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Spatial Structures of Dipolar Ferromagnetic Liquids
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We have determined the magnetization structure in a ferromagnetic dipolar fluid by performin
numerical minimization of a free energy density functional which is highly nonlocal due to the lo
range of the dipolar interactions. In a cubic sample a vortex structure is found which consists of
domains and four thick domain walls. Depending on sample size and temperature, near the v
line we observe an “escape” of the planar magnetization into the normal direction or a reductio
its magnitude inside the vortex core. We describe the temperature dependence of the structure
approaching the Curie point. If an external field is applied, a transition to a homogeneously magne
state takes place at a critical field strength. [S0031-9007(97)03661-2]

PACS numbers: 75.50.Mm, 61.30.Cz, 75.70.Kw
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The occurrence of a ferromagneticliquid phase with-
out long-ranged positional order has been claimed
strongly dipolar fluids at high densities [1–11] and f
supercooled liquid CoPd alloys [12,13]. In this Lett
we focus on the former case but the results may a
be relevant for the latter case. Evidence for long-ran
orientational order in simple model fluids consisting
spherical particles with permanent dipole moments
been obtained in Monte Carlo simulations [1–6] a
in different theoretical approaches [7–11]. These m
els could also apply to ferrofluids, i.e., colloidal su
pensions of solid ferromagnetic particles. Experimenta
ferrofluids exhibit strongly paramagnetic behavior bu
transition to a ferromagnetic phase might be attaina
at high concentrations by appropriate chemical tailori
Both in simulations and in analytic theories the dipo
forces must be treated carefully due to their long ran
which may give rise to effects depending on the sha
of the sample. It turns out that for all sample shap
with the exception of a long needle, the equilibriu
configuration is inhomogeneous with a spatially varyi
magnetizationMsrd [14,15]. This implies a shapeinde-
pendentfree energy, as is expected on general grou
[16]. (These effects are absent in Heisenberg flu
[17] in which the magnetic exchange interaction is sh
ranged.) The difficult problem of determining explicitl
the spatial distribution of the inhomogeneous magnet
tion for a given sample shape has not yet been solv
Recently we obtained [15] a general characterization
the equilibrium configurations, which, however, does n
determine the actual structure. We also speculated a
possible domain structures in a cubic sample under
constraint of a discontinuous change of the orientatio
order across sharp domain boundaries and constant m
netization within the domains. This assumption is o
viously unrealistic for liquid systems. Furthermore
implies the existence of line singularities where three
four domains meet each other. However, due to gen
topological arguments [18], stable line singularities ca
not exist in three-dimensional spin systems. Therefo
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the actual domain structure within a liquid ferroma
net remains an open problem. In the present work
have succeeded in determining this structure for a cu
sample by using a versatile numerical minimization
an approximate microscopic density functional [10,11,1
for the ferromagnetically ordered fluid. Our approac
which is capable of describing the structure both on t
scale of the system size and on a microscopic scale
termined by the particle diameter, allows us to analy
simultaneously large scale structures and, for examp
the cores of topological defects. Our results feature,in-
ter alia, the dissolution of line defects in favor of poin
defects, the absence of sharp domain walls, the escap
the orientational order into the third dimension, and t
loss of order within the cores of the defects.

We have made noa priori assumptions regarding the
symmetry of the domain structure and have minimiz
with respect to the dimensionless local magnetizat
MsRd at mesh pointsR on a simple cubic lattice within
the sample. (The actual magnetization is

p
4py3 rmM,

wherer is the number density andm the dipole moment
of the particles.) The fluid particles interact accordin
to the Stockmayer pair potential, given by the sum
the dipolar interaction and the isotropic Lennard-Jon
potential characterized by an energy scalee and a
particle diameters. Within the applied approximation
scheme [11,15] the free energy difference between
ferromagnetic and the paramagnetic liquid of densityr

is F ­ For 1 Fint. The first contribution, describing the
entropy loss due to orientational ordering, is

For ­ kBTr
Z

V
d3r

Z
d cosu f 1

2 1 Msrd
p

12p cosug

3 lnf1 1 Msrd
p

12p cosug

. kBTra3
X
R

X̀
n­1

f
p

12p MsRdg2n

s2n 2 1d2ns2n 1 1d
.

