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Phase Diagram of Electronic Models for Transition Metal Oxides in One Dimension
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The zero temperature phase diagram of the ferromagnetic Kondo model in one dimension is studied
using numerical techniques, especially at large Hund coupling. A robust region of fully saturated
ferromagnetism (FM) is identified at all densities. Phase separation between hole-rich and hole-poor
regions and a paramagnetic regime with quasilocalized holes were also observed. It is argued tha
these phases will also appear in two and three dimensions. Our results apply both to manganites
and one-dimensional compounds such as Y22xCaxBaNiO5. As the transition metal ion spin grows,
the hole mobility rapidly decreases, explaining the differences between Cu oxides and Mn oxides.
[S0031-9007(97)03668-5]
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Doping of transition metal oxides (TMO) with perovs
kite structure induces remarkable phenomena such
high temperature superconductivity, charge ordering,
anomalous transport properties. Typical examples
the layered Cu oxides and Ni oxides. Recently, anot
dramatic property of doped TMO has been revealed
low temperature (T ) La12xCaxMnO3 changes from an
antiferromagnetic (AF) insulator to a FM metal asx grows
from 0. “Colossal” magnetoresistance is observed in t
compound [1]. At the critical FM temperature, a meta
insulator transition occurs. At larger dopingx . 0.5, a
charge-ordered AF state was detected [2].

The double exchange mechanism has been used to
plain the FM phase in Mn oxides [3,4]. However, rece
reexamination of the double exchange model revealed
electrons can collect a Berry phase that may induce
energy states in the spectrum [5]. Also, recent exp
ments have shown that the dynamical properties of
ferromagnetic phase are nontrivial [6]. The combinat
of these results and the complicated experimental ph
diagram of manganites [2] suggest that electronic mod
more realistic than the double exchange model may h
a phase diagram richer than expected, which deserve
be studied with state-of-the-art computational techniqu
Such studies would clarify, among other issues, whet
FM indeed exists in theT ­ 0 ground state, and espe
cially what phases are in competition with it. In additio
it would be important to analyze the origin of the dras
differences between Cu oxides and Mn oxides regard
their doped-induced properties. The cuprates have m
lic and superconducting phases, while the manganites
either charge-ordered insulators or ferromagnets [2].
this Letter, all these issues are addressed.

The Hamiltonian widely used for Mn oxides is [3,4]

H ­ 2t
X
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Here the first term represents theeg-electron transfer
between nearest-neighbor Mn ions at sitesm andn. The
second term corresponds to the Hund coupling (JH .

0) between theS ­ 3y2 t2g localized spinSn and the
spin sn of the mobile eg electron at the same site
Coulombic repulsion in theeg band is not included in
Eq. (1), but it is considered in some calculations belo
Phenomenologically, it is expected thatJH ¿ t, which
favors the alignment of the itinerant and localized spin
For Mn31, where theeg level is occupied, the resulting
spin is 2, while for Mn41 (vacanteg state) the spin is 3/2.
Thus, atJH ­ ` the effective degrees of freedom becom
S ­ 2 “spins” andS ­ 3y2 “holes” which is the language
convention followed below. In this limit Eq. (1) reduce
to a simpler hole-hopping Hamiltonian. For “spin” value
S $ 1, the hopping term atJH ­ ` is [5]

HJH ­` ­ 2t
X

kmnl
PmnQSs yd , (2)

where y ­ Sm ? SnySsS 2 1y2d, and for Mn oxides
(S ­ 2) the polynomial QSs yd is Q2s yd ­ 21 2
5
4 y 1

7
4 y2 1

3
2 y3. For Ni oxides (S ­ 1) Q1s yd ­

s1 1 ydy2 [7]. Hamiltonian Eq. (2) is rotational invari-
ant, and it acts only on links containing one spin an
one hole. Pmn permutes the hole and the spin. TheSn
operators are standard, and in Eq. (2) they act over b
the spin and hole involved in the hopping process; i.e., t
kinetic terms not only interchange their site positions, b
they can flip their spin projections as well [5,7]. This i
an important difference with respect to thet-J model for
cuprates. At large but finiteJH , Eq. (2) is supplemented
by a Heisenberg interaction between nearest-neigh
spins of the formJ

P
kmnl sSm ? Sn 2 nmnny4d, in the

standard notation [8]. This term affects only theS spins
since in hole states the orbital with mobile electrons (eg) is
empty. Phonons are not considered in the present stu
Although their importance is clear in some experimen
© 1997 The American Physical Society 713
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[9], we consider it worthwhile to study the electroni
sector in isolation. The rich phase diagrams found he
justify such an approach.

