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Motion of Neutron Vortices in the Inner Crust of a Neutron Star
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The interaction of a macroscopic length of neutron vortex with a polycrystalline nuclear lattice can be
simplified by a lattice potential density representation. Expressions are obtained for the weak-coupling
time-averaged force on a moving vortex and, at very small velocities, for an approximate upper limit to
the force for strong coupling between vortex and lattice. The force is too small to provide the minimum
vortex pinning inferred from pulsar glitches. [S0031-9007(97)03750-2]

PACS numbers: 97.60.Jd, 74.60.Ge, 97.60.Gb

The periodicity of the radio emission observed in pul-has the translational properties of a lattice potential.
sars is caused by the rotation of the charged componen®e use the free-vortex Green function to obtain, for
of magnetized neutron stars. The neutron superfluid rostrong coupling and very small,, an approximate upper
tates at an angular velocit), slightly greater than the Ilimit for the time-averaged force. Averaged over a
observed angular velocity): its vortex array is sparse, macroscopic length, this force can be identified with the
the mean density bein2(),/x < 10° cm™ 2, wherex is  maximum pinning force acting on a deformable vortex
the neutron superfluid quantum of circulation. It is be-through its interaction with a polycrystalline structure. An
lieved that the angular velocity differenc®, — () is  estimate, for reasonable superfluid parameters, shows that
normally maintained by vortex pinning to the Coulombit is too small to provide the minimum vortex pinning
lattice of nuclei forming the solid crust of the star. The required to explain the magnitude and frequency of pulsar
observed pulsar glitches are sudden increasés which  glitches [6] and that other pinning mechanisms have to be
occur when large-scale vortex unpinning allows the transeonsidered.
fer of angular momentum from the neutron superfluid to The vortex-lattice interaction can be represented by a
the charged components whose rotation is observed [1,23um of potential functions of the instantaneous perpen-
Postglitch relaxation of the spin-down ra€e is almost dicular distances, between the vortex axis and the nuclei
certainly determined by the dissipative motion of neutronat lattice pointss. (Vortices can be assumed locally
vortices. rectilinear over lengths of the order of the bcc lattice

Neutron vortex pinning has certain differences fromconstanta.) The Cartesian coordinates adopted here are
pinning in electronic type Il superconductors. Cooperafixed in the rest frame of the undisturbed vortex whose
tive effects are unimportant, except in large-scale unaxis coincides with thez axis. Displacement of the
pinning, owing to the large intervortex spacing. Thevortex axis from its undisturbed position in tlvey plane
Coulomb lattice is homonuclear because proton shell clois denoted by the vectou(z, 7). We consider constant
sures determine the nuclear charge [3]. Because the ifaotion of the lattice relative to the Cartesian coordinates
ternal cooling rate is slow, lattice defects are formed inoriented such that, for a lattice poistreferred to the
local thermodynamic equilibrium and are those with lowcoordinatess, 3 are constant ansh = —v.(t — t,). The
formation enthalpy. (Vortices in electronic type Il su- vortex intersects a polycrystalline structure of single
perconductors pin to a dense microstructure of defectsrystals(i) with lengthsh; and orientations, referred to
formed in the fabrication process. The density of pinningthe axes fixed in the vortex frame, specified by sets of
centers and the strength of the elementary pinning forceeciprocal lattice vectorg; (the subscripi is suppressed
are usually treated as phenomenological parameters.) The all formulas). The potential sum over any length of
neutron superfluid coherence lengghis of the same vortex smaller thanb; but large compared withu is
order of magnitude as the bcc Coulomb lattice constant replaced by an integral over a potential energy per unit
(107" -107"2 cm). Therefore, the pinning mechanisms length of vortex,
considered in this work are pinning by monovacancies and o
intrinsic pinning in a polycrystalline structure. Z V(ry) — Z] Uge'®" dz, ()

