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Sharp Crossover of the Susceptibility in Polymer Solutions near the Critical Demixing Point
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We have observed a sharp and nonmonotonic crossover of the susceptibility (osmotic compressibility)
from mean-field to Ising critical behavior in semidilute solutions of polystyrene in deuterocyclohexane
as the temperature decreases from theQ region down to the critical temperature of the phase separation.
We describe this crossover in terms of a competition between the long-range but finite intramolecular
correlations of monomers in the polymer chain and the diverging correlation length of concentration
fluctuations. [S0031-9007(97)04881-3]

PACS numbers: 61.41.+e, 05.70.Jk, 64.60.Fr
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A recent analysis of the susceptibilityx of fluids and
fluid mixtures has shown that the character of the crossov
from mean-field to Ising critical behavior can depend on
nano/mesoscopic structure [1]. In simple fluids and flu
mixtures the crossover is gradual and is characterized
a single crossover temperature scale, the Ginzburg nu
berNGi. Specifically, the effective susceptibility exponen
geff, defined asgeff  2td ln xydt, is then a monotonic
function of t  1 2 TcyT (whereT is the temperature,
Tc the critical temperature) smoothly decreasing from th
asymptotic Ising valueg  1.24 at t ø NGi towards the
mean-field valueg  1 at t ¿ NGi. In simple fluids
with short-range interactions, however, the crossover to t
mean-field regime is never completed in the neighborho
of the critical point asNGi * 1022. In complex fluids such
as nonaqueous ionic solutions [2] or metal-ammonia so
tions [3] the susceptibility exhibits a clear crossover be
tween Ising and mean-field regimes, andgeff is a sharp
and sometimes even nonmonotonic function of the tem
perature distance from the critical point. It was suggest
in Ref. [1] that the sharp crossover might be related to
additional characteristic length scale which competes w
the correlation lengthj of the critical fluctuations. Poly-
mer solutions in low molecular-weight solvents seem to b
a good choice for studying such type of crossover beha
ior as the additional length scale is clearly related to th
molecular weightMW of the polymer and thus might be
easy to control and interpret.

Investigations of polymer solutions have shown tha
like simple fluids, they belong to the universality clas
of the three-dimensional Ising model near the critica
demixing point (see, e.g., [4] and references therein
However, the manner in which polymer solutions cros
over to asymptotic Ising criticality has not been stud
ied thus far. The purpose of this Letter is to repo
results for measurements of the susceptibility and the c
relation length for solutions of polystyrene in deuterocy
clohexane from small-angle neutron scattering (SANS
Semidilute polymer solutions, i.e., solutions of moderate
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overlapping polymer coils, are characterized by two di
tinct types of monomer-monomer correlations with diffe
ent length scales [5].Intramolecularcorrelations between
monomers which belong to the same chain are closely
lated to the conformation of the macromolecules in th
solution and occur on length scales of the radius of g
ration RG of polymer coils. Intermolecularcorrelations
are defined by fluctuations of the total concentration wi
a correlation lengthj. While, in theQ region the ratio
jyRG , 1, in the vicinity of the critical temperature of
the phase demixing the correlation length increases d
matically. Thus, ultimately, the correlation length excee
the radius of gyration and becomes a dominant leng
scale in the system. Hence, Ising behavior is expec
whenj ¿ RG.

Polystyrene (PS) standards with a polydispersity i
dex 1.03 , MW yMN , 1.07 were purchased from Poly-
mer Laboratories. Solutions of PS at the critical volum
fraction wc were prepared in deuterocyclohexane (99.5
deuterium) from Sigma. Characteristic properties of th
polymer constituents and solutions are given in Table
Values of (z averaged)RG were determined by a high-
concentration labeling method [6]; they do not depen
on the proximity to the critical point. Each solution wa
contained in a 5 mm thick quartz cell and the temper
ture was controlled to better than60.1 K. The ap-
pearance of the meniscus (phase demixing) was detec
visually. The critical composition (volume fraction)wc

was assigned in accordance with the empirical pow
law wc  7.69M20.385

W [7]. The measurements were per
formed with the 30-m SANS spectrometer at the Oa
Ridge National Laboratory. The neutron wavelength w
l  4.75 Å sDlyl  0.05d. The range of the scattering
vectorsQ  4pl21 sinsuy2d, where u is the scattering
angle, was0.003 , Q , 0.05 Å21. The data were col-
lected and put onto an absolute scale with a procedure
scribed elsewhere [8]. The scattering intensityI (in units
of cm21) obtained at eachu was radially averaged to ob-
tain the intensityI as a function ofQ. IsQ  0d and
© 1997 The American Physical Society
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TABLE I. Characteristics sMW , wc, Tc, RG, y0d of polymer solutions and parameters
sct , cr , ū, andLd of the crossover model [Eqs. (1)–(3)]. Expressions to calculatej0, jD, and
j̄0 are given in the text.

