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Direct Observation and Calipering of the “Webbing” Fermi Surface of Yttrium
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The first measurement of both the size and shape of the region of the Fermi surface of yttrium kno
as the “webbing” is reported. This particular Fermi surface feature is of considerable interest beca
it is very similar to that found in a number of the heavier rare earth metals, where it is believed
play a vital role in driving the exotic magnetic structures found therein. In this positron study, two
dimensional angular correlation measurements combined with three-dimensional reconstruction prov
a direct image of this part of the yttrium Fermi surface. [S0031-9007(97)03771-X]

PACS numbers: 78.70.Bj, 71.18.+y, 71.20.–b, 87.59.Fm
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Many of the heavier rare earths (e.g., Tb, Dy, Ho, E
display a helical antiferromagnetic ordering, where t
localized 4f moments are coupled via the Ruderma
Kittel-Kasuya-Yosida indirect exchange interaction i
volving the conduction electrons [1]. The ability of th
conduction electrons to establish magnetic order depe
strongly on the Fermi surface (FS) topology [2]. That d
pendence is most easily understood in terms of the wa
vector dependent susceptibility,

xsqd ~
X

k,j,j0

jMsk, k 1 qdj2fkjs1 2 fk1q1Gj0d
ej0 sk 1 q 1 Gd 2 ejskd

. (1)

HereM is a matrix element involving the wave function
of the conduction electrons and the localizedf electrons,
thefkj is the Fermi-Dirac distribution function for reduce
wave vectork and bandj, the ejskd are the single
particle energies, andG is the reciprocal lattice vecto
that bringsk 1 q back into the first Brillouin zone (BZ).
Subject to other constraints [1], the maximum inxsqd
determines theq vector of the most stable magnet
configuration. If the maximum ofxsqd is at q ­ 0, the
material will be ferromagnetic. If it is at some otherq,
a more complex arrangement of spins will ensue, with
wavelength defined by that vector. The latter conditi
may well occur when there are large parallel sections
Fermi surface and an appreciable “weight” of the term
in Eq. (1) have vanishingly small denominators at t
“spanning” or “nesting” vector. It is a so-called “webbing
feature [3,4] in the Fermi surface of some of the rare ear
which provides large parallel FS sheets for a nesting t
drives the magnetic ordering.

A paucity of high-quality samples of the heavy ra
earths has hindered direct investigations of the intim
relationship between FS topology and magnetic behav
in these systems. The interest in the more easily refinedd
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transition metal yttrium (Y) arises from the fact that its F
is predicted to possess a similar and strong webbing fea
[3] (even though the lack of local moments exclud
magnetic ordering). However, if alloyed with the heavi
rare earths, the combination of the local moments of
rare earths and the strong nesting properties of the yttr
FS might result in magnetic ordering at the appropria
q, and thereby provide a direct test of the concept
FS-driven ordering. This is not a new idea. Long-ran
magnetic ordering in gadolinium-yttrium superstructur
has been explained in terms of the Fermi surface topolo
of the nonmagnetic Y layers [5]. An obvious prerequisi
for further studies is a direct elucidation of the webbin
feature and associated large parallel Fermi surface sh
in Y.

Figure 1 shows the Fermi surface of Y as determin
by an augmented plane wave calculation performed
Loucks [3] (subsequent self-consistent calculations, su
as that of Skriver and Mackintosh [6], have yielded ve
similar Fermi surface topologies). Shown in the doub
zone scheme, the Fermi surface is in bands 3 and 4 (wh
in the absence of spin-orbit coupling, are degenerate on
A-L-H plane). The webbing, identifiable as the flat are
in both bands on either side of theA-L-H plane, has a
nesting vector, denoted in Fig. 1 byQ0. This vector has
been related to the wave vector associated with the ex
magnetic structures [2]. Although de Haas–van Alph
(dHvA) experiments [4,7] have provided evidence for th
existence of a Fermi surface which exhibits this featu
such efforts deliver onlyextremalFermi surface areas. In
this Letter, we present the first glimpse of both the sha
and size of this webbing, uniquely (and directly) obtain
by the positron annihilation method.