It is obtained by an integration over the orientation
distribution of the fluctuating dipole moments. HereMsrd
© 1997 The American Physical Society 749
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is the magnitude of the local magnetization,u is the angle
between the fluctuating and the mean magnetization,
a is the lattice constant of the mesh. The interacti
contribution to the free energy is

DFint ­
1
2 kBTr2a6

3
X
R

X
R0

X
i,j

MisRdwijsR 2 R0dMjsR0d ,

with the tensor

wijsRd ­ QsR 2 sd f f110sRddij

1 f112sRd sdij 2 3R̂iR̂jdg ,

where R ­ jRj, R̂ ­ RyR, and the Heaviside function
Q truncates the interaction at the particle diameters.
General expressions for the functionsf110 and f112 have
been derived in Ref. [19]. For small dipole momentsm,
f112sRd is proportional toR23 and f110 is negligible so
that wij reproduces the well-known form of the dipole
dipole interaction. In an external magnetic fieldH a term
2

p
4py3 rma3H ?

P
R MsRd must be added to the fre

energy.
The latter is minimized with respect to the magnetiz

tion configurationhMsRdj using simulated annealing [20]
Starting from an appropriate initial configuration, at ea
step a lattice siteR0 and a new value ofMsR0d are cho-
sen at random and the resulting change in free ene
DF is calculated. The proposed change is accepted w
probability minh1, expf2DFyskBTsdgj, whereTs denotes
a control temperature that is gradually reduced during
minimization. Starting from completely random initia
states requires extremely long numerical runs. Therefo
in most cases we started from a minimum configurat
which had been obtained in a previous run for differe
parameter values. We used up toN3 ­ 223 mesh points
and examined cubic volumes of sizeLys ­ 4.8 12.0.
Typical CPU times on a workstation were 3.2 hours fo
163 mesh and 25 hours for a223 mesh.

As our standard values of the thermodynamic param
ters we chose the dipole momentmp ­

p
m2yss3ed ­

1.5, the temperatureTp ­ kBTye ­ 2.25, and the den-
sity rp ­ rs3 ­ 0.94. This corresponds to a state we
within the ferromagnetic liquid phase as predicted by t
present density-functional theory [15]. Figure 1 displa
a typical example of the resulting magnetization stru
tures. The section perpendicular to thez axis shows a vor-
tex of closed magnetization lines circulating around th
spontaneously chosen axis. In this context it is interest
to note that clusters of some ten to 100 dipolar partic
also exhibit a vortex structure at low temperatures [21,2
The configuration in Fig. 1 may also be described as co
posed of four domains separated by broad domain w
along the diagonals. Thus it resembles the triangu
structure obtained previously [15] under the constraint
sharp domain boundaries. A similar structure has a
been found to be the most favorable one in cubic m
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FIG. 1. Magnetization structure of a ferromagnetic liquid in
cubic volume with edge lengthLys ­ 7.2, 203 mesh points,
andT p ­ 2.25. The three parts of the figure represent sectio
(a) for fixedz ­ 0.025L, (b) fixedy ­ 20.075L, and (c) fixed
y ­ 20.225L; the origin is at the center of the cube. Th
arrows represent projections of the local magnetization at th
midpoint onto the section plane.

netite particles just above the critical single-domain siz
However, more complicated structures occur in this ca
for larger particles [23,24]. As can be seen in the se
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tions perpendicular to they axis, there is a nonvanishin
out-of-plane component ofMsrd, which is especially pro-
nounced near the vortex axis. In this way a line sing
larity is avoided by an “escape into the third dimension
This is in accordance with general considerations sho
ing that line singularities are topologically unstable in
system of three-component spins in three spatial dim
sions [18], which means that they can always be remo
by continuouslocal modifications. However, near the to
and the bottom faces of the cube thez component de-
creases in order to avoid a large normal component at
surface which would produce an unfavorable demagn
zation field [15]. Thus, two topologically stable point sin
gularities near the centers of the bottom and top surfa
are inevitable. In contrast to the usual micromagnetic c
culations for solids [25], the magnitude of the magne
zation is nota priori assumed to be a constant, but
included as a minimization parameter. A closer look
the point defects reveals thatjMsrdj strongly decreases in
side their cores (see Fig. 2). In the bulkMsrd is approxi-
mately constant, but it also decreases near the surface

