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Control of High-Dimensional Chaos in Systems with Symmetry
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We demonstrate the successful control of a periodic orbit associated with two unstable manifolds in
a system comprised of two coupled diode resonators. It is shown that due to symmetries generic to
spatially extended systems a one-parameter control is not possible. A novel method of determining the
local Liapunov exponents utilizingorthogonal controlas well as geometric information is presented.
[S0031-9007(97)03517-5]
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The ability to control unstable periodic orbits embedde
within a chaotic system by applying small corrections
an accessible parameter was demonstrated in a sem
paper by Ott, Grebogi, and Yorke (OGY) [1]. Numerou
examples of controlling low-dimensional chaos in physic
systems [2] followed, but the experimental application
chaos control techniques to orbits exhibiting more th
one unstable direction remains a formidable challeng
Extending the OGY method to high-dimensional system
with the ultimate goal to control spatiotemporal chao
proves a particularly difficult task. General theories fo
controlling unstable periodic orbits inn dimensions are
presented in Ref. [3]. However, all of these areone-
parameter schemes; multiparameter control is addresse
Ref. [4].

In this Letter we show that there exists a very importa
class of systems with multiple unstable directions f
which one-parameter control algorithms generally w
not succeed and that multiple controllers are necess
[5]. The assumed symmetries naturally arise in extend
systems with spatial symmetries as well as in arrays
coupled oscillators. We therefore expect our results to
applicable to dynamical systems as diverse as reacti
diffusion equations [6], models of animal gait transition
[7], and synchronized chaotic oscillators [8].

We present experimental confirmation of these pred
tions for a system of two coupled diode resonators. T
stabilization of a periodic orbit exhibiting two unstable
real eigenvalues was achieved implementing two indep
dent controllers, since a one-parameter approach prove
be impossible. Following previous work [9], the volum
in “feedback-gain-space” is mapped out, the boundar
of which correspond to curves of neutral stability. Alon
these boundaries, both (resulting) eigenvalues are of mo
lus one, and we are able to determine the local Liapun
exponents using geometrical information. We also pres
an alternative method in which control is applied along t
(orthogonal) eigendirections of the system. Disabling o
controller provides a direct way of measuring the Liapun
exponent along the respective eigenvector.

Experimental results.—The experimental results are
obtained for two coupled diode resonators. A circuit di
0031-9007y97y79(1)y63(4)$10.00
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gram of this system, which has been previously studied
detail [10], is given in Fig. 1. It is comprised of a par-
allel combination of two diode resonators in series with
a resistor, which allows for coupling and is driven sinu
soidally. As the drive voltage is increased, the system
period doubles once and then undergoes a Hopf bifurc
tion into a quasiperiodic state. The period doubling ca
lead to either an in-phase or a (symmetry breaking) ou
of-phase period-2 orbit. Because of the particular wa
of coupling, our system strongly favors the latter one
A number of unstable low- and high-period orbits exist
ing on top of the out-of-phase period-2 state have bee
successfully controlled [9,11]. We stress the qualitativ
difference between the control of these states and the h
mogeneous, in-phase orbits. The Hopf bifurcation and th
associated complex eigenvalues do not occur for homog
neous, in-phase orbits.

We are targeting the period-1 state [12] which ex
hibits two real, unstable eigenvalues. The only acce
sible system parameters are the drive amplitude and t
biases of the diodes. An OGY-based, one-parameter co
trol scheme could therefore either globally perturb th
common drive/bias [13] or apply perturbations to the
bias of one of the individual resonators. Both choices
are not feasible: Applying the control locally implies
that the respective other resonator is controlled onl
through the coupling which in general is weak. When th

FIG. 1. The double diode resonator circuit. The coupling
is provided by the resistorR. Each controller measures the
deviation of the peak current through the diode from a se
point and proportionally alters the respective dc bias every driv
cycle.
© 1997 The American Physical Society 63
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common drive is chosen as control parameter, the fix
point moves along one of the eigenvectors, namely, t
diagonal of the Poincaré section. It is well known tha
control schemes varying only one parameter can succ
only if its change affects all directions [9]. This “control
lability condition” [14] will be violated by any coupled
oscillator system which exhibits a similar symmetry as th
diode resonators presented here. Control of the peri
1 orbit was achieved by implementing two independe
controllers. The control method used here is described
Ref. [15]. For each resonator, deviations from a respe
tive set point are fed back to modulate the bias of the i
dividual diode. Since there are two feedback strengths
vary, the pairs which lead to successful control fill a two
dimensional volume in “gain space.” Intuitively, for un
coupled, identical resonators, the shape is expected to
a square. For finite coupling and not perfectly matche
elements, the experimentally obtained data are given
Fig. 2(a). Note the lower curved corner along the diag
nal, which is well described by the hyperbolic boundarie
in the model (to be developed below). The agreeme
with the theory is seen to deteriorate at higher gains. T
model predicts the less marked curvature in the upper c
ner as well as an early loss of control for high gains
the presence of noise and a slight mismatch in syst
parameters.