For many years, positron annihilation experiments ha
made significant contributions to our understanding
© 1997 The American Physical Society 941
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FIG. 1. The third and fourth band Fermi surface sheets of
proposed by Loucks [3] and reproduced from Mattocks a
Young [4]. The labels (e.g.,a) denote some of the dHvA
frequencies and the magnetic vectorQ0; linking the webbing
from the two bands is shown.

the electronic structure of metals [8]. When a therm
positron annihilates with an electron in a solid sampl
there is some smalls,mradd deviation from anticollinear-
ity of the two photons arising from the finite momentum
of the electron in the laboratory frame. By measurin
the angular distribution of these deviations, one can d
rive information directly related to the momentum of th
electron in the sample immediately before annihilatio
The conventional two-dimensional angular correlation
positron annihilation radiation (2D-ACAR) measuremen
yields a 2D projection (or integral over one dimension
Nspx , pyd, of the two-photon momentum density,r2gspd.
Within the independent particle model,

r2gspd ­
X

k

X
occ.

Ç Z
dr ck,jsrdc1srd exps2ip ? rd

Ç2
­

X
j,k,G

njskdjCG,jskdj2dsp 2 k 2 Gd , (2)

where ck,jsrd and c1srd are the electron and positron
wave functions, respectively,j is a band index,G is a
reciprocal lattice vector, andnjskd is the electron occu-
pancy ink space associated with bandj. The CG,jskd
are the Fourier coefficients of the electron-positron wav
function product. The delta function expresses the cons
vation of (crystal) momentum. It may be seen thatr2gspd
contains information about the occupied electron states
the system and their momentum,p ­ h̄sk 1 Gd. Most
significantly, in the case of a metal, whenever a partia
occupied band crosses the Fermi level, there is a disco
nuity in r2gspd at a number of points,pF ­ h̄skF 1 Gd.
The 2D-ACAR spectra, as already noted above, repres
projections ofr2gspd, but if one measures a small num
ber of projections, with integrations along different crys
942
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tallographic directions, it is possible to reconstructr2gspd
[8]. Finally, if this 3D density is folded back into the firs
BZ [9] [and the effects of the positron wave function ar
assumed to be small so that theCG,jskd are essentially
independent ofk], the translational invariance is restore
and an electron occupancy ink space,njskd, is obtained,

nskd ­
X
G

r2gsk 1 Gd , (3)

where G is the reciprocal lattice vector necessary
bring pf­ h̄sk 1 Gdg back into the first BZ. By these
means, one can directly “image” the Fermi surface in t
reconstructed 3D spectra [10].

In these experiments, five projections were measured
7.5± intervals, encompassing the30± between the direc-
tions G-M and G-K (in the unique segment of the BZ
on a single crystal specimen of Y, using the 2D-ACA
spectrometer at the University of Texas at Arlingto
For technical reasons, the experiments were performe
room temperature, with an overall resolution of approx
mately 0.15 atomic units (a.u.) of momentum. Follow
ing the usual processing of the measured spectra [8
“Maximum Entropy” (MaxEnt)-based deconvolution pro
cedure was also applied to each spectrum to suppress
unwanted smearing introduced by the experimental re
lution [11]. The strength of the MaxEnt method is that
does not introduce artifacts into the data. The benefit
applying this procedure before reconstruction, in resp
to the quality of the resulting 3D momentum densitie
was demonstrated by Fretwellet al. [12].

Techniques for reconstructing a function from its line
projections are often borrowed from medical tomograph
However, reconstruction from just a few measured proje
tions requires exploitation of the crystallographic symm
try. Here, the full 3Dr2gspd was reconstructed from the
five measured spectra (both “raw” and MaxEnt deconv
luted) using Cormack’s method [13–15], before final
following the Lock-Crisp-West prescription [9] to fold
the momentum distribution back into the first BZ. Th
two reconstructions derived from the undeconvoluted a
deconvoluted projections will be referred to as raw a
“MaxEnt,” respectively. The reconstruction procedure
self was rigorously tested [15], and was again shown n
to introduce artifacts into the data. A more detailed d
scription of these procedures can be found in Dugd
[16], and a full report is currently in preparation [17].

As noted earlier, the final result of the angular correl
tion experiments is an electron occupancy (or density)
cluding both fully and partially occupied bands. But, b
using a threshold criterion to differentiate between emp
and occupied states (and here that proved easy to do),
possible to image the occupied bands and the Fermi s
face alone [10]. Figure 2 shows an image of the Fer
surface of Y, obtained from the MaxEnt-deconvolute
projections. The image obtained from the raw reconstru
tion (not shown) is similar, but, not unexpectedly, th
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FIG. 2. The Fermi surface of Y obtained from the positro
annihilation experiment. The webbing can clearly be identifi
as the flat areas in theA-L-H plane (see Fig. 1). Note the
similarity to the band 3 surface of Fig. 1.

structures are less sharp. In a multiband system, and
ticularly when positron effects are present, one might e
pect it to be difficult to clearly resolve the Fermi surfac
sheets associated with each individual band. Figure
however, shows remarkable similarity with the band
Fermi surface of Loucks (Fig. 1), clearly exposing the e
tensive flat areas which comprise the webbing. The
sertion that the webbing is a relatively flat area of Ferm
surface close to theA-L-H plane can therefore be con
firmed. Furthermore, the dHvA experiments of Mattock
and Young [4] suggested that the webbing was an a
where the density of states was large, which would fu
ther enhance any nesting phenomenon.

