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Superstructure and Color Symmetry in Quasicrystals

Akiji Yamamotd' and Steffen Webé?
'National Institute for Research in Inorganic Materials, Tsukuba, 305, Japan

%Institute of Applied Physics, University of Tsukuba, Tsukuba, 305, Japan
(Received 18 February 1997

The first modulated structure found in decagonal Al-Ni-Fe quasicrystals [M. Saito, M. Tanaka, A.P.
Tsai, A. Inoue, and T. Masumoto, Jpn. J. Appl. PI8&. L112 (1992)] is a superstructure in five-
dimensional space with a unit cell volume identical to that in the superstructure of decagonal Al-Ni-Co.
Peculiar systematic extinction rules observed in the diffraction patterns can be explained by a color
symmetry groupP,.102m'(Smm’) in five-dimensional space. A five-dimensional model is proposed,
which can explain the electron diffraction patterns of decagonal Al-Ni-Fe. [S0031-9007(97)03643-0]

PACS numbers: 61.44.Br, 61.14.Dc

Since the first decagonal quasicrystal was discovered itagonal symmetry with the same orientation. The present
Al-Mn alloys [1], a number of different decagonal diffrac- paper shows that they have a special superstructure with
tion patterns have been observed in several alloys [2the same lattice as th@-Al-Ni-Co superstructure found
7]. Decagonal quasicrystals can be classified into sewfirst, if a cell doubling along the axis is neglected. In or-
eral types with the period along the tenfold axis, whichder to explain the peculiar diffraction patterns mentioned
are multiples of=4 A. In addition, there exist several above, we discuss so-called color symmetry in quasicrys-
kinds of superstructures in five-dimensional (5D) spacdals. This suggests that the superstructure is due to the
[7]. The first found superstructure in a decagonal Al-Ni-chemical ordering in the central part of the 20 A clusters.
Co (d-Al-Ni-Co) quasicrystal [4] has a 4 A period and As is well known, a decagonal quasicrystal can be
a unit cell volume 5 times larger than that of the nor-described as a periodic structure in five-dimensional (5D)
mal phase [8], and coincides with the superstructure disspace, and the unit cell of the superstructurd-#-Ni-Co
cussed by us [9]. We proposed 3D and 5D models fors different from that of the normal phase. The external
this superstructure [8,10] based on high resolution transsomponent of the unit vectors of the lattice is rotated by
mission electron microscopy (HRTEM) images, where ther /10 against the corresponding one for the normal phase
clusters are arranged at the vertices of a Penrose pattgh8], and the lattice constaut is larger by the factor of
with an edge length of about 20 A. There exist other2 cosz/10 = 1.90211. In addition, the lattice constant
peculiar diffraction patterns, which were first found in ¢ along the tenfold axis is doubled in the superstructure.
d-Al-Ni-Fe [5]. These patterns indicate an 8 A period Sinceay = 2.7 A and ¢y = 4.1 A for the normal phase
along the tenfold axis. (average structure) [13},andc are about 5.2 Aand 8.2 A,

The diffraction pattern in a plane perpendicular to therespectively. The unit vectors of the decagonal lattice
tenfold axis shows completely different intensity distri- are given by [14]d; = (2a/+/5)[(c; — D)a; + s;a; +
butions in even and odd layers. In the even layers, thécz; — Das + sy;as] (j = 1,2,3,4), ds = cas = ¢,
diffraction pattern is similar to that of the normal phase,and their reciprocal vectors ard; = (a*//5)[c;ar +
while it is quite different in the odd layers and cannots;a, + cyjas + sja4] (j = 1,2,3,4), ds = c*as = ¢*,
be indexed by the reciprocal unit vectors for the normawherea™ = 1/a and ¢* = 1/c¢ are the lattice constants
phase. The diffraction spots are therefore considered to bef the reciprocal lattice. The vectoss, a,, andas are
the satellite reflections due to some kind of modulationghe unit vectors in the external space, while and a,

