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Effective Regge QCD
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A new framework for a high energy limit of quantum gauge field theories is introduced. Its potency
is illustrated on a new derivation of the Reggeization of the gluon. [S0031-9007(97)03696-X]
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The concept of effective field theory (for a review, seecomponents ofp). The Regge limit is then the one of
[1]) is an important means to obtain qualitative understandinfinite rapidity, i.e.,A — «. The effective Regge theory
ing of quantum field theories. It is also an important cal-is to approximate the boosted Green’s functions of Eq. (1)
culational tool. at largeA.

Effective field theory provides a mechanism of unifica- Intuitively, the collection of the fields labeled by in
tion. A well-known example is the connection betweenEq. (1) represents the fast right-mover excitations inzthe
the standard model and the grand unification models [2]direction, while they fields represent the fast left movers.
Another example is nonrelativistic QED [3,4], where aThe A then scales as the invariant energy of the relative
single fermion field breaks down into two independentmotion of the left and right movers.

fields of fermions and antifermions. The momenta of the fields in the right-hand side (rhs) of
The calculational advantage is obtained via the usaggkq. (1) satisfy, for large\, either
of the renormalization group (RG) invariance [5]. Solv- (Ip<l > pilp-| < ) & (p € Qg) )

ing the RG equations is the most effective way to make a )
resummation of the perturbative expansion for the underfor the right movers or
lying theory taken in the corresponding “leading logarithm (Ip+l < p2,lp=1 > p1) & (p € Qy) 3

approximation” (see, for example, [6]). for the left movers. Theu; are arbitrary scales. The

The necessity for developing an effective theory for theOnly requirement we need for them @z N O, = &.

Regge Ijmit of gauge Fheories is well acknowledged [7._The RG invariance requires that any physical prediction
10]. It is more pressing now as the energy reached ing independent of their values

hadron collisions provides data (see, e.g., [11]) whose un- Instead of the single fiele> of the underlying theory,

derstanding requires [12] an account of the resummatio . . :
of the leading energy logarithms for QCD. For the known{’he effective theory has two independent fields,

results on the resummation, see [13,14]. Attempts of such (Ri/a(x) = @)l peqy - )
an account are available [15]. S . (Lr(x) = D)) peq, -

Here, we present a new approach which is, in our opin- h b , d o bel h bscri
ion, the most straightforward realization of the effective '€ P @bove is supposed to belong:to The A subscript
field theory concept for the Regge limit. It allows one to de”‘?tﬁs the booEt tLansfor(r;wann, ,asfm Eq. (1)1" .
prove the Reggeization of the gluon [14,16]—a property With Eq. (4), the boosted Green’s function of Eg. (1) is
which is, at the moment, a well-tested conjecture. Ga(Xt, e s X Vs e ey Ym)

Consider a Green'’s function of a field theory,

Y = (TR(x1) - R)LGY) L)) (5)

Gx1sonxy) = (TP (x) - D(xy)), The effective action for the fieldg, L is defined by
where anyx, comprises all variables labeling the field . .
(in particular, the space-time coordinates or the momenteXHiSesr(R, L, A)] = j [1 do@exdis@)],
if one chooses the momentum representation). Consider PEQRUQL) 5
next the Green’s function of the boosted fields, ©6)

where the rhs is expressed througL by Eq. (4).

If the boosted Green’s functions of Eq. (1) are finite in
= (T®)(x1) - Pr(x))P1/a(y1) -+ P1/a(ym)), (1)  the limit A — o modulo logarithms ofA, i.e., logarithms
of the invariant energy for the relative motion of the

where®, (x) = B~'()®(B(A)x) is the Lorentz boost of |ef ang right movers, then the effective action of Eq. (6)
the field® along az axis, parametrized by the exponential g, 5u1d have a finite limit

of the rapidity of the boostA = /(B(A)p)+/(B(A)p)-,
for a four-vectorp (p+ = po = p, are the light-cone

GaA(X1s e s X3 V1o oo ey Ym)

Serf(R, L) = A“LTL Setf(R,L, A) . (7)
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In that case, the only dependence.oleft in the effective R R

theory enters through the scalgs of Egs. (2) and (3) R R R R

which cut the effective theory since, after been boosted, J:,‘Il { }‘.;"‘

the scales get & dependence. This removes the cuts

from the effective theory in the limik — . In this way, L L L L L L

to study the energy dependence in the Regge limit means

to study the infrared and ultraviolet divergences of the (a) (b) (c)

effective theory. FIG. 1. Diagrams contributing t8;, to orderg?. (a),(b),(c),
Note that the cuts involve only the longitudinal direc- see text.