One may examine the webbing in greater deta
Figure 3 shows the section through the webbing in t
H-L-M-K plane (i.e., on the face of the BZ) that resul
from the MaxEnt reconstruction. In this figure, the low
(holes) are shown as black, and the highs (electro

FIG. 3. Experimental cross sections, in theH-L-M-K plane,
showing the webbing, from the MaxEnt reconstruction. Th
labels indicate the BZ symmetry points.
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FIG. 4. Experimental cross section, in theH-L-M-K
plane, obtained by constructing the difference between t
MaxEnt and raw reconstructions. The labels indicate the B
symmetry points.

as white. The webbing can be identified as the cent
black region of holes. If now the raw and MaxEnt recon
structions are normalized so that they contain the sa
number of “electrons” within the BZ, and the raw recon
struction is subtracted from the MaxEnt reconstructio
the distribution shown in Fig. 4 results. This procedu
amounts to an “edge-enhancement” or high-frequen
filter technique which previously has been shown
highlight Fermi surface features [11]. It enhances th
edges or discontinuities because it is in the vicinity o
those discontinuities in the occupation density that t
resolution function has had the most damaging effe
Thus by subtracting the raw from the “enhanced” distr
bution, one is, in essence, amplifying the Fermi surfa
information. Figure 5 displays the “zero” contour, an
therein is a striking resemblance between the theoreti
prediction (Fig. 1) and this contour, i.e., the contou
where the difference between the two distributions is ze
defines the Fermi surface.

With this technique, it is possible to caliper the widt
of the webbing in the directionM-L-M. In Fig. 6, a sec-
tion along this direction through the difference spectru
(Fig. 4) is plotted. It was proposed by Dugdaleet al. [11]

FIG. 5. The webbing Fermi surface of Y, obtained by plottin
the zero contour of the difference distribution of Fig. 4.
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FIG. 6. Cut in theM-L-M direction through the distribution
of Fig. 4, used to caliper the Fermi surface, by finding th
locations where this distribution passes through zero.

that the locations where such a difference distributio
passes through zero ought to define the Fermi surface. T
immediately suggests a method for calipering the Fer
surface, based upon measuring the distance between t
zero crossings. In this way, the width of the webbin
and hence the magnitude of the magneticQ vector, was
found to bes0.55 6 0.02d 3 s p

c d. Although pure Y is
paramagnetic, by alloying with a small amount of terbium
spiral magnetic structures do appear with a typicalQ of
magnitude0.56 3 s p

c d [18,19]. Caudronet al. [20] per-
formed neutron experiments on alloys of Y with less tha
0.5 at. % erbium, observing long-range order with a p
riod of s0.54 6 0.02d 3 s p

c d, even at a concentration of
only 0.5 at. %. Vinkurovaet al. [7] performed dHvA ex-
periments on Y, and inferred a vectorQ of magnitude
0.58 3 s p

c d (no error stated) from the webbing. In view
of this, the current caliper is in excellent agreement wi
others’ measurements.

Finally, it is also possible to make contact with th
dHvA results of Mattocks and Young [4], by calculating
the cross-sectional area of the webbing in theH-L-M-K
plane. This was achieved by measuring the area wh
the difference was negative. The area was found
be s0.071 6 0.004d a.u.2, in comparison with the dHvA
value of s0.0759 6 0.0008d a.u.2 (taken from the band 4
e3 orbit from [4]). Since this is likely to be some averag
of the band 4 and band 3 orbits (the orbit associated w
band 3 is0.05747 6 0.00006 a.u.2), the agreement can be
considered even better.

In conclusion, the existence of flat areas of Ferm
surface in the vicinity of theA-L-H plane has been
944
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confirmed by directly imaging the Fermi surface. Thes
flat areas are ideal for supporting Fermi surface nestin
which is thought to drive the exotic magnetic structure
found in many of the heavier rare earths. Precise a
unique quantitative information about the shape and s
webbing was obtained.
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