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Coupling between Phonons and Intrinsic Josephson Oscillations in Cuprate Superconductors
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The recently reported subgap structures in the current-voltage characteristic of intrinsic Josephson
junctions in the high-Tc superconductors Tl2Ba2Ca2Cu3O101d and Bi2Sr2CaCu2O81d are explained by
the coupling betweenc-axis phonons and Josephson oscillations. A model is developed wherec-axis
lattice vibrations between adjacent superconducting multilayers are excited by the Josephson oscillations
in a resistive junction. The voltages of the lowest structures correspond well to the frequencies
of longitudinal c-axis phonons with large oscillator strength in the two materials, providing a new
measurement technique for this quantity. [S0031-9007(97)03697-1]
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The transport properties of highly anisotropic cupra
superconductors inc direction can well be described
by a stack of Josephson junctions formed by nonsup
conducting material between adjacent superconduct
copper oxide multilayers [1]. Recently the observatio
of subgap structures in the current-voltage (I-V ) char-
acteristic of intrinsic Josephson junctions in the hig
Tc superconductors Tl2Ba2Ca2Cu3O101d (TBCCO) and
Bi2Sr2CaCu2O81d (BSCCO) has been reported [2–4
Each individual branch of theI-V curve shows a struc-
ture which can be traced back to theI-V characteristic of
one single Josephson junction in the resistive state. Th
structures seem to be an intrinsic effect, as they have b
observed both in step edge junctions (TBCCO) and me
type stacks (BSCCO) of different sizes. The charact
istic voltages are completely independent of temperat
and external magnetic fields, which rules out any relati
to the superconducting gap, vortex flow, or the therm
excitation of quasiparticles.

It was shown that the pattern of one junction can
described phenomenologically by a resistively shunt
junction (RSJ) model by assumingad hoc a special
structure for the current-voltage characteristic of th
quasiparticles [3]. It was argued that such a structu
might result from peaks in the quasiparticle density
states due to Andreev reflection between normal a
superconducting regions. Several alternative approach
including the modulation of the tunneling distance du
to Raman-active phonons, have been mentioned in
but up to now all suggestions failed to explain the ma
features of the effect. In this paper we want to discu
a different mechanism involving phonons by assumi
that the local electric field oscillations produced by th
Josephson effect in a single junction excite infrared act
c-axis phonons. In the following we will present a
simple model where we couple the nonlinear curren
phase relation of one junction to a local oscillator. Th
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analytical and numerical solution of this model provide
a very good quantitative explanation of the experimen
data. It is shown that the peaks in the subgap structure
the dc current-voltage characteristic correspond to ze
of the dielectric function of the barrier material, i.e., t
longitudinal optical phonons.

In the minimal version of the RSJ model the tota
current (density)

I  jc sing 1 s0E 1 ÙD , (1)

through one of the junctions is the sum of the Josephs
current, the (Ohmic) quasiparticle currentIqp  s0E, and
the displacement current densityÙD, where the (gauge
invariant) phase differenceg is related to the electric field
E in the barrier of thicknessb by

h̄ Ùg  2eEb . (2)

Further time dependencies of a microscopic model a
thereby neglected for simplicity [5,6].

The displacement currentÙD contains the polarization
P of the barrier medium,D  e0E 1 P  e0eE. In the
case of high frequency Josephson oscillations in the ran
of phonon frequencies it is important to keep the fu
frequency dependence ofesvd or to treat the polarization
P as an additional dynamical variable.

