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Purifying Two-Bit Quantum Gates and Joint Measurements in Cavity QED
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Using a cavity QED setup we show how to implement a particular joint measurement on two atoms
in a fault tolerant way. Based on this scheme, we illustrate how to realize quantum communication
over a noisy channel when local operations are subject to errors. We also present a scheme to perform
and purify a fundamental two-bit gate. [S0031-9007(97)04830-8]

PACS numbers: 03.65.Bz, 42.50.—p

One of the most intriguing features of quantum mechan- In this Letter we will give a physical implementation
ics is the possibility of entangling physical systems, whichthat allows us to perform local operations and measure-
has both practical and fundamental implications. On onenents ideally using finite resources. The scheme is based
hand, Bell's theorem [1] states that quantum mechanicen cavity QED and therefore can be easily connected to
and any local realist theory are incompatible based on ththe previous proposal for quantum communication [7,8].
peculiar properties of entanglement. On the other handVe will assume that operations acting on a single atom
guantum communication and computation exploit thesare error free, whereas any other operation is not. This is
properties to guarantee secure communication and to comotivated by the experimental fact that single-bit opera-
struct algorithms that allow fast computations [2]. tions are much simpler than multiple-bit operations [5].

In a series of remarkable experiments the first steps td-irst we will show how to perform a particularly use-
wards these lofty goals have been taken [3-5]. In parful joint measurement which is fault tolerant [13] in the
ticular, it seems that quantum communication will havesense that it operates even in the presence of errors occur-
several practical applications in the near future. Foring during this measurement. An essential element for
example, quantum cryptography has been tested expethis measurement is the introduction of a “red light atom”
mentally over long distances using standard telecommuR [10] which reveals the occurrence of errors. We will
nication fibers [6]. This, combined with recent proposalsalso show how to implement a fundamental two-bit opera-
[7,8] for exchanging quantum information between atomdion [14] which also involves measurements that indicate
and photons based on cavity QED, suggests that a fulthether an error took place or not. In the former case,
quantum network including local processing and transmisene has to start the procedure again, whereas in the latter
sion of quantum data is possible. Since practical uses afase, one knows one has succeeded. Our schemes can be
guantum networks require a high degree of entanglementegarded as purification protocols [11] since with certain
one might think that this is not feasible due to the presencprobability they are successful, while sometimes the infor-
of errors and decoherence. However, the recent discownation is lost. We emphasize that in applications in quan-
ery of quantum error correction protocols and purificationtum communication the loss of information is not central,
schemes [9-11] shows that this is not a fundamental obwhereas the knowledge that one has reliably transmitted
stacle. In a quantum network one can classify the errorthe quantum information is indispensable.
in two categoriestransmission errorsj.e., those occur- We start by discussing the physical details of our setup.
ring during the transfer of quantum information betweenWe consider two atoms, and 2, inside a single cavity.
nodes, andocal errors, i.e., those occurring during lo- The internal structure of the atoms is displayed in Fig. 1;
cal processing and measurements. Since transmission e qubit is stored in the staté® and|1), and there is an
rors are much more likely than local errors, one usuallyauxiliary statelr). The state$l) and|r) are coupled by a
assumes that the latter are absent. With this assumptiofar-off-resonance Raman transition induced by an external
noisy channels have been defined and protocols have been
devised to achieve ideal transmission of quantum informa-

tion [12]. Most proposals allow for quite general types of
noise and require unbounded resources to achieve this goal. };‘:ﬁ{ ff‘evlgy };’:ﬁ{ ff‘;gy
In contrast, based on a specific model for quantum com-

munication, we have proposed a protocol that requires only

finite resources [8] and corrects for the physically rele- th=leh —0— ——1Irh  |)=le) —€— =—O—Ih
vant errors. Therefore, in that physical scenario, the only%=lsh 10)2=lg)2 —0—

remaining problem is local errors. Although one could in atom 1 atom 2

principle use standard error correction schemes to solveiG. 1. Level structure of atoms and couplings induced by
this problem, this would again require infinite resources. laser and cavity fields.
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laser field and the cavity mode, whereas the sfatds  where |E) denotes the initial state of the environment
not coupled by either the laser or the cavity field. The(including the cavity mode) and the operatofs act on
Hamiltonian describing the interaction between the atomshis state. We used that one can optically pump the state
and the cavity mode is given, in a rotating frame at thelr); to the statd1); after the whole procedure. Note that

cavity mode frequency, by with this notation this process is formally equivalent to
g1 2 the photonic channeintroduced in Ref. [16].
H=7 |D1idrla + ) |Da(rla + He.,, (1) In the following we will assume the environment

wherea is the annihilation operator for the cavity mode operators Lo fulf|I'I the stationary propertyfor two
consecutive operations

andg, , are the effective coupling constants of the Raman @ - ) @ )
transition. In the following, we will consider that a LI7Ly|E)y= Ly Ly |E), (5)

laser pulse of duratiom\r; = 7/g; is applied to atom : : ; :
; starting at times; , of durationAt, », respectively. Here
1 and then another laser pulse of duratitm = 7/g» 9 12 12, FESP y