Very similar structures have been found for all valu
of L and N . With the exception of the smallest sys
tems the scaling propertyMsrys, Lysd ­ Ms0dsryLd is
approximately obeyed, so that one can surmise that
holds also in the thermodynamic limit. The functionMs0d

represents the global texture in the thermodynamic lim
The domain walls are mainly of the Néel type, i.e., t

magnetization rotates within the plane defined by the m
netization directions of the adjacent domains [26]. In ord
to measure the wall thicknessd we consider the change
of the in-plane magnetization component parallel to t
wall upon traversing the wall on a normal path. It a
proaches opposite limits in the adjacent domains.
defined as the distance between those points where
tangent to this curve at its inflection point reaches the
limits [26]. The normalized thicknessdyL decreases
slightly from ,0.3 to ,0.25 within the accessible range

FIG. 2. Absolute value of the dimensionless magnetization
a function of the distancer from the vortex axis along lines
parallel to thex or y axes at different heightszp ­ zys. 243

mesh points are used and the side length isLp ­ Lys ­ 7.2.
Around the point defect at the center of the bottom face
degree of orientational order is strongly reduced.
-
”
w-
a
n-
ed

he
ti-
-
es
l-

i-
s
t

.
s

is

.
e
g-
r

e
-
e

he
se

as

e

of system sizes, but the observed size dependence is c
patible with a finite value ofdyL in the thermodynamic
limit, which would be in accordance with the scaling be
havior proposed above. A finite and nonzero limit ofdyL
has already been conjectured by de Gennes and Pincus
for liquid ferromagnets and is also expected for an isotrop
Heisenberg model, whereas in real solid ferromagnets
wall thickness is always restricted to a microscopic val
due to a violation of the full O(N) symmetry induced
by the coupling to the lattice anisotropy. In this respe
liquid and solid ferromagnets differ significantly.

When the temperature of the fluid is increased t
ferromagnetic order vanishes continuously at the Cu
temperatureTc. For the small volumes under considera
tion Tc depends on the system size [28]. It is lowered b
about 10% whenLys is reduced from 9.6 to 4.8. Upon
approachingTc a second mode of avoiding a singularit
at the vortex axis evolves: as shown in Fig. 3 a colum
of less ordered fluid with reducedMsrd develops around
this axis, while the degree of escape into the axis direct
is reduced. Simultaneously the less ordered surface la
thickens as a consequence of the increasing correla
length near the phase transition.

The above results refer to zero external field. If an exte
nal field is applied the dipolar particles tend to align alon
the field direction. The resulting transition from the inho
mogeneous zero-field configuration to the homogeneou
magnetized state in the presence of strong fields can a
be examined within the present approach. We have
plied the field normal to the surfaces of the cube but
different directions relative to the spontaneously chos
vortex axis of the zero-field configuration, which was use
as an initial guess for the minimization algorithm. Th
most stable configurations turned out to be those for wh
the vortex axis is parallel to the external field. The rel
tive stability of the resulting configurations can be judge

FIG. 3. Absolute value of the magnetization along diagon
lines near the midplane (z . 0) as a function of the tempera-
ture. From top to bottom the lines correspond to the followin
values ofT p: 2.25; 2.30 to 2.60 in steps of 0.10; 2.65 to 2.85
steps of 0.05. The estimated Curie temperature isTp

c ­ 2.89.
Near the vortex axis (r ­ 0) jMj decreases faster than for in
termediate values ofr so that a column of less ordered fluid
develops around this axis.
751
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FIG. 4. Dependence of the averaged longitudinal magnet
tion componentkMkl and the averaged angular componentkMwl
on the field strength for fixed temperatureT p ­ 2.25. The an-
gular component decreases for increasingHp ­ H

p
s3ye and

vanishes approximately linearly atHp
c . 1.50. Below Hp

c the
parallel component increases approximately linearly and cros
over towards saturation forHp . Hp

c . Above Hp
c the sample

has an approximately uniform magnetization. The data co
spond toLys ­ 9.6 and163 mesh points.

on the basis of the corresponding value of the fr
energy. At moderate field strengths the in-plane struct
perpendicular to the vortex axis is essentially preserv
while there is a substantial increase of the magnetiza
component parallel to the field. If the field is sufficient
strong the vortex structure is lost at a critical field streng
Hc. This is shown in Fig. 4 by the field dependence
the averaged parallel componentkMkl ­ N23

P
R M3sRd

and of the angular componentkMwl ­ N23
P

R ewsRd ?