Here we assume that the polarizationP  nqz is due
to a c-axis displacementz of ions with chargeq, mass
M, and densityn in the insulating barrier between the
copper oxide (multi)-layers. For the motion of the ion
we assume a simple oscillator

z̈ 1 v2
0z 1 r Ùz 

q
M

E , (3)

which is driven by the electric fieldE in the barrier.
In this model the contribution of the oscillator to the
dielectric function is given by

ephsvd  1 1
nq2

e0M
1

v
2
0 2 v2 2 irv

. (4)
© 1997 The American Physical Society 737



VOLUME 79, NUMBER 4 P H Y S I C A L R E V I E W L E T T E R S 28 JULY 1997

s
i

th
n

n
e

ic

a

h

r

(
h

e

n

ry
ce

s

t

of
n

si-
e
sat-

in

is
It is useful to introduce normalized quantities: Fir
Eqs. (1) and (3) are divided by the critical current dens
jc, then a characteristic time variablet  tvc with vc 
s2eyh̄dVc is introduced, whereVc  RIc  bjcys0 is the
characteristic voltage determined experimentally by
voltage on the resistive branch at the critical curre
Then we obtain

j  sing 1 Ùg 1 bcg̈ 1 Ùp , (5)

l Ùg  p̈ 1 V2p 1 r Ùp , (6)

with the normalized polarizationp  Pvcyjc, frequency
V  v0yvc, friction r  ryvc, and the McCumber
parameterbc  RCvc  v2

cyv
2
J , where v

2
J  2ebjcy

sh̄e0d is the square of the Josephson plasma freque
and C  e0Fyb is the capacitance of the barrier. Th
coupling constantl  v

2
ionyv

2
J  Ssv2

0yv
2
Jd can be ex-

pressed by the ionic plasma frequencyv
2
ion  nq2ysMe0d

or the oscillator strengthS of the lattice vibration. In the
present case the ratio between the phonon frequencyv0
and the Josephson plasma frequencyvJ is large; therefore
even a small oscillator strengthS  sv2

ionyv
2
0d can lead

to a sizable coupling.
Equations (5) and (6) for the phase and the latt

displacement can be solved numerically to yieldgstd as a
function of the current densityj through the junction. By
taking a time average of the phase the dc current-volt
characteristic is obtained.

From the numerical results it turns out that both t
phasegstd and the polarizationpstd oscillate primarily
with one frequency, which is in agreement with gene
expectations for the RSJ model with largebc [6]. There-
fore higher harmonics can be neglected in the ansatz

g  g0 1 yt 1 g1 sinvt , (7)

p  p0 1 p1 cossvt 1 wd . (8)

Here y is the time averaged phase velocity, whic
corresponds to the dc voltagey  kV lyVc in the resistive
state.

The different Fourier components of the equations
motion are obtained by the Bessel function expansion

singstd 
X̀

n2`

Jnsg1d sinsg0 1 yt 1 nvtd . (9)

The Josephson current contributes to the dc current o
if y 1 nv  0.

For the fundamental harmonic we obtainv  y.
Using this ansatz in the differential equations (5) and
we obtain a set of equations for the amplitudes of t
different Fourier components. As Eq. (6) is linear in th
polarizationp, we can eliminate the polarizationp and
get an equation of motion for the phase oscillation alon

j  yf1 1
1
2 ssydg2

1g , (10)

fJ0sg1d 2 J2sg1dg cosg0  y2beffsydg1 , (11)

J1sg1d sing0  2
1
2 yssydg2

1 , (12)
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with

beffsyd  bc 2
lsy2 2 V2d

sy2 2 V2d2 1 y2r2
, (13)

ssyd  1 1
ly2r

sy2 2 V2d2 1 y2r2
. (14)

The functions beffsyd and ssyd are related to the
real and imaginary part of the phonon dielectric functio
ephsvd  e1 1 ie2 via

beffsyd  bc e1 , (15)

ssyd  1 1 ybc e2 . (16)

Thereby the poles (zeros) ofesvd are given by the
eigenfrequenciesvTO (vLO) of transversal (longitudinal)
optical phonons for wave vectors$k  0. In this way
the formalism can be easily extended to an arbitra
number of phonon branches and more complicated latti
dynamical models.

As the numerical solution of Eqs. (5) and (6) show
thatg1 , 0.1, Eqs. (10)–(12) can be linearized ing1 and
an analytical formula for theI-V characteristic can be
obtained,

jsyd  y 1 Djsyd  y 1
1

2y

s

s2 1 sybeffd2
(17)

 y 2
1

2y2
Im

µ
1

beff 1 i
s

y

∂
. (18)

Higher orders ing1 have been calculated analytically, bu
have only a negligible influence on theI-V characteristic.