In our system it is straightforward to identify the two
eigendirections [16]. The sum and the difference of th
individual currents through the diodes correspond to t
respective orthogonal projections of the two-dimension
state vector. Using this information, we implementor-
thogonal control,applying independent feedback contro
to each (one-dimensional) eigendirection. The expe
mental setup for this is shown in Fig. 3. The control sig
nals are summed and subtracted and go through a varia
gain stage to provide the in-phase and out-of-phase c

FIG. 2. Region over which control is maintained as a functio
of the two gains. (a) Each diode resonator was independen
controlled using occasional proportional feedback control [15
The coupling gives rise to hyperbolic boundaries. The show
hyperbolas (solid lines) are analytical results from the mod
assuming the eigenvalues from Fig. 1. (b) The two controlle
are decoupled byorthogonal controlresulting in a rectangular
volume.
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trol signals. These are then combined to control the dio
resonators.

In this way, the controllers are decoupled, which
reflected in the rectangular shape of the controlled area
Fig. 2(b). For perfectly matched resonators, one wou
expect a square instead of a rectangle. Simulations on
model confirm that even a slight mismatch in the individu
elements results in a significant difference in the respect
ranges over which control can be maintained.

Orthogonal control is also the basis for a novel, conv
nient method of determining the local Liapunov exponen
The data for Fig. 4 were collected via this approach by co
trolling both eigendirections, then disabling one controll
and subsequently recording the system’s trajectory. T
rate of the exponential departure from the fixed point—
contrived to be along an uncontrolled (unstable) eigenve
tor—yields the corresponding eigenvalue of the stabili
matrix. We find the slope associated with the out-of-pha
period-2 state,l , 2.3, to be significantly larger than the
effective in-phase instability,l , 1.5.

Coupled maps.—The diode resonator is known to be
modeled quite well by a one-dimensional quadratic m
[10]. The system of linearly coupled logistic maps [17]

xn11 ­ r1xns1 2 xnd 1 es yn 2 xnd ,

yn11 ­ r2yns1 2 ynd 1 esxn 2 ynd

models the resistively coupled pair of diode resonato
remarkably well. On increasing the parametersri , it first
period doubles and subsequently follows the quasiperio
route to chaos. The coupling strength is proportional
e, and the parametersri in the model correspond to the
drive amplitude/individual bias of the diodes. Forr1 ­
r2 ; r the system is completely symmetric in its stat
variables,$xn11 ­ $fs $xn, r1, r2d ; $fs $xn, rd. The Jacobian
corresponding to the period-1 fixed point$xf ­ sxf , xf d
reflects this symmetry and is of the form

J ­

µ
a b
b a

∂
, with a ­ r 2 e 2 2rxf , b ­ e .

The real eigenvalues and eigenvectors of this Jacobi
[18] are sa 2 b, a 1 bd, ssss21, 1d, s1, 1dddd. The symmetry
of the system will be prevalent if one would try to
control the system using the common “drive,” i.e., th
common r as control parameter, in which case≠ $fy≠r
will be parallel to one of the eigenvectors,s≠ $fy≠rdjjs1, 1d.
In contrast, varying only one of theri ’s will shift the

FIG. 3. Orthogonal control applied to the diode resonato
(DR). The summing and subtracting of the control signals
depicted. The two resulting signals directly manipulate the tw
eigendirections.
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FIG. 4. Exponential departure of the peak currentDI from
the fixed point along the two unstable eigendirections. In e
graph the system was constrained to one eigendirection thro
orthogonal control (see text), yielding eigenvalues/slopes of
(diamonds) and 1.5 (circles).

fixed point parallel to the coordinate axes, which is
“right” direction, i.e., not perpendicular to one of th
eigenvectors, but the trade-off being that the second m
will be controlled solely through the coupling which i
general will be rather weak [19]. Therefore, the ga
on the input from the 2nd controller will be very high
rendering the system highly susceptible to noise a
measurement errors.