Experience with Cu oxide models have shown that t
analysis of Hamiltonians in 1D chains [10] can provid
important insight on qualitative features of the pha
diagram that also exist in the realistic dimensionD ­ 2
[8]. Since 1D is the best for numerical techniques, o
study below is restricted to chains [11] and complemen
work in the other extreme caseD ­ ` [4]. Thus, the
goal of the present paper is not to establish quantitat
predictions for 3D TMO, a quite hard task, but t
search for qualitative features of the 1D phase diagr
that may survive the increase in dimensionality. No
also that the special caseS ­ 1 and 1D has intrinsic
relevance since the compound Y22xCaxBaNiO5 with NiO
chains has been recently synthesized [12]. The sa
compound but with Co replacing Ni can also be prepar
[13]. Thus, our study is of importance for materia
beyond the manganites. As numerical techniques
exact diagonalization [8] (ED) and the density matr
renormalization group [14] (DMRG) methods were use
The special caseS ­ 1 will be studied together with the
relevant case for Mn oxides (S ­ 2) to observe the effect
of different transition metal spins in the phase diagrams

First, let us consider ferromagnetism. It can be show
that the ground state of Eqs. (1) and (2) in 1D is
fully saturated ferromagnet (FM) for hole densityx fi 0, 1
in the case ofopen boundary conditions (OBC) and
JH ­ ` (or J ­ 0). The proof is due to Kubo [15]:
the matrix elements of theJ ­ 0 Hamiltonian Eq. (2) in
the standardSz basis arenonpositive, which is shown by
explicitly writing the polynomialsQss yd in matrix form
for a given link. For a subspace with a fixed total sp
projection Sz

total, this property implies that the ground
state is nondegenerate and the coefficients of this s
expanded in theSz basis are of the same sign (Perron
Frobenius theorem). Since in each subspace with a fix
Sz

total the statejSmax, Sz
totall with the maximum possible

spin Smax also has coefficients of the same sign, then t
ground state in such subspace must be the ferromagn
state. This proof is not valid fortwisted boundary
conditions, including periodic and antiperiodic condition
(PBC and APBC, respectively), since in this case acro
the boundary it is possible to move fermions from si
N to 1 (for a N-site chain), collecting anticommutation
signs which make the matrix elements not necessa
negative. For the same reason the proof is not valid
higher dimensions even with OBC. Another importa
detail is that eachSz

total subspace is assumed to be full
connected (i.e., all elements of the basis are reach
by successive applications of the Hamiltonian over a
of its members). Actually in the 1Dt-J model, the
Hilbert space is disconnected [16] forJ ­ 0 and the
theorem does not hold. However, ifS $ 1 the Hilbert
space isconnectedsince together with a hopping, the
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spins and holes can flip their spin projections [17]. Th
is an interesting conceptual difference between mod
for cuprates and other TMO’s with consequences f
ferromagnetism.

Solving exactly Eq. (2) on finite chains with OBC, w
verified the existence of ground state FM for anyx fi 0, 1.
We also observed that using PBC (APBC) for an od
(even) number of holes, i.e., using closed shells, for bo
S ­ 1 and 2, the ground state atJ ­ 0 is again a FM.
Thus, to increase the size of the chains that can be stud
numerically with ED techniques, preserving the corre
properties of the ground state, below closed-shell BC ha
been used in addition to OBC. Previous studies [11] ha
shown that these BC are appropriate for bulk properti
On the other hand, using PBC for an even number of hol
the ground state is a spin singlet [18]. This well-know
behavior of closed versus nonclosed shells [11] should
confuse the reader since locally the spin correlations
ferromagnetic even with nonclosed-shell BC [18]. Thu
there is no doubt that the model Eq. (1) in 1D at largeJH

has a ferromagnetic ground state [19].
In Fig. 1(a) the phase diagram forS ­ 1 is shown.