Energy transfer to Kelvin wave excitations is the most s g
important dissipative process resulting from the vortex-in which the potential energy density has the translational
nucleus interaction [4,5]. In this Letter, we observe thatproperties of a lattice potential and
for a vortex moving slowly with velocityv; through a L
polycrystalline structure, the instantaneous force effective grF=g X Tg-utgurtez (2
in exciting long-wavelength Kelvin waves can be derivedwhere x, is an arbitrary constant displacement. The
from a potential energy per unit length of vortex which dispersion relation for unperturbed Kelvin phonons [7] of
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angular frequency and wave numbep is o = cgp?,  (The equations of motion are given in Ref. [7]: see also
in which the parametecy = —(k/4#7)Inp& is only [8].) With the interaction in a given single crytsal limited
logarithmically dependent op and on the coherence to the dominant potential density term, the function of the
length ¢ for the neutron superfluid. The basic angulardisplacement)(z,7) = g - u satisfies

frequencyw = gov; present in Eq. (2) corresponds, for

2 —1 \ppi b/2 t
vy < 10° cms *, with very small wave numbers < g, b(z,1) = ZZgiUgf dz/f dr’
a 2 —®

and the dominant term in the potential density within “b)
a given single crystal is expected to be that for the I A
: ) & X Goalz =2t = 1)
reciprocal lattice vectog giving the smallestp — g;l. '
Although the replacement (1) is not generally correct X sing - xo + wt' + g3 + ¢(,1")]. (5)

unless specific model assumptions are made, we observe _ _
that it is always valid for a single dominant term with The force per unit length acting on the vortex can be
very smallgs provided, as is confirmed posterior that ~ €xpressed in terms af. Itis
terms with g; of the order ofg can be neglected. The ,
parameters, are obtained fron¥(r,) and are rapidly ~ fa(2) = 28aUg(sin(g - Xo + w1 + g3z + 4)),  (6)
decreasing functions of the ratio gf to the bcc lattice
constanta: They also become small for reciprocal lattice
vectors beyond the basic set.

The free-vortex Green function giving the displacemen
u(z, ) produced by unit impulse in each of the= 1,2

where the angle brackets denote a time average.

The function¢ can be expressed as a power series in
[{he parametet = bU,(gi + g3)/(pkckp)and obtained
o lowest order, fol¢| < 1, by introducing the Fourier
transform ofG,g,

directions is
1 b 1 w'os
-t —=1)= Gap(p',0') = — (1— )
Gaﬁ(z z,t t') 2pk[mex(t — t/)]l/z “P 2pk CKP/2
X (siny + ioycosy), (3) X 1
o' — cgkp”? + in
where
- 1 @)
(z —2')? T w + cgp? +in )’

X~ 5~ (4)
deg(t — 1) 4 . . . . e .
in which 7 is positive and infinitesimal. The displacement

p is the superfluid density, and, is the Pauli matrix. ~function, with the constant phage- xo suppressed, is

A 1 1 2p . 1 b
(z,1) = — - + sin(gsz + wi) — sinl (g3 — p) — + pz + wt
¢ wl\e-p Gtr L+ 83 o = g =P 5 tr
. b ePe=b/2) . b b
- sin +p)—+ pz—wt| — ———| psinl g3 — + wt | + g3co0 — + wt
ot p (g3+p) 5 +pz-w el R UL E 83€0§ 835 t
e Path/2) b b
+ ————| psinf g3 — — wr | + gs3co — — ot 8
pr— psin g — — g3 g35 — o , (8)

From Egs. (6) and (8), the force per unit Iengthzat| |¢| = 1, is of the same order of magnitudg, Ugggl) as
for which the exponential terms are negligible is linearlythe instantaneous external force acting on the vortex. The
dependent on sig; = p)z and on cofgz = p)z. The  b; independence of the force exists to any ordef.inFor

total force acting on the sector is z such that the exponential terms in Eq. (8) are negligible,
examination of Egs. (5) and (7) shows that in ordgf, ¢
F= _8aUgA|[1 — codgs — p)b] is linearly dependent on ig - xo + wt + g3z + ¢)in
2b (g3 — p)? orderk — 1 andonsifip,z * nwt)and co$p,z + nwt)
[1 — codgs + p)b] where the integers arek,k — 2,.... The wave numbers

(es + p) . (9  p, are defined byrw = cxp? and are not multiples of
g3. Systematic application of this result shows that ¢os
confirminga posteriorithe assumption that only a single and sing in orderk have, respectively, no terms linearly
reciprocal lattice vector need be considered. The wealdependent on s{ig - xo + wr + g3z) and cosg - xo +
coupling Egs. (8) and (9) are of interest as a guide to thewr + g3z), so establishing that the time-averaged force
strong-coupling case. The order of magnitude of the totaper unit length given by Eq. (6) in ordér+ 1 is linearly
force is independent df; and, for displacement such that dependent on sinusoidal functionsefvith wave numbers
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given by linear combinations of thg, and g3, as is the by the change in kinetic energy of the circulating super-
lowest-order force. fluid at r, = £. Our calculations ofU, show that the