PS1 PS2 PS3 PS4 PS5

MW 3 103 g mol21 28 51.5 115 200 515
wc 0.149 0.118 0.086 0.069 0.048

Tc , K 285.06 291.39 298.37 301.20 306.9

y
1y3
0 , Å 5.96 5.89 5.82 5.79 5.74

RG, Å 43 62 90 117 189
ct 0.89 0.69 0.39 0.32 0.16
cr 0.85 0.89 1.1 1.2 1.6y1.7a

ū 1.9 2.1 2.3 2.5 3.1
L 0.17 0.13 0.092 0.075 0.039

j0, Å 4.8 5.2 7.1 7.7 10.1
j̄0, Å 6.3 7.1 9.4 10.2 14.6
jD, Å 35 47 63 77 147
Tx, K 292.3 296.4 304.8 305.8 310.0

aAbove the crossover temperatureTx.
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j were deduced fromIsQ, Td at each temperature by fit-
ting the small-Q region to the Ornstein-Zernike formula
IsQ, T d  Is0dys1 1 Q2j2d. The magnitude ofIs0d in
absolute units is directly related to the susceptibilit
which in our case is the isothermal osmotic compressib
ity, as Is0d  b2

v xwyn with x  nkBT s≠wy≠Pd, where
P is the osmotoic pressure,w the volume fraction of
the polymer,kB Boltzmann’s constant,n the number of
-

d

e

it
,
il-

monomers per volume, andbv the contrast factor between
the monomer and the solvent molecule.

We fittedxstd andjstd simultaneously using the same
crossover model for the free energy that was previous
used to describe the crossover behavior ofx in simple and
ionic fluids [1]. The model is based on renormalization
group (RG) matching [9,10] and the equations for th
inverse susceptibility and correlation length read
x21  c2
rcttY sg21dyDs

µ
1 1

upn
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j  y
1y3
0 k21  y

1y3
0 fcttY s2n21dyDs g21y2 , (2)

with the crossover functionY defined by

1 2 f1 2 ūgY  ū

∑
1 1

µ
L

k

∂2∏1y2

Y nyDs . (3)

Here the normalized coupling constantū and “cutoff” L

(L21  jDy
21y3
0 with jD the characteristic length re

flecting a discrete structure of the fluid) are crossov
parameters, withup being a RG fixed-point coupling
constant. For three-dimensional Ising-like systemsg 
1.239 6 0.002, n  0.630 6 0.001 [11]; Wegner’s cor-
rection exponentDs  0.54 6 0.03 [12] (we actually
used Ds  0.51) are universal critical exponents an
up  0.472 [11]; cr and ct are system-dependent am
plitudes; y0 is the average volume per molecule in th
solution.

The crossover parametersū and L and the amplitudes
ct andcr are related to the coefficients of the local dens
of the Landau-Ginzburg free-energyF

f 
y0

kBT
dF
dV


1
2

a0tf2 1
1
4!

u0f4 1
1
2

c0s=fd2 ,

(4)
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with f  w 2 wc, a0  c2
rct, u0  upūLc4

r, andc0 

c2
ry

2y3
0 .

Asymptotically close to the critical pointfLyk ¿ 1,
Y ! skyūLdDsyng the crossover susceptibility (1
and correlation length (2) reduce tox  G0t2gs1 1

G1tDs 1 . . .d and j  j0t2ns1 1 j1tDs 1 . . .d where
j0  j̄0sNGiyn0dn21y2, G0  g0N

g21
Gi c21

t c22
r  g0 3

N
g21
Gi a21

0 , G1  g1N
2Ds
Gi s1 2 ūd with NGi  n0c21

t 3

sūLd2  n0u2
0y

2
0supd22a24

0 j̄
26
0 , the Ginzburg number,

and j̄0  c
21y2
t y

1y3
0  sc0ya0d1y2y

1y3
0 , the mean-field

amplitude of the correlation length. The coefficien
g0 . 2.0, g1 . 0.10, n0 . 0.031, and j1yG1 . 0.6
are universal [10]. Far away from the critical poin
the susceptibility (1) approaches the mean-field lim
sLyk ø 1, Y ! 1d: x21  a0t̄, j  j̄0t̄21y2 with
t̄  t 2 DTcyT where DTc ~ ūL2yct is a shift of the
critical temperature due to critical fluctuations. In th
L ! ` approximation, ū ! 0 and the two crossove
parametersū and Lyc

1y2
t collapse into a single one

namely, the Ginzburg number.
The results of the fit of our experimental data a

presented in Figs. 1–3 and Table I. It is seen fro
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FIG. 1. (a) Normalized susceptibility of polystyrene-
deuterocyclohexane solutions; the solid curves represe
our crossover model, Eq. (1). (b) Correlation length o
polystyrene-deuterocyclohexane solutions; the solid curv
represent Eq. (2). Dashed lines indicate the temperatures
which j  RG .