Chains with up to 16 sites were studied with ED. Usin
the closed-shell BC, a robust region of FM was identifie
The FM boundary was also calculated using the DMR
technique atx ­ 0.25, 0.50, and 0.75 with chains of up to
40 sites and OBC [20]. The critical coupling to reach FM

FIG. 1. (a) Phase diagram of theS ­ 1 Hamiltonian Eq. (2)
on a 1D chain [JSsS 1 1d is the coupling scaled with the spin
x the hole density, andt ­ 1]. The gray line and open points
denote the FM phase boundary. Open circles (10), rota
triangles (10), squares (12), diamonds (14), and triangles (
correspond to ED results using closed-shell BC (in parenthe
the number of sites). DMRG results for the FM boundary wi
OBC andN ­ 40 are also shown (stars). The solid line joinin
full circles is the phase separation (PS) boundary calcula
with ED (N ­ 12). A hole binding (B) region exists between
the dashed line and phase separation; (b) same as (a) but fo
S ­ 2 Hamiltonian. The boundaries of phase separation a
FM were evaluated with ED on chains ofN ­ 8 sites. DMRG
results onN ­ 30 OBC are shown (stars). In the intermediat
metallic region there is binding.
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obtained with ED and DMRG are in excellent agreeme
showing that size effects are small [21].

Also in Fig. 1(a), regions of phase separation and ho
binding have been identified using ED by calculatin
the compressibility and binding energy fromEsM 6

2d, EsM 6 1d, and EsMd, where EsMd is the ground
state energy forM holes [22]. Phase separation is no
contained in the double exchange model, and it occ
when the kinetic energy gained by making holes mob
is overcome by the magnetic energy lost. This has a
been observed in thet-J model in both 1D and 2D
[8,23]. However, atx ­ 0.5 phase separation appear
at Jyt , 1.1, which is much smaller than the coupling
Jyt , 3.0 needed in thet-J model [10], suggesting that
electronic phase separation may play an important r
in the physics of Mn oxides. This issue will be studie
in future work carried out in realistic dimensions [24
Close to phase separation there is a binding region wh
holes form mobile pairs. Superconductivity is likely in
this regime. Finally, note that theS ­ 1 chain has a
nonzero spin-gap at half filling. The behavior of hole
in such a background has been recently studied [7], wh
it was observed that in-gap states are created upon dop
Thus, a “spin-gap” regime is not included in Fig. 1(a).

In Fig. 1(b), theS ­ 2 phase diagram is shown. Her
the chains accessible to ED (DMRG) have 8 (30) site
The finite-size effects on the FM line are small. As fo
S ­ 1, a robust regime of FM has been identified. W
observed that the FM lines of Figs. 1(a) and 1(b) are ve
similar if J is scaled asJSsS 1 1d. Phase separation
and binding are also present. Note that forS ­ 2 the
intermediate metallic regime is very narrow; i.e., asS
grows the trend observed in Figs. 1(a) and 1(b) sugge
that the phase separated and FM phases become domi
To understand this effect note that the “vaporizatio
of a large spin cluster in the phase separation regi
held together by magnetic forces of effective streng
JSsS 1 1d, can occur only if a substantial gain in kineti
energy, dominated byt, is achieved by the vaporized
spins in the hole rich region. Thus, the criticalJytjPS for
phase separation should followJytjPS , 1ySsS 1 1d, or
a faster decay withS once the reduction in hole kinetic
energy due to the magnetic background is consider
This argument breaks down at very smallJyt where the
FM state becomes energetically competitive. Thus,
the largeS limit the metallic regime atT ­ 0 would
disappear in favor of phase separation and FM phas
The arguments presented here do not depend crucially
the dimensionality, and thus a similar behavior is expect
in 2D and 3D systems.