[5]. The origin of the modulations, however, has been untepresent those of the internal space. The diffraction
known. Recently, it was shown that melt-quencldetl-  vectorh = Zle h;d; is represented by the Miller indices
Cu-Co quasicrystals also give similar diffraction patternsh,h,h3hyhs. The unit vectors in the reciprocal space
[11]. The symmetry of the average structure for these suef the normal phasd,; (i = 5) are related withd; by
perstructures has been determined tP6m2(Smm) by  dj; = Z§=1 S;;d}, where the determinant of the transfor-
convergent-beam electron diffraction [5,11], whereby wemation matrixS is 5 [4,9]. In the usual sense, reflections
use a symbol similar to that for four-dimensional super-on the layer withis odd are satellite reflections. In the
space groups in order to express the action of the symmeresent paper, however, only reflections which are not
try operator in the external and internal space [12]. Thendexable withdy; (j = 1,2,3,4) are called satellite
first part is the symmetry operation in the external spaceeflections independent dfs. As shown in a previous
and the second (in parentheses) the corresponding opefgaper, the main and satellite reflections are then classified
tion in the internal space. A characteristic feature of theséy Z?:l h; [9]. If thisis O (mod 5), it is a main reflection,
structures is that they consist of 20 A clusters with penotherwise, a satellite reflection.
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As mentioned above, the average structure has a 4 ives rise to a doubled axis. The color space group is
period, and its symmetry i®10m2(5mm), which has P,.102m’'(5mm'). The prefixP,. means that there exists
no reflection condition. The superstructure with the 8 Aan antisymmetric centering translatiffi | ¢ /2}/, where a
period is considered to have a point group isomorphic t@rime means an ASO [16]. This group is generated by
that of the average structui®m2(5mm). If the rotation {Cs|0}, {o. | ¢/4}, {c' |0}, {E | c/2}, and lattice transla-
of the unit vectors is taken into account and no extinctiortions of the 5D decagonal lattice. Then there exist 40
rule exists, the possible space group of the superstructuggecupation domains in the unit cell, all of which are
is P102m(5Smm). [This is not equivalent t@10m2(5mm)  equivalent to*(i,i,i,i,5z')o/5 (i = 1,2) in the normal
[15].] There exists, however, a reflection conditibn=  phase. The coordinates of the normal phase are given by
2n for hihyhohyhs, implying the presence of the-glide  xo; = Zle Siix;.
plane, though it is sometimes broken by weak diffuse Since the site symmetry of all such sites is either
streaks. In addition, the even layers show only mainmm’(1m’) or m'm’(1'm’) with order 4 and the point group
reflections. No space group is, however, consistent witlof the structure i902m’(5mm’) (order 20), there are five
such reflection conditions. equivalent positions [related (52)]. Thus the number

In order to explain such reflection conditions, we canof independent sites is four. We take the independent
use the color symmetry, which is usually used to describ@ccupation domains located at(0,2, —1,1,5z)/5 and
the symmetry of magnetic materials [16]. In this case, so=(0,4, —2,2,5z)/5 with z = 1/8. Their corresponding
called antisymmetry operators (ASOs) are introduced ircoordinates in the normal phase atgl,1,1,1,5z')o/5
addition to the (usual) symmetry operators (SOs). Thesand *(2,2,2,2,5z')y/5 (z/ =1/4). Consider their
are the combination of the SO and the spin inversion. Thegquivalent  positions =*=(—3,—1,1,-2,5z)/5 and
are known to be equivalent to a black and white or color®(—6, —2,2, —4,5z)/5 related with5(5%). Their coordi-
group. In the color group, the ASO is the combination ofnates=(—4, 1, —4, 1,5z)y/5 and (-8, 2, —8,2,5z)y/5
the SO and a color change operation. In the present case, the normal phase are translationally equivalent to
we consider two sites, which are related with some SO and:(1, 1,1, 1,5z/)o/5 and *=(2,2,2,2,5z')9/5. This con-
occupied by transition metal (TM) and Al atoms. Suchsideration can show that atom positions relatedSt57)
atoms are called color atoms. Then the change of colori® the superstructure are translationally equivalent to each
corresponds to the spin flip in magnetic materials. On thether in the normal phase. This implies that if occupation
other hand, corresponding to the nonmagnetic atoms, weomains of these sites have fivefold symmetry, they
consider colorless (gray) atoms. are translationally equivalent, and satellite reflections

For example, consider a case where one site is occupiatisappear.
by TM and the other by Al and their positions are related The color space group,.102m'(Smm') includes two
to each other by a SO. Then they are color atoms, whicmirror planesm(1) normal to thec axis ate/8, 5¢/8,
are represented by black and white colors. The color atorand two antisymmetric mirror planes'(1') at3c¢/8, 7¢/8
and its position in one site are obtained from those in thevhich are perpendicular to the internal space and tods.
other by the ASO, while atoms with the same color areln the present case, all the occupation domains are either
related by a SO. For colorless atoms, the ASO acts jugin the mirror plane or on the antisymmetric mirror plane.
as the SO, since the color change operation does not affect The shape of the occupation domains is restricted by
the colorless atoms. The SOs give the conventional reflethe site symmetry. In the present case, this allows low-
tion conditions, while the ASOs sometimes give peculiarsymmetric occupation domains as @Al-Ni-Co [18].
reflection conditions, as shown below. We represent thélowever, the diffraction patterns imply that an additional

ASO with a prime. restriction has to be imposed, since the even-layer diffrac-
The zero-layer diffraction pattern ohAl-Ni-Fe is simi-  tion patterns show no satellite reflections. This means
lar to that ofd-Al-Cu-Co or the normal phase ofAl-Ni- that the average of two occupation domains related by