With the help of these relations some special points
the I-V characteristicjsyd near the subgap structures ca
be identified.

For small voltagesy ø VTO  V  vTOyvc one
hasbeffsyd ø bc and ssyd ø 1, and the model reduces
to the conventional RSJ model. For this it is well known
[5] that there is a voltage jump in theI-V characteristic at
ymin ø 4vJyspvcd.

At the resonancey  VTO of the phononic oscilla-
tor both the effective quasiparticle conductivityssyd and
the effective McCumber parameterbeff are strongly en-
hanced and theI-V characteristic in Eq. (18) reduces to
the purely Ohmic term. This corresponds to a pure qua
particle tunneling current across the junction, while th
supercurrent and the displacement current are compen
ing each other.

In contrast to this, Eq. (18) indicates a resonance
jsyd near the zeros ofbeff, i.e., the eigenfrequenciesVLO

of longitudinal optical phonons. The differenceDy :
VLO 2 ymax betweenVLO and the actual maximumymax
of jsyd can be estimated asDymax , 2%, which is almost
independent of the choice of parameters. Physically th
point is connected with an oscillation of the electric fieldE
and the polarizationp with vanishing displacement current
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density ÙD. With the help of Eq. (18) also an analytica
formula for the intensity

Djmax : DjsVLOd 
1

2VLOssVLOd
(19)

of the subgap structures can be derived. Thereby it tu
out that a small damping parameterr, corresponding to a
weak coupling of interlayer ions in neighboring contac
or equivalently the small dispersion of the phonons
c direction, is crucial for the existence of a hysteret
region; no maximum ofjsyd can be found forr $ rcrit 
VLO 2 VTO. Also note that the intensityDimax  jc ?

Djmax in ordinary units is proportional to the critical
currentjc, as it has been reported in experiments [3].

In addition to this, an analytical expression for the di
ferential resistivitydyydj can be derived, which is plot-
ted in Fig. 1. Note that there exists a region of negati
differential resistivity for voltagesy slightly larger than
VLO, which cannot be reached in a current-biased expe
ment with a continously increasing (decreasing) bias cu
rent. The divergence of the differential resistivity at th
subgap structures might be connected with experimen
indications for a significantly enhanced noise productio
near the maxima of theI-V characteristic.

The numerical solution of the differential equation
(5) and (6) with a Runge-Kutta algorithm is in excellen
agreement with the analytical results given here, but it
difficult to investigate the region of theI-V characteristic
with negative differential resistivity with this method.

From general results for small capacitybc [5] it is to
be expected that the maximal currentjmax and the voltage
ymax of the peak is reduced in the presence of therm
noise. Consequently, the vanishing of the derivativej0syd
nearVLO is rarely observed in experiments or numeric
calculations.

In order to reproduce the experimental data in fu
detail, the shape of the quasiparticle characteristicIqp has

FIG. 1. Analytical solution for the differential resistivity for
realistic TBCCO parameters given in Fig. 2.
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to be modified. Instead of the Ohmic termjqps Ùgd  Ùg in
Eq. (1) an exponential behavior

jqps Ùgd  exp

µ
Ùg 2 1

yb

∂
(20)

for BSCCO and a semiconductorlike dependence

jqps Ùgd 
2 Ùg

1 1 expfs1 2 Ùgdyybg
(21)

for TBCCO have been used with appropriate values
yb successfully. The main consequence is a nonlin
backgroundIqpsyd in the I-V characteristic, while the
modifications of the quasiparticle conductivityssyd are
negligible. The shape and the position of the subg
structures are almost independent of the choice ofIqps Ùgd,
and the parameteryb can be determined very well from
parts of theI-V characteristic away from the subga
structures.