Employing two independent controllers in the expe
mental setup corresponds to varying the twori ’s indepen-
dently, i.e.,≠rn

i ­ gi ? fs $xndi 2 xfg with respective gains
gi . The modified Jacobian is

J̃ ­

µ
a 2 e1 b

b a 2 e2

∂
, with ei ­ xf s1 2 xf d ? gi

and with l1,2 ­
1
2 f2a 2 e1 2 e2 6p

4b2 1 se1 2 e2d2g as eigenvalues. The lines o
constantl’s are hyperbolas [20]:

l1,2 ­ c , e2 ­ â 1
b2

e1 2 â
, with â ­ a 2 c .

The controllable area is therefore bounded by the t
hyperbolas corresponding toc ­ 21 (upper boundary)
and c ­ 1 (lower boundary). It can be shown that th
volume is nonzero as long asb , 1.

A method of calculating the local instabilities in th
case of a one-parameter control scheme was presente
Ref. [9]. We were also able to calculate the eigenvalu
associated with the unstable period-1 orbit from t
geometry of the controlled area in Fig. 2(a). Letse1, e2d
be one of the corners, andesmall and ebig the two
intersections with the diagonal. Then we obtain for t
two eigenvalues

l1 ­ 1 1 4
B 2 B2

fsA, Bd
, l2 ­ 21 2 4

B 2 1
fsA, Bd

, (1)
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where A ; se1 2 e2d2yse1 1 e2d2, B ; ebigyesmall and
fsA, Bd ; 1 1 A 2 2B 1 2AB 1 B2 1 AB2. Note
that A and B, and therefore the expressions for theli ’s,
depend only on theratios of the gainsei , and are thus
independent of any specific scaling factors. Applying
Eq. (1) to the experimental data from Fig. 2(a) yields
l1,2 , s21.9, 22.4d compared to l1,2 ­ s21.5, 22.3d
from Fig. 4. The rather poor agreement between the tw
different methods can be attributed to the aforementione
amplification of noise and system mismatches when hig
gains are employed.

Generalization to N dimensions.—It is well known that
symmetries which lead to degenerate eigenvalues preclu
one-parameter control schemes. In this Letter we showe
that the presence of a different class of symmetries resul
in the need for multiple controllers. We will now prove
that the controllability condition [14] will be violated for
any system exhibiting such spatial symmetries. For th
sake of simplicity we restrict ourselves toN coupled
(identical) one-dimensional systems. Assume the loca
dynamics to be governed by some mapping function
xn11 ­ fsxn, rd, with an adjustable parameterr and fixed
point xf . (Higher dimensional local elements can be
treated in an analogous manner.) We exclusively conside
normalizedcoupling functionsGsxi2l, . . . , xi1ld ; Gsid
with correlation lengthl:

xi
n11 ­ fsxi

n, rid 1 Gsxi2l, . . . , xi1ld ; Fisri , $xd ,

(2)

i ­ 1, . . . , N , with the normalization propertyX
k

f≠Gsidy≠xkgxf
­

X
k

f≠Gs jdy≠xkgxf
; const (3)

for all i, j ­ 1, . . . , N. All systems exhibiting transla-
tional invariance obey this condition [21].

Any attempt to stabilize the uniform solutionxi
n ;

xf involves the linearization of $F around the fixed
point. The special symmetry of couplingN identical
elements is reflected in the resulting JacobianJij ­
f≠fsx, rdy≠xgdij 1 ≠Gsxi2l, . . . , xi1ldy≠xj , evaluated
at the fixed point. Because of property (3), the sum o
the row elements is equal for all rows:X

k

Jik ­
X
k

Jjk ; const (4)

for all i, j ­ 1, . . . , N. Thus, theN-dimensional diagonal
vectors1, 1, . . . , 1d is one of the eigenvectors. If one were
to choose the “common drive” as control parameter, i.e
globally perturbr, the fixed point would be shifted along
the space diagonal, i.e., along one of the eigenvectors
the Jacobian

≠ $F
≠r

­

µ
≠f
≠r

, . . . ,
≠f
≠r

∂
, s1, 1, . . . , 1d . (5)

Therefore, the controllability condition [14] is violated for
all systems with the symmetry properties (4) and (5).
65
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In real experimental situations, the local elements w
never be identical and (symmetry breaking) noise w
always be present. Nevertheless, we expects≠ $Fy≠rd to
be “almost” parallel to one of the eigenvectors, so that
one-parameter scheme would still be impractical.

