZ " Py (k) sinh(7rk)

0

evolution with k2 + 1)
sinik n — 3y sinhn + 4coshny — 4 + xey) +....
Fln) =5 =10 22202 () - | |
(coshn — 1) For simplicity we have omitted the integrated Sachs-Wolfe
The spatial eigenmodes can be found in they,z)  term. Along the axis in which the space broadens we
coordinate system [11]. If haveQe 2" = 0.1 whenQ, = 0.3,b = h = 5. Forour

ST x approximation to be valid we nedd< 0.1 and only the
= (n) = ] de Dtn (o) NiwnLiwn  (5)  SUpercurvature modes are suppressed. The subcurvature
T win modes are mostly unsuppressed and so should produce a
with the normalization normal spectrumAin that direction. Along the neck of the
. 12 horn, howeverQe®” = 13.8, and so many modes will be
Niwn = <2k sinf(7k) 2 = 8v0) (2 = 5”0)> / , (6) affected. From the above expansion the spectrum along
7 bh the narrow axis of the horrk, is suppressed by a factor
then the spatial eigenfunctions are o« exdAn — (47 /b)expAn]. For a topology scale of
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b = h = 5 and a cosmological density parameteflf =
0.3 today A»n = 2.398), the suppression factor is about
10~ ', In the narrow part of the horn, the sky temperature
map is therefore very much flatter. This suppression i
partially camouflaged. Much of the CBR we see originatec
in the wide part of the horn, traveled down the neck,
and wrapped back so that it appears to come from th
narrow part of the horn. When we look along the squeeze
direction (small@), the light we see only truly originated
in the neck for co® = (coshAn — 1)/sinhAxn. For
0y = 0.3 this corresponds to c#s= 0.83. The rest of
the structure seen in that direction is reflected from the
wide part of the horn. Like in a hall of mirrors, nothing is
where it appears.

On concentric rings centered on theaxis, a range
of small k modes will be suppressed whepe® > 1.
These rings subtend a half angle in the sky with &€os
(coshAn — Q)/sinhAn, where we have used the
geodesic equations (3). The unsuppressed mode
give structure on a scale A(f) < (coshAn —
sinhAn cosf)/Q. Therefore, we expect to see rings of
smaller and smaller lumps as one moves toward the axi:
The smaller the topology scale, the smaller the lumps, an
the broader the affected patch of sky. If observed, suc
concentric rings would be further evidence of a universa
horn topology, and would also allow us to identify the
direction of the horn axis on the sky.

In Fig. 1 we give a predicted Cosmic Background Ex-
plorer (COBE) map forb = h =1 and )y = 0.3. To
render the generation of the maps numerically tractable we ) )

FIG. 1. Three maps of the predicted COBE sky in an open

only sample a finite number of modes. This leads to a com- - ; !
universe wrapped into a horn. The topology scales and cosmic

pletely flat spot where realistically we would expect to S€&jensity areb = h = 1 and Oy = 0.3 in the top panel. The
very small structures. When a maximumis imposed, middle panel hash = h = 1 with Q, = 0.6. Asymmetric

the flat spot should subtend an angle €03 (coshAn — topology scalesh = 0.3,h =1 in an Qy = 0.3 horn lead to
0/kmax)/ sinhAx. For the maps shown here, modes upan oblong flat spot as seen in the bottom map. _When one or
to k = 10 are included so that the completely flat spotP°th of the sgales iy smalll,l ';'I"e tem.peratL;re va(;|at|on atorsy
is predicted to subtend a half-angle of roughly® Z6r superimposed on the small fluctuations alongndy.
b=h=1andQy = 0.3. This agrees with the size of
the feature in the top panel of Fig. 1. The small struc-of the coefficients at a givefi. The results of such a
ture on concentric rings discussed above can also be seealculation are shown in Fig. 2. As can be seen in that
most prominently surrounding the spot but the effect ex{figure, the flat region gives a sharp dip in the power spec-
tends across half the sky. trum at€’s that correspond roughly to the size of the flat
The dilution of the power spectrum we have found canspot on the sky. The natural discrete harmonics are also
be related to an analogous flat space result. In a flatisible in the sequence of dips which follow.
toroidal universe, discrete modes with infinitely small The spectra in Fig. 2 have reductions in power at low
andn cannot fit inside the finite torus: there is a maximum<¢, when compared to a flat Harrison-Zel'dovich spectrum
wavelengthAy.x = b [7]. Similarly, for the open horn- [C¢ « 1/€(€ + 1)]. For example, théd = h =1 Qg =
shaped space, there is a long-wavelength mode cutoff i6.3 model has a COBE likelihood roughly 30 times less
the x and y directions and a suppression of the powerthan that of a flat spectrum. (The likelihood was computed
spectrum at smak. using the Karhunen-Loéve method described in [13].)
For comparison, the angular power spectrum in arHowever, there is a great deal more information in these
anisotropic cosmology i92¢ + 1)Cy =Y, [ dQ' X models than just th€,’s: large, coherent structures (flat
Yoom(d) [ dQ Y, (2){(8T/T(2")8T/T(2)). In the ab- spots) are predicted that are not seen in the COBE data.
sence of rotational symmetry, the sum overdoes not Since our models are not described by isotropic Gaussian
collapse simply. The power spectrum can be estimatedtatistics, we cannot draw precise conclusions from a
by expanding an individual simulated sky map in spheri-Gaussian likelihood analysis, but it seems safe to say that
cal harmonics and computing the mean-square amplitudnese models provide a poor fit to the DMR data.
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T T — T T 4 the size of the observable universe in order to hide the
flat spots otherwise predicted in these maps. The horn
configuration is a particular case, chosen to avoid chaotic
nonintegrable geodesics, yet it is a good model of some
characteristic features of complex identified topologies.
In particular, the suppression of the power spectrum or
features analogous to flat spots on the microwave sky will
likely be more incisive in identifying topology than ghost
images [14]. We have shown these attributes provide a
sensitive probe of periodicity in the global topology of the
Universe.
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FIG. 2. Angular power spectra. The solid line corresponds to
b =h=1,Q = 0.3. The dotted line is the asymmetric case
of b = 0.3,h = 1 and a density ol), = 0.3 The dashed line
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