For an appropriate choice of parameters these analyt
and numerical results are in excellent agreement w
the experimental data, as can be seen in Figs. 2 an
All experimental investigations of phonons in TBCC
[7] and BSCCO [8] agree that infrared activec-axis
phonons are observed in the frequency range of
subgap structures. Theoretical calculations [9] show t
the dispersion inc direction is small, which correspond
to a small ratiorysVLO 2 VTOd in our model. But
considerable discrepancies in the published phonon d
do not allow us to use the values given in the literatu
directly as input parameters. This is also due to t
fact that usually only transversal phonon frequencies
determined in optical experiments or model calculation
while the subgap structures should rather be compa
with longitudinal branches. Also the precise values
the McCumber parameterbc and the coupling constan
l in TBCCO and BSCCO are unknown. Therefore th
experimentalI-V characteristics have been fitted with th

FIG. 2. Experimental, analytical, and numericalI-V char-
acteristic of TBCCO forbc  375, yb  0.29, V1  0.25,
l1  8, r1  0.03, V2  0.34, l2  3.5, andr2  0.015.
739
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FIG. 3. Experimental, analytical, and numericalI-V charac-
teristic of BSCCO forbc  800, yb  0.337, V1  0.267,
l1  10, r1  0.008, V2  0.345, l2  19, r2  0.0045,
V3  0.468, l3  39, andr3  0.02.

unconstrained parametersbc, Vi , li, ri, which turns out
to be quite a sensitive method for the determination
these quantities, as an optimal fit seems to be poss
only in a very restricted parameter range. As show
above the position of the peaks is given by the zeros of
phonon dielectric function, which is only dependent o
the TO frequenciesVi and the ratiosliyb. The absolute
values of li and bc can be used to tune the relativ
strength of the peaks, while the values ofri are important
for the overall curvature of the structure.

The best fits for TBCCO and BSCCO are given
Figs. 2 and 3. The prediction for the eigenfreque
ciesnLO  vLOs $k  0dys2pd of the longitudinal optical
phonons with lowest frequencies in both materials are
ordinary units:nLO,1  3.65 THz andnLO,2  4.70 THz
for TBCCO with a characteristic voltageVc  27.1 mV
and nLO,1  2.96 THz, nLO,2  3.90 THz, andnLO,3 
5.71 THz for BSCCO withVc  21.8 mV. These val-
ues are compatible with the results of most optical expe
ments [7,8].

To summarize, the recently discovered subgap str
tures in theI-V characteristic in the intrinsic Josephso
effect in high-Tc superconductors are explained by a co
pling of Josephson oscillations to opticalc-axis phonons
within a modified RSJ model. This is—to the knowledg
of the authors—the first time that a theoretical expl
nation of all relevant experimental facts has been give
Apart from the reproduction of the experimental data f
both BSCCO and TBCCO new insights in the physic
interpretation of the peak structures are obtained. Abo
all, the peak position is identified with the eigenfrequen
of the longitudinal optical phonon, which provides
natural explanation for the crucial, experimental result
the complete independence of the peak position on te
perature, magnetic field, and the geometry of the pro
In contrast to this, the position of the subgap structures
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expected to depend on pressure and the isotopes conta
in the material. This fact also suggests a new approa
for a direct measurement of longitudinal optical eigenfre
quencies, which are usually hard to determine in optic
experiments. It also turned out that the width of the stru
ture is closely connected with the LO-TO splitting of the
phonon branch. Also the observed proportionality of th
intensity of the resonance to the critical current can be u
derstood within the model presented above.

In principle, similar structures in the current-voltage
characteristic can be expected near the zeros of the co
sponding dielectric function, if other kinds of excitations
with a dipole moment are coupled to Josephson oscill
tions between the layers in a similar way. Extensions
this work to a microscopic theory of the Josephson e
fect within the tunneling Hamiltonian formalism in the
presence of phonon bandsVskzd are currently being in-
vestigated. This might help to clarify the reason for th
stability of a local oscillation despite the finite coupling
of oscillating ions in neighboring junctions.
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