)
is applied to aton® [15]. Denoting by|0),y and|1).,, W€ have used the short-hand notatiby = Li(1), Aty),
the cavity state of zero and one photons, respectively, thigheréi = 0,1.and;j = 1,2. In Ref. [8], the validity of

gives under ideal conditions (5) has been demonstrated for the present model using
the quantum trajectories approach. Here, as a simple
103110)210)cav > 10)110)210)cay (2a)  example, we illustrate this stationarity property in the
0 Oeqv — [0 ey . 2b context of photon absorption: We consider a cavity
10117)210) 107:17)210) (2b) mode coupled to a bath of oscillators in the vacuum state
11110)210)cav = —ilr)110)2[1)cay » (2c)  |E) = |0) (i.e., at zero temperature). We assume a linear
11721000y =~ 1100y, (2d)  COUPling Hamiltonian

"
where we have considered only the cases in which the 7 = wa'a + Y orbibe + X gila’by + He),

, .o T k k

first atom is in|0); or |1); and the second atom is in (6)
|0), or |r),, since this will be sufficient for our purposes.
Note that if the first atom is in the sta@); nothing will
change. However, if it is ifil);, then it will be transferred
to —i|r);. Then if the second atom is i), it will be
transferred to the statei|1),, whereas if it is in|0),, it
will not change its state and a cavity photon will remain [0).,,|E) — [0)cay|E)

in the cavity. In reality there will be errors. Since we are .

considering a far-off resonance Raman transition, the most = [0)cay Lo(t, AD) D,
important ones will be photon losses either at the mirrors +
or by leaking out of the cavity. As in our previous Letter |DeavlEY = (A1) [Deav|E) + [0)cav g ck(At)by |E)
[8] we will also consider systematic errors in the detuning, B

timing, laser pulses, phase shifts, etc. It is straightfoward = |Deav L1(t, AD) |E) + [0)cay La(t, A1) |E),
to account for these errors in Eq. (2) by including thewhere ¢ and ¢; are ¢ numbers. Note thatl,; only
state of the environment and different operators actinglepend om\r but not on the initial time. Moreover, they

on it, as well as adding new terms in the last two linescommute and therefore they satisfy (5). The stationary
which describe the effect of photon loss (see below). Orproperty is related to the zero temperature of the reservoir,
the other hand, we will also need single-atom operationsvhich for optical frequencies is a good approximation
involving the three atomic levels. As mentioned in theeven at room temperature. On the other hand, one can
introduction, we will concentrate here on errors occurringverify that systematic errors also fulfill (5), since the

where bk,b,:r are creation and annihilation operators for
the bath oscillators anaé, and g, are the corresponding
frequencies and coupling constants. Denotingzbiphe
initial time, after a timeAr we will have

in processes involving two bits. correspondingl,; will be ¢ numbers only depending on
In the first part of this Letter, we will be interested in At but not ont.
the following situation: aton? is initially in state |0), Our goal is to use (4) to perform ideal joint mea-

and is transferred to state),; then the process (2) takes surements and entanglement operations as are required in
place, followed by two single-atom operations, namely,guantum communication via a photonic channel [8,16].
—|r)1 < [1); and |r); < [0), in the first and second In this scheme, one has to perform a local joint measure-
atoms, respectively. Hence, ideally we have ment on two atoms to check whether they are in the state
[0)|0) or not. It must be implemented such that an error
10110)2 = 101]0)2 111002 = i) (3) occurring during this measurement will be detected by the
which corresponds to a controllesbt gate. In the measurement itself. To be specific, let us consider two
presence of the errors mentioned above, atoms in a state¥) = |¥.)|E.) + [0);]0),|E,), where
|E..) denote unnormalized states of the environment and
10011021 E) 10311032 Lol 1), (4a) |W.) = al|0) 1), + B|1):]0) with « andg arbitrary co-
[1)(|00|E) — [1) |1 L1|E) + [1)|0), L,E), (4b)  efficients. The goal is to make a filtering measurement of
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the statd0),]0),, so that with certain probability the state We expect that in any realistic situatidf,|| > || L.ll,

of the atoms is projected onto th#.), which is the one i.e., transmission results in more of these types of errors
we want to keep intact. In order to perform the joint mea-than local operations. In [8] we showed how, using

surement we need the red light atgninitially prepared this channel, one can send quantum information perfectly
in the statd0)z. We use (4) between atomisandR, and  provided local operations and measurements are perfect
then between atoma and R [see Fig. 2(a)]. This gives Here we will show how to accomplish the same goal

the transformation using noisy local operations and the joint measurement
@ (1) described above. We will concentrate on producing a
0)111)2[0 )Ly L . : : S
0211102100 = 104 121r L+ 20 W distant EPR pair entangling two atoms in different nodes
+ [0y 12100 L2 Ly, [see Fig. 2(b)]. We consider one atom (1) in the first
@~ cavity and two atoms (2 and) in the second cavity.
1)110),[0 D110)2[1)r Lo~ L .
|D110%100% = [111022]1% Lo (21) Starting from statd0); + |1); [17], we use the channel
+ [1)110)2100r Lo~ LY, (9) between atoms and2; then we interchang0), <
10)110)210)% —> 10%,10%]0% LO(2>£0(1>, @) [1); in atom1; then we use again the channel (9) between