The study of the intermediate (paramagnetic) regime
interesting since this phase and the paramagnetic insul
above the critical temperature observed in mangani
could be analytically connected. AsS grows, a tendency
toward localization is indeed observed in the intermedia
phase between FM and phase separation in Fig. 1.
t,
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example, in Fig. 2(a) the bandwidthW of one hole
for S ­ 1y2, 1, and 2 vstyJSsS 1 1d is shown. It is
clear thatW rapidly diminishes withS. The presence
of spin gaps in the undoped regime is not fundament
for this behavior since the holes mainly react to th
local spin environment which is mostly AF even for
a S ­ 1 chain [7,25]. Similar effects are observed in
Fig. 2(b) where the kinetic energy in the metallic region
is presented atx ­ 0.5. Such a mobility reduction is
reasonable since holes destroy the magnetic order in th
movement, paying an energy that rapidly grows with th
spin. The large effective mass forS ­ 2 indicates that
small perturbations away from a translational invarian
system may localize the carriers. This effect and th
dominance of phase separation and FM at largeS provides
a possible explanation for the notorious experiment
differences at low-T between Cu oxides, which show
metallic and superconducting phases, and Mn oxide
which have FM and charge-ordered phases [2] (studi
in Ni oxides have shown that charge ordering and pha
separation are related phenomena [26]).

The Hamiltonian Eq. (1) does not include a spin-spi
exchange between thet2g spins since such a coupling
arises indirectly from Eq. (1) mediated by theeg elec-
trons. However, asx ! 1 this RKKY coupling vanishes,
which is not in agreement with experiments that show A
order atx ­ 1. To remedy this problem phenomenologi-
cally, a Heisenberg interaction with couplingJ 0 between
the “holes” (which carry spin) can be introduced. At
x ­ 1 now the ground state would be AF as forx ­ 0.
For completeness, the numerical analysis of Fig. 1(a) w
repeated, adding a termJ 0

P
kmnl sSm ? Sn 2 nmnny4d

between theS ­ 1y2 holes and consideringJ 0 ­ J [see

FIG. 2. (a) BandwidthWyJ vs tyJSsS 1 1d for onehole and
S ­ 1y2 (full diamonds), 1 (open circles), and 2 (full squares
calculated using ED techniques onN ­ 12, 12, and 8 chains,
respectively. (b) Kinetic energy (hopping term ground stat
expectation value) in units oft vs tyJSsS 1 1d obtained at
x ­ 0.5 for S ­ 1y2, 1, and 2 usingN ­ 12, 12, and 8 chains,
respectively.
715
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FIG. 3. (a) Same as Fig. 1(a) but adding a Heisenbe
interaction between theS ­ 1y2 holes of strengthJ 0J. (b)
Phase diagram of the Kondo model Eq. (1) atx ­ 0.5,
including aneg Hubbard repulsion of strengthU (t ­ 1). Open
(full) squares are results obtained with ED (DMRG) on chai
with N ­ 4 (8) sites. The non-FM region may have groun
state weak ferromagnetism.

Fig. 3(a)]. Up tox ø 0.5 the phase diagram is simila
to the results of Fig. 1(a), but asx grows further the
coupling needed to reach the FM phase is reduced,
expected.

Finally, in Fig. 3(b) the phase diagram of Eq. (1
solved exactly on a 4-site chain and using DMRG on
8-site chain, both with OBC and atx ­ 0.5, is shown.
Here, an on-site Hubbard repulsionUyt for eg electrons
is incorporated in the Hamiltonian. In agreement wi
our analysis of theJH ­ ` limit (which suppresses
double occupancy as much as a strong on-site Coulo
repulsion), the ground state is FM at largeJH . As
Uyt grows, FM becomes stable even at smallJH . As
with model Eq. (2), the non-FM region contains a wea
ferromagnetic component; i.e., forJH ­ U ­ 1 andN ­
8, using DMRG we find spin one in the ground state.

Summarizing, a numerical study of the 1D Kond
Hamiltonian for TMO in theJH ¿ t limit and also at
finite JH has been presented. The phase diagram conta
a robust FM region at all densities, contrary to the ca
of the 1D t-J model for Cu oxides. At finite exchange
J, a narrow metallic window with low mobility carriers
separates the FM region from a phase-separated reg
not contained in the double exchange model. As the s
S grows, phase separation and FM become dominant,
intermediate metallic regime tends to disappear, and
mobility of holes in the non-FM region rapidly decrease
It was argued that the 2D and 3D versions of the Kon
Hamiltonian for manganites should present a simil
behavior. Preliminary results support this conjecture [2

We thank E. Müller-Hartmann, K. Penc, A. Sandvik
and P. Thalmeier for useful conversations. E. D.
supported by the NSF Grant DMR-9520776.
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