In conclusion, we demonstrate that a one-parame
control in a very important class of high-dimensiona
dynamical systems is not possible. We experimenta
stabilize a periodic orbit associated with two unstab
manifolds utilizing two independent controllers. The
results are confirmed using a model of two coupled ma
and generalized toN dimensions.

We acknowledge support by the Office of Nava
Research under Grant No. N0014-94-1-0395. We tha
G. A. Johnson for significant contributions to this work
and are grateful to R. W. Rollins for valuable discussion
D. Cigna is acknowledged for helpful support. We than
M. A. Rhode for insightful discussions.

*Electronic address: markus@phy.ohiou.edu
[1] E. Ott, C. Grebogi, and J. A. Yorke, Phys. Rev. Lett.64,

1196 (1990).
[2] E. Ott and M. L. Spano, Phys. Today48, No. 5, 34 (1995).
[3] F. J. Romeiraset al., Physica (Amsterdam)58D, 165

(1992); D. Auerbachet al., Phys. Rev. Lett.69, 3479
(1992); P. So and E. Ott, Phys. Rev. E51, 2955 (1995);
V. Petrovet al., Phys. Rev. E51, 3988 (1995); M. Ding
et al., Phys. Rev. E53, 4334 (1996).

[4] J. Warncke, M. Bauer, and W. Martienssen, Europhy
Lett. 25, 323 (1994).

[5] We remark that this is only anecessarycondition.
Naturally, for high-dimensional “black box” systems,
control might still fail for a variety of different reasons.

[6] For example, H. Fujisaka and T. Yamada, Prog. Theo
Phys. 69, 32 (1983); Patterns and Waves,edited by
P. Grindrod (Oxford University Press, Oxford, 1991).

[7] J. J. Collins and I. N. Stewart, J. Nonlinear Sci.3, 349
(1993); Biol. Cybernet.68, 287 (1993);71, 95 (1994).

[8] For example, L. M. Pecora and T. L. Carroll, Phys. Rev
Lett. 64, 821 (1990).

[9] H. G. Schuster, E. Niebur, E. R. Hunt, G. A. Johnson, an
M. Löcher, Phys. Rev. Lett.76, 400 (1996).
66
ill
ill

a

ter
l

lly
le

ps

l
nk

s.
k

s.

r.

.

d

[10] Z. Su, R. W. Rollins, and E. R. Hunt, Phys. Rev. A40,
2698 (1989).

[11] E. R. Hunt and G. A. Johnson, inProceedings of the
2nd Experimental Chaos Conference(World Scientific,
Singapore, 1995).

[12] The period-1 state is a special case of a generalhomoge-
neousperiod-n orbit.

[13] The effective drive amplitude is roughly proportional to
VdriveyVbias [10].

[14] This condition can be formulated in terms of orthogo
nality: one-parameter control schemes can succeed o
if $ei ? s≠y≠pd $fsxfd fi 0 for all (unstable) contravariant
eigenvectors$ei [9].

[15] E. R. Hunt, Phys. Rev. Lett.67, 1953 (1991).
[16] Again, this is a rather general consequence of th

symmetries. In a variety of different systems it will
be possible to easily identify the eigenvectors, as lon
as the Jacobian is a circulant matrix [22]. This render
orthogonal control broadly applicable.

[17] T. Hogg and B. A. Huberman, Phys. Rev. A29, 29 (1984).
[18] The Jacobian of anyhomogeneousperiod-n fixed point

will be of this form. This implies that onlyreal
eigenvalues are associated with homogeneous states,
the Hopf bifurcation is possible only via an underlying
out-of-phaseperiod-2 fixed point. This particular Jacobian
is a two-dimensional circular matrix [22] and thus fulfills
this property (4).

[19] We remark that Dinget al. [3] asymmetricallycoupled
two Duffing oscillators in order to demonstrate thei
control technique. The coupling of the “uncontrolled”
oscillator to the one which parameter was varied wa
twice as strong as the other way around.

[20] A similar result is obtained in the case of slightly
different oscillators: Take the two diagonal element
to be different a’s, namely,a1 and a2, then, the lines
of constant l’s are still hyperbolas:l1,2 ­ c , e2 ­
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with âi ­ ai 2 c.

[21] The coupling function for, e.g., a diffu-
sively coupled map lattice xn11fig ­ fsxnfigd 1

esxnfi 2 1g 2 2xnfig 1 xnfi 1 1gd would be
Gsid ­ esxnfi 2 1g 2 2xnfig 1 xnfi 1 1gd, thus obeying
property (3).

[22] Circulant Matrices,edited by P. J. Davis (Chelsea Pub
lishing, New York, 1994).