MsRd, whereewsRd ­ sR2, 2R1, 0dyjRj.
In metallic liquid ferromagnets short-ranged exchan

interactions due to the conduction electrons, which
not incorporated in the present theory, play a dom
nant role and determine the Curie temperature. Ho
ever, once the system is ferromagnetically ordered
inevitable presence of additional long-ranged dipolar
teractions leads to the formation of an inhomogeneo
magnetization structure. Thus we expect the large sc
domain structures of these systems to be similar to th
of purely dipolar fluids, as described in this work. In liq
uids the spatial structure of the orientational order diffe
from the domain structure in ferromagnetic solids d
to the absence of lattice anisotropies. An experimen
study of this structure, e.g., using magnetic neutron
mography or x-ray microscopy based on x-ray magne
circular dichroism [29] would certainly be very reward
ing and important for determining the equilibrium shap
of ferromagnetic liquid drops.

S. D. acknowledges helpful discussions with D. Tho
less. We are grateful to R. Evans for a critical reading
the manuscript.
752
a-

ses

e-

e
re
d,
on

th
f

e
re
i-
w-
he
n-
us
ale
se

-
rs
e
tal
o-
tic
-
s

-
of

[1] D. Wei and G. N. Patey, Phys. Rev. Lett.68, 2043 (1992).
[2] D. Wei and G. N. Patey, Phys. Rev. A46, 7783 (1992).
[3] J. J. Weis, D. Levesque, and G. J. Zarragoicoechea, Ph

Rev. Lett.69, 913 (1992).
[4] J. J. Weis and D. Levesque, Phys. Rev. E48, 3728 (1993).
[5] M. J. Stevens and G. S. Grest, Phys. Rev. E51, 5962

(1995).
[6] M. J. Stevens and G. S. Grest, Phys. Rev. E51, 5976

(1995).
[7] K. Sano and M. Doi, J. Phys. Soc. Jpn.52, 2810 (1983).
[8] H. Zhang and M. Widom, Phys. Rev. E49, R3591 (1994).
[9] D. Wei, G. N. Patey, and A. Perera, Phys. Rev. E47, 506

(1993).
[10] B. Groh and S. Dietrich, Phys. Rev. Lett.72, 2422 (1994);

74, 2617 (1995).
[11] B. Groh and S. Dietrich, Phys. Rev. E50, 3814 (1994).
[12] D. Platzek, C. Notthoff, D. M. Herlach, G. Jacobs

D. Herlach, and K. Maier, Appl. Phys. Lett.65, 1723
(1994).

[13] J. Reske, D. M. Herlach, F. Keuser, K. Maier, and
D. Platzek, Phys. Rev. Lett.75, 737 (1995).

[14] M. Widom and H. Zhang, Phys. Rev. Lett.74, 2616
(1995).

[15] B. Groh and S. Dietrich, Phys. Rev. E53, 2509 (1996).
[16] R. B. Griffiths, Phys. Rev.176, 655 (1968).
[17] J. J. Weis, M. J. P. Nijmeijer, J. M. Tavares, and M. M

Telo da Gama, Phys. Rev. E55, 436 (1997), and
references therein.

[18] N. D. Mermin, Rev. Mod. Phys.51, 591 (1979).
[19] P. Frodl and S. Dietrich, Phys. Rev. A45, 7330 (1992);

Phys. Rev. E48, 3203 (1993).
[20] W. H. Press, B. P. Flannery, S. A. Teukolsky, and W. T

Vetterling, Numerical Recipes(Cambridge University
Press, Cambridge, 1989); simulated annealing is
stochastic numerical method to find the minimum of
complicated function of many variables and thus shou
be distinguished from a Monte Carlo simulation.

[21] H. B. Lavender, K. A. Iyer, and S. J. Singer, J. Chem
Phys.101, 7856 (1994).

[22] D. Lu and S. J. Singer, J. Chem. Phys.103, 1913 (1995).
[23] W. Williams and D. J. Dunlop, Nature (London)337, 634

(1989).
[24] A. J. Newell, D. J. Dunlop, and W. Williams, J. Geophys

Res.98, 9533 (1993).
[25] W. F. Brown Jr.,Micromagnetics(Krieger, Huntington,

1978).
[26] A. Hubert, in Theorie der Domänenwände in geordnete

Medien, edited by J. Ehlers, K. Hepp, and H. A. Wei-
denmüller, Lecture Notes in Physics (Springer, Berlin
1974), Vol. 26.

[27] P. G. de Gennes and P. A. Pincus, Solid State Commun.7,
339 (1969).

[28] Strictly speaking the finite sample size leads to a roundin
of the phase transition which, however, is not captured b
the present mean field theory.

[29] G. Schmahl, P. Guttmann, D. Raasch, P. Fischer, a
G. Schütz, Synchrotron Radiation News9, 35 (1996).