_ atom 1 and atomg; finally, we reverse|0); < [1); in
where we have left out the state of the environment. Nowytom 1. Using this procedure we obtain the map [8]

a single-atom measurement on até@min the state|l)z

or |0)z reveals whether the joint state of atorhsnd 2 (10} + [1)D10)210)4 = (10)110)2]1), + [1)1]1)210),)
was in the subspace spanned|d)|1), and|1);|0),, or a % 71(2)70(1) +10);102]0),
photon loss took place, respectively. In the first case, the @)
state after the measurement will become X T2 Ty

W) = (@lon 1L, £5" + Blnl0)Le” £{") 1) + 11110110, Ty TV, (10)

= w2 rMEY, (8) where, as before, we have used the stationary property

where we have used (5). We emphasize that the error(':,See Ref. [8]), o )
that may occur during the joint measurement either factor Tl( )TO( )IEC> = To( )’Tl( )IEC). (12)

out (operatorsL; and Ly) or are projected out (terms

containing£,,). The last two terms in (10) arise from photon loss errors,

iﬁnd can be detected by performingpat measuremerdn

Let us now show how this measurement can be used . .
the implementation for quantum communication propose&ltomS 2 ands, namely, checking whether t.hey arein the
tate|0),|0),. In case they are not found in this state, a

in [7,8]. In that case one needs the same three-level. / . .
atoms, and the transmission between atbiin the first Single-ion measurement on atan{in the basid0) = [1))

node (cavity) and ator in the second node is performed !eﬁves atoms and2 in a ”?ax'ma”y entangled state. The
by using an appropriate laser pulse to tranffer — |r)y, joint measurement requires entanglement and therefore

producing one cavity photon. This photon then travelslosuf?ricelg:ﬂﬁt;)ioirffrsthisﬂgmtevniga\évfreﬁgn?iesirI1nStt?18(;d
to the second cavity, where it can induce the inverse P J 9

o : d light ion in cavity 2 [see Fig. 2(b)]. Repeating the
transition in a second atonjr), — |1), to which the re o
time inverse laser pulse is applied. Finally, we transfe}ransmlss'on (10) and the subsequent meagurem_ent_(?)
M — |1} in atom 1. Levels|0); and |0), are not until no photon loss was detected (the red light ion is

coupled by the laser field. Using the same notation agound in the statel)), yields, after having measured

. / - _
before, this transmission can then be summarized as ( fom a in the basis|0), = |L),, the state|y):

but with local operators replaced by the corresponding MI0)2 = [1):]1),. With this EPR state one can already
transmission operators distribute a random secret key using the Ekert protocol

[18] for quantum cryptography [19].
0)110)2 — 10)110), T, (9a) For certain applications in quantum communication
and quantum computing a two-bit fundamental gate is

1D110)2 = [T D T1 + 11110027 - (9b) required, since when combined with one-bit operations
this is sufficient for any unitary operation [2]. This gate
(a) (b) cannot be implemented using Eq. (4) since there the state
5 o [1)|1) is absent as input state, whereas in the gate this
g state has to be present. We show now how to perform the
| —— 1] — fundamental gate
> _ a2
o L I M gl EF»' 001102 = [0)110)2: 111102 = ~[1)110)2:  (128)
R Pany D- rR— D~ gRIO) D~

_ _ _ o [0)1[1)2 = [0)1]1)2; [11]1)2 = [111)2,  (12Db)
FIG. 2. Diagrammatic representation of (a) joint measurement . L.
and (b) establishing an EPR pair. H and N denote thaWith the present implementation in the presence of errors.
Hadamard andiOT transformations, respectively. The gate consists of three steps: (i) A single atom
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operation on atora exchanges$l), < |r), while leaving QED implementation. The scheme works even if errors

the state|0), unchanged; (ii) we perform a conditional occur during the measurement itself. We have shown

operation using the cavity mode such that the stat&iow to apply this proposal in quantum communication

[1)1]0)> — —[1){]0), by applying (2) twice; (iii) we apply to achieve perfect transmission over a noisy channel

the inverse of step (i). Note that, according to theincluding local errors. Using the same implementation,

evolution given by (1), if the initial state ifl);|0), the  we have also presented a fundamental two-bit gate that

cavity photon produced the first time will be absorbedoperates perfectly in the presence of errors.

again by atoml the second time, yielding a minus sign, This work was supported in part by the TMR network

as desired. ERB-FMRX-CT96-0087 and by the Austrian Science
In reality there will be errors due to photon losses,Foundation.

phase shifts of the states involved, and imperfect state

transfer. After applying the gate one obtains, including

these errors,
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