Fig. 2 that the crossover from mean field (dotted lines)
Ising (dashed lines) is clearly observed for two polyme
solutions, PS1 and PS2, and it is well described b
Eqs. (1)–(3) in the entire range of temperatures studie
Data for PS3 and PS4, although exhibiting more scatt
at small t, are consistent with the crossover function
The crossover is sharp and nonmonotonic for all th
samples (Fig. 3). Moreover, the sharpness of th
crossover increases with increase of molecular weigh
The nonmonotonic behavior ofgeff is caused by the play
of ū and Lyc

1y2
t and is directly related to largēu . 1

(negativeG1 and j1) and smallLyc
1y2
t  j̄0yjD ø 1.

Remarkably, the inverse cutoffjD  y
1y3
0 L21 appears

to be of the same order asRG and scales asM0.5
W as well

(Table I).
Crossover between mean-field classical behavior a

Ising asymptotic behavior has been reported for polym
blends [13–15]. In Ref. [14]xstd is described by a
crossover model [16] which contains a single crossov
parameter (Ginzburg number). We have found that su
a single-parameter crossover model cannot describe
susceptibility of our polymer solutions, whereas the two
parameter model [Eqs. (1)–(3)] gives adequate fits f
both susceptibility and correlation length. We note tha
fitting xstd of a polymer blend [15] to a simplified version
of our crossover model resulted inupū . 0.2, as is typical
for simple fluids [1].
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FIG. 2. Deviations of the experimental susceptibility da
from the Ising asymptotic behavior (dashed line) for fou
samples [PS1 (a), PS2 (b), PS3 (c), PS4 (d)]. Solid curve r
resents the crossover model, Eq. (1). Dotted curve repres
the mean-field asymptotic behavior. Note that the mean-fi
susceptibility diverges at a temperature above the actual crit
temperature.

We define a crossover temperatureTx for each sample
as the temperature of the inflection point in a pl
of geff vs log10 t (Fig. 3) which coincides within
experimental accuracy with the temperature at which t
correlation length becomes equal to the radius of gyrat
[6] (Fig. 2). The resulting temperature-concentratio
diagram of the polystyrene solutions is shown in Fig.
In the RG theory of polymer solutions [17] theQ point
is a tricritical point which divides specific critical singu
larities, associated with the self-avoiding-walk behavi
of long sMW ! `d polymer chains at infinite dilution
above theQ temperature, and first-order phase transitio

FIG. 3. Effective susceptibility exponentgeff  2td 3
ln xydt calculated from our crossover model for xenon an
a nonaqueous ionic solution (TPDB) [1], and for two of th
polymer solutions studied (PS1 and PS4).
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FIG. 4. Critical and crossover temperatures of th
polystyrene-deuterocyclohexane solutions as a function
the critical concentrationwc. The closed circles correspond to
inflection points ofgeffslog10 td (Fig. 3), the squares indicate
temperatures at whichj  RG , and the open circles represen
the experimental critical temperatures, while solid and dash
lines represent fits to Eq. (5) forTc andTx, respectively.

(phase separation). The region above the limiting pha
separation is a tricritical domain for which the mean-fie
theory with logarithmic corrections is valid. This is
why we identify the crossover temperature line wit
the limiting tricritical phase separation boundary whic
terminates at infinite dilution at theQ point. Although
the logarithmic corrections do not affect the mean-fie
values of the exponentsg  1 andn  0.5, they change
the shape of theMW ! ` phase boundary and critica
temperature line.

While mean-field theory would imply a trianglelike
tricritical phase boundary, the RG theory predicts that t
phase boundary and the critical line should approach
Q point with zero slope due to a logarithmic correction
As is seen in Fig. 4, the crossover temperaturesTx and the
critical temperaturesTc are well described by nonanalytic
equation of RG theory [17]

T 2 Q

T
 Awc

∑
ln

A
wc

∏27y11

, (5)

with A  1.00 6 0.01 for Tcswcd and A  0.58 6 0.02
for Txswcd. On the other hand, if we try to interpolate
both Tx andTc to infinite dilution wc  0, we obtain an
intercept which exceeds the experimental observed va
Q . 313 K [18] by about 4 K. To our knowledge, this
is the first experimental observation of the phase diagra
behavior in theQ region consistent with the RG theory.

In summary, we have found that the susceptibili
and correlation length of polystyrene-deuterocyclohexa
solutions manifest a sharp and nonmonotonic crosso
from the mean-field tricritical behavior to asymp
totic Ising criticality. Our model, represented by
Eqs. (1)–(3), which was originally developed to describ
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crossover betweenmean-field criticaland Ising critical
behavior, appears to be applicable also for the crossov
of the susceptibility and the correlation length from
mean-field tricritical to Ising critical behavior in zero
ordering field in the one-phase region. We have show
that the crossover length scale is equal to the charact
istic size RG of the polymer chains. The lower border
of the tricritical domain for polymer solutions as well as
the critical temperature at infinite dilution is a nonlinea
function of concentration in agreement with the predictio
of the RG theory.
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