In the limit of very strong coupling|U,| — ) the long-range term [12], compared with the condensation en-
form of Eq. (5) is such that the periodic componentergy term of Alparet al. [13], is the more important. The
of ¢ for very small v, must be approximately equal computedlU, for the basic reciprocal lattice vectors has a
to the sawtooth functionp™ = —g - x9 — wt — gz maximumU, = 1.1 X 10° ergcnT! at a matter density
with —7 < ¢® < . The displacement components,  of 3 X 10'3 gcm™3 and decreases rapidly at higher den-
form a set of evenly spaced kinks (Fig. 1; see alsaities Uy = 6 X 10° at 8 X 10" gcm™3) owing to the
Ref. [9]) each corresponding with movement of the vortexsmoothing which occurs where the coherence length ap-
axis from one lattice plane to the adjacent. A kink movesproaches the lattice constant.
with velocity gov;/g; parallel with thez axis and has Models in which neutron vortices are pinned by in-
length of the order oft = 2@ pkck/g?|Ugl)!/?. The  teraction with the Coulomb lattice of nuclei in the crust
time averaged force acting on the sector at extremelare not consistent with the expression obtained fipr
smallv,, can be at most of the order 6§|U,|. Analysis of the magnitude and frequency of Vela pulsar

Application of the classical theory of homogeneousglitches [6] shows that the depinning threshold at matter
nucleation [10] indicates that the polycrystalline latticedensity 8 X 10" gcm™3 must exceedl0" dynecnt!.
should form, from the undercooled metastable state, witfrhe conditionfz = 10'> dyne cnt! would requireb; <
large b; owing to the high growth velocity of the crys- 2.5 X 107! cm, completely at variance with the kind
talline phase and the low cooling rate of the star. (Strucef structure indicated by homogeneous nucleation theory
tures with smalb; were assumed in Ref. [5].) The single [10]. However, it is possible that the are not randomly
crystal reciprocal lattice vectors have a distribution of ori-oriented. Existing neutron energy gap calculations [14]
entations with respect to the vortex so that in applyingare not sufficiently reliable to exclude the possibility that
Eq. (6) to find the force on th&ah sector, terms i aris-  vortex formation precedes solidification. But even in the
ing from sectorsj # i make no contribution. The order limit in which the whole crust forms as a specially ori-
of magnitude of the time-averaged force acting on a sectanted single crystal, it would be surprising if there were
iS ga|Usl min(g; ', €). Summation over sectors with ran- no disruption caused by evolution of the spin direction or
domly orientedg; and average linear dimensiéngives a  of the internal magnetic flux distribution [15]. Pinning by
force per unit length of x = 6(1 + Ing€)|U,|/ b; acting  a random distribution of monovacancies can be excluded
on a long length of vortex. Interaction of a vortex with the by application of an approximate scaling theory [16], with
disordered planes forming single crystal boundaries givethe superfluid parameters of Ref. [13], which shows that
a contribution about an order of magnitude smaller. Couunphysically large monovacancy fractional concentrations
pling with other degrees of freedom has been neglected;,, = 0.02 would be required to produce the necessary de-
as has dissipation associated with transitions in a thermalinning threshold.
population of Kelvin phonons [5]. Separate phases of rod and slab nuclei have been

The calculation ofUy assumes the bcc lattice constantpredicted [17,18] at matter densities intermediate between
of Negele and Vautherin [3] and a coherence length baseithose for the bcc lattice of spherical nuclei and for the
on the neutron energy gap of Ainsworth, Wambach, andiquid core. The time-averaged force calculations given
Pines [11]. The vortex-nucleus potentiélr,) has a com- here are unchanged in essence: The reciprocal lattice
ponent produced by the change in condensation energsectors are confined to a plane or to a fixed direction. Our
at separations, < ¢ and a long-range component given conclusion that vortex pinning in the crust is improbable
leaves the strong interaction between neutron and proton
vortices in the liquid core [19-21] as a possible pinning
mechanism. If this is the case, our entire picture of pulsar
glitches, which appear to be a common phenomenon, may
have to be revised.
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