tions. Thus we need to study only the divergences of a

two-dimensional2D) field theory at fixed values of the

transverse coordinates (momenta). By transverse coor- TheSin term comes from the diagrams in Fig. 1. Infi-

dinates we mean all the variables labeling theand L Nitely boosting the fields in accordance with the labels

fields, except the light-cone coordinates The coupling ©n the external legs of the diagrams from Fig. 1, one

“constants” of this 2D theory depend on the transverse coobtains a finite expression fdfi,. The finiteness is a

ordinates. The RG equations for the coupling constantgontrivial outcome of a cancellation of infinities between

are integral equations in the space of the transverse cooi€ contributions of Figs. 1(b) and 1(c).

dinates. In the case of QCD, these equations contain the The intermediate steps of the following calculation may

same information as the Balitsky-Fadin-Kuraev-Lipatovdepend on the gauge. In these cases Feynman gauge is

(BFKL) equation [14]. implied.
To check this, consider the gluodynamics as the under- To specify the form ofS;, from Eq. (9), we need the
lying theory, i.e., following objects:
1 a \2
Sene(d) = 4 () (8) (N, (x) = f dx—dy—9;R{(x—,x,)D(x— — y—)
with A denoting the color octet of vector gluon fields, .
Fq, = 9,45 — 0,A%, — gCabCAZACV and g the gauge X 0;RY(y=,x1)Crba » (10)

coupling. The effective Regge gluodynamics is then a

theory of two color octets of vector fieldd andL. With whereRj, is the gluon right?mo'ver field taken on a light
Eq. (6), its action up to terms of ordef is front x. = 0, 9; are the derivatives over transverse coor-

dinates (summation oveér= 1,2 is implied), andD is

Seit(R, L) = Sglue(R) + Sglue(L) + Sint(R,L), (9) dk ek
whereS;, is an action of interaction between the right- and D(x) = A T (11)

- . 27 ik
left-boosted gluons, bilinear iR and L.

Note that the self-interaction of both right and left R . . rpa B

movers mimics the self-interaction of the underlying field. (Mm(x1) = [ dx-dy-9;9;[R% (x—, x,)D(x- = y-)
This is a consequence of the Lorentz invariance of the

b
underlying theory. | X RI(y—,x1)]Crmba » (12)

(AR (x)) = f dx [0 R%(x—, x )R® (x—.x,) + 9 R (r—.x )RE (x_. x,)

FRYG, x0T RE (e x ) — 07 RY (v, xR (%) Con (13)

(ADle) = [ de[0RE o v RY G x) = RE G, 28 R x)1Coa (14)
(ADtrs) = [ e TRE G x0T RE G xs) = 3R (xR 6 1Coa (15)
(Al = [ s R xR ) (16)

The derivatives in the above equations act only on their nearest right neighbors. For further convenience, the following
Fourier transformations of linear combinations of the above operators are introduced:

T d*x |

an(éh) = B Q)

10| T N F(ea) + 5 (MF(e) = 3 (ADr) = 5 (ADles)
- 2AAD) + HAD ) | a7
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Mg = T [ L [ L ovt, e - 200,00 - S AD) - 1 (AD0)
m\q L 7 (277_)2 e 2 m\X 1 4 m\X 1 7 1)m\ XL 2 2 )m\ X1
= 2AAD ) + HAD () | (18)
- d? .
Jnlf(qi) = % (2;;_2 e quM[(ﬂIf)m(xL) + (‘Alze)m(xL) + 2(ﬂ§)m(xi) - 4(~/,Zl§)m(xi)]s (19)
AR m d’x —ig.x R R R R
-Em (QL) = 5 W e lI:(‘ﬂtl)m(xL) + (ﬂz)m(xi) + 4(~/,Zl3)m(xL) - 4(ﬂ4)m(XL)]- (20)
We also need the same set of objects for the left movers; the definitions may be contrived from Eqgs. (10)—(20) by the
substitutionsR — L, + — —, — — + (the last two substitutions act on the longitudinal Lorentz indices).

St IS expressed in terms of these objects as

Sinc(R, L) = ] d*q {Go(q TR (g ) TE(—q1) — MR )IME(—q1) — MG )LE(—q.) — LEGOME(—q0)]
+ Gilg N (g LE(—q0) + LR GONF(=g)] + Galg VNF (g )NE(—q 1)}, (21)

where summation over color indicesis implied. ! vergences of Fig. 2(a) does not involve théields, while
The “coupling constantsG—¢12(q.) depend on the calculation of Fig. 2(b) does not involve the fields.
transverse momentum transferred from the right mover3hus, it suffices to study the infrared divergences genera-
to the left movers, ted by the self-interaction of the fields in the operators
_ & NR MR of Egs. (17) and (18). The left sector gives
Olgr) = — - (22) " the'same diver
—q1 gences.
L It is a remarkable fact that these infrared divergences
We need to distinguish between them because they couplay he absorbed in a multiplicative renormalization of

different numbers ofN" operators. , the operators\V"*-Z. Namely, a simple calculation shows
It is important to note the following: Right movers i .+

interact with the left movers only by their values at the . .
light front x; = 0, while the left movers interact only dp(N,FE(g1)) = N a(g ) N (gL) (23)
by their values on the perpendicular light frant = 0.