Co and shows no satellite reflection, as mentioned abové¢E | ¢/2} has a fivefold symmetry. For this reason, we
This implies that the structure projected along the tenfolcdtonsider the occupation domains to be the same as those
axis has a four-dimensional unit cell equal to that of theof d-Al-Cu-Co, which have fivefold symmetry [10]. The
projected normal structure. We take a structure similar tandependent occupation domains are shown in Fig. 1.

a previous model fod-Al-Cu-Co [10], in which there is Each independent occupation domain consists of
20 A cluster at each vertex of a Penrose pentagon pattedecagons and pentagons, most of which are overlapped
with an edge length of 20 A. l-Al-Cu-Co, there are with neighboring decagons, and has a shape with the

four large occupation domains at(i, i, i,i,5z')y/5 (i = symmetry of5m(5?m). Small domains can be occupied
1,2,z/ = 1/4). (For the method deriving such a cluster by different atoms, so that their weight can generally
model from a 5D model, refer to Ref. [17].) be different. In order to obtain satellite reflections, the

In order to explain additional reflections, which are as-atom distribution (weight) in the domain has to destroy
sumed to be the satellite reflections of the superstructurghe fivefold symmetry. This is realized by color atoms
we consider a case where the antisymmetric translatiobecause themn/(m’) relate one-half of the occupation
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FIG. 2. Projected structure of the two layers in the model

FIG. 1. Four independent large occupation domains of thaiven by Fig. 1(0 < z < 0.5). Solid and open circles rep-
superstructure of-Al-Ni-Fe. Light and dark gray represent resent transition metal and Al atoms. The decagonal clusters
colorless Al and TM, atoms, respectively, while white and blackare on the vertices of a Penrose pentagon pattern.

stand for colored Al and TM, respectively. The domaifss

and D are at+(0,2,—1,1,5z)/5, (a), (c), andB and C are ) ] o )

at =(0,4, —2,2,5z)/5, (b), (d), withz ='1/8. m'’ means an relative to the other by /2. This shift gives the satellite

antisymmetric mirror plane. reflections in the odd layers.

In order to demonstrate that this model gives an es-
sentially correct superstructure, we calculate the diffrac-
tion patterns. (For the structure factor calculations, see

; 17].) Figure 3 represents x-ray diffraction patterns of the
ray represent colorless Al and TM atoms, respectivel [ i .
gray rep P yh1ode| structure. It is noted that Fig. 3(c) shows a char-

while white and black stand for colored ones. It should T . . i ; ;
be noted that the ASO sometimes inhibits the color atom2cteristic diffraction pattern including satellite reflections

In the present case, the occupation domains3@f8 observed in the corresponding electron diffraction pattern
and7¢/8 [Figs. 1(c) and 1(d)] are on the antisymmetric
mirror plane m/(1’). Therefore they have to be gray
atoms. A possible atom distribution is shown in Fig. 1.
In the present model, the domainis partially occupied

by color atoms. On the other hand, there is no color atom
in domainsB, C, andD. The color atoms im’ at 5¢/8

are obtained from those i by {E | ¢/2}/, so that black
and white are interchanged ii.

The atom arrangement in 3D space is obtained from a
5D model by taking a 3D section [17]. Figure 2 shows
the projection of the lower half (two layers) along the
¢ axis (tenfold axis), which is given by the occupation

domain to the other half. In Fig. 1, light gray and dark

@ )

domains in Fig. 1. The size of the cluster=s0 A and B REEEY EREECEN JEFEEPENY ST SIRY  BRSY POY JON
the cluster centers are on the vertices of a Penrose pentagon "~ " "k &7 e @er s e -
pattern with the edge length of 20 A. It is noted that there T T

are two clusters (denoted by 1 and 2), without and with - @ -e -+ "-- o - @ - . . @@: oo
transition metals in the first neighbor positions. Theupper """ 77" " " . (@t
two layers have a similar structure, but the cluster 1 is e

stacked on 2 and 2 on 1, since the first neighbor atoms =~ @ ¢ - @-- * @ - .. 0o @ or0 - -
are color atoms and these two structures are related bythe 7 - . . -
antisymmetric centering translatig® | ¢/2}. Therefore (c) ' (d)

itis Clear_that the total p.roject_ion gives the. same pent-agonﬁ’:_JlG' 3. Diffraction patterns of the superstructuredAl-Ni-
clusters in the same orientation as seen in HRTEM images, (@)h hahsha0 plane. (b hahshyl plane. (Y hahahyhs

[11]. This ensures that the zero-layer diffraction patternglane. (d)i,h,h2h ks plane. The radius is proportional to the
give no satellite reflections. One cluster column is shiftedsquare root of the structure factor.
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