It is also important that', M are nonlocal on the
corresponding light fronts, whiled; are local.

Next we consider the divergences of the one-loo
Feynman diagrams generated$yy; of Eq. (9). We need
to consider the divergences in the longitudinal integration
arising as the cuts on the longitudinal momenta fro
Eq. (2) for theRr field and from Eq. (3) for the. field
are removed. That should be done at fixed transver
coordinates.

It turns out that there are only two divergent diagramso
in the one-loop approximation (Fig. 2). They are loga-
rithmically divergent in the infrared because of the singu-

wheredp meandivergent partthe angle brackets denote
the correction of theN,R (IN,F) for the self-interaction
of the R fields (L fields), andA is the exponential of
Rhe rapidity of the boost. The rest of the operators
M, J, L) participating in Eqg. (21) are finite in the
ne-loop approximation. We should note that Eq. (23)
Myas obtained with the dimensional regularization of the
integration over the transverse momentum involved (in
Sﬁ’articular, integrals such aﬁdll/li were set to zero).
The a(q.) of Eqg. (23) determines the leading contri-
ution to the renormalization “constant” of the operators
NERL(g,). Itturns out to be

larity 1/ik in the rhs of Eq. (11). As can be seen in the ’ d’k
diagrams, the problem is factorized: Calculation of the di- alg.) = 3asq] QmR(k — ) (24)
coinciding with the known Regge trajectory of the
R R R R Reggeized gluon [14,16].
It follows from Eq. (23) and the one-loop finiteness of
Yt the operatorsM, J, £ that all one-loop divergences gen-
@ @ erated by the effective action of Eq. (21) may be removed
by a renormalization of the coupling constaris(q, ) —
L L L Gir(q1) = Zi(q1)Gi(gy). The renormalization con-
(a) (b) stantsZ;(q.), k = 0,1,2, are
FIG. 2. Divergent one-loop diagrams of the effective theory. Zlqr) =1 = kin(alq.) (25)
(@),(b) See text. in the one-loop approximation.
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This allows one to apply the standard RG considerations[4] G.B. Pivovarov, in Proceedings of the International
(see, e.g., a text book [17]). In particular, running cou-  Seminar, “Quarks-94,” Vladimir, Russia, 1994dited
plingsG (g, ) may be defined as functions of the logarithm by D.Yu. Grigoriev, V.A. Matveev, and V.A. Rubakov
of the boosted cuft;/A. The standard procedure yields _ (World Scientific, Singapore, 1994).

the following RG equation for the running couplings: 5] K. G. Wilson and J. Kogut, Phys. Rep. 12, 75 (1974).
[6] L.V. Gribov, E.M. Levin, and M. G. Ryskin, Phys. Rep.

3Gr(qr) _ 1 9Zi(q1) GalaL) C 100, 1 (1983).
d1In(A) Zi(g1) oln(A) gL [7] H. Verlinde and E. Verlinde, Princeton University Report
= No. PUPT-1319, 1993, Report No. hep“9#302104 (un-
~ ka(q1)Gi(qL), (26) published).
whose solution is [8] S.J. Rey, inProceedings of the 5th Blois Workshop on
g2 Elastic and Diffractive Scattering, Providence, RI, 1993,

GilqL) = Akela.) 2 edited by H.M. Fried, K. Kang, and C.-l. Tan (World
4L ) Scientific, Singapore, 1994).

[this takes into account that boundary valueg5pfyg | ) at [9] I. Ya. Aref'eva, Phys. Lett. B325 171 (1994).

A = 1 are given by Eq. (22)]. [10] L.N. Lipatov, Nucl. PhysB452, 369 (1995).

In conclusion, we formulated an effective Regge gaugél1l] CDF Collaboration, F. Abeet al., Phys. Rev. Lett.70,

field theory and recognized the problem of resummation
of energy logarithms for gauge theories as a problem of
infrared renormalization of some nonlocal operators in a
2D field theory. The trajectory of the Reggeized gluon was
rederived in this way.
shall show that the same renormalization of the nonloc
operators contains, in the two-loop approximation, the
BFKL equation.
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