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We present a new approach to investigate quantum-mechanical probability density distributions
electrons in a screened wide potential well, based on low-temperature magnetotransport measurem
Differences of subband energy levels shifted by an inserted controlled potential perturbation a
measured and used to extract the difference of the squared amplitude of the respective wave funct
at the location of the potential spike. The position of the wave functions and the carrier density c
be tuned independently via front- and back-gate voltages. We find excellent agreement between
measured data and self-consistently calculated wave functions. [S0031-9007(97)04818-7]
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Spectroscopy of electron states in artificial model stru
tures is at the heart of quantum mechanics. Wave fu
tions of intentionally modified surface states have be
probed using the scanning tunneling microscope [1].
a different approach, the energy shift of quantized sta
due to an inserted, highly localized potential perturbati
was measured. In this way, wave functions of electro
confined in semiconductor quantum wells [2] and in su
face states of metals [3] have been investigated.

Semiconductor quantum wells are generally realized
Al xGa12xAsyGaAs heterostructures. Based upon the hi
degree of perfection achieved with molecular beam e
taxy, it is possible to realize a large variety of condu
tion and valence band profiles in the growth direction
semiconductor heterostructures. In particular, so-cal
parabolic quantum wells (PBW) have attracted a lot
attention because they can be used for unique experim
inaccessible to other potential shapes. Once filled w
electrons via modulation doping [4,5], transport expe
ments confirm that the screened potential approximate
square well whose single particle energy levels can
probed [6].

In contrast, spectroscopy of energy levels of a screen
PBW is not possible with optical intersubband transm
sion experiments, because the equidistant energy level
a bare parabolic potential are measured, as if there was
electron-electron interaction [7,8]. This striking observ
tion was explained by the generalized Kohn’s theorem [
With a potential spike inserted into the PBW, the sing
line of the collective intersubband transitions splits, whic
is explained in terms of resonant tunnel processes [10]

In order to probe probability densities with interban
optical transitions in Ref. [2], the conduction band a
well as the valence band states had to be considered,
the probability density distribution of electrons and hole
was assumed to be equal. Additional complications res
from light-hole and heavy-hole transitions.
0031-9007y97y79(25)y5106(4)$10.00
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In this paper, we demonstrate that differences of on
electron probability density distributions of PBWs in th
presence of electron screening can be probed by m
netotransport measurements. This paper is organized
follows: After presenting the concept of wave functio
probing, we briefly describe the measured samples and
experimental details. The method is then used to extr
the difference of electron probability density distribution
of two occupied subbands in the PBW for different electro
sheet densities. We proceed by comparing the experim
tal results with self-consistent band structure calculation
which are in excellent agreement. Finally, we discuss r
strictions in the applicability of the presented method.

The concept introduced in Ref. [2] is straightforward
A potential perturbationVdsz 2 z0d at the positionz0

within the PBW shifts the quantum-mechanical eige
statesciszd with energiesEi in first-order perturbation
theory as

E0
i  Ei 1 V jcisz0dj2. (1)

Measuring the shifted energies on many samples w
different spike positionsz0 and comparing them to an
unperturbed sample, the probability density distributio
jcisz0dj2 for different subbandsi was mapped out in
Ref. [2]. In our samples, the spike position is fixed
The electron distribution itself can be displaced along t
growth direction with respect to the spike by applyin
electric fields across the parabola. Because of the uniq
property of a parabolic potential that the curvature
the potential remains unaffected by the superposition
a linear electric field, the wave functions are mere
displaced, and the unaltered shape of the spatially shif
wave functions can be probed at one spike position in t
same sample. Obviously, this statement remains valid
the presence of electron screening.

Here we determine the single-particle energies
the screened PBW by measuring Shubnikov–de Ha
© 1997 The American Physical Society
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(SdH) oscillations of the longitudinal resistivity. The
frequencies of the SdH oscillations yield the electro
densitiesNi of the occupied subbands. Based on th
energy independent density of statesD  mpyp h̄2 of a
two-dimensional system (mp  effective electron mass),
one obtains the difference of the Fermi energyEF to
the respective subband energy levelE0

i . In order to
eliminateEF , which itself depends on the subband ener
levels, one subtracts two subband densities,Ni and Nj .
Therefore, transport experiments measure differences
subband energiesDi,jE0  E0

i 2 E0
j 

p h̄2

mp sNj 2 Nid.
According to Eq. (1), the influence of the potential spik
is then written asDi,jE0  Di,jE 1 VDi,jjcj2, with
Di,jjcj2 := jcisz0dj2 2 jcjsz0dj2. We obtainDi,jjcj2 by
comparing energy differences of two samplesa and b
with different spike strengthsVa andVb :

Di,jjcj2 
Di,jE0sVad 2 Di,jE0sVbd

Va 2 Vb
. (2)

The denominatorVa 2 Vb is a well known growth
parameter. With this approach we have developed
method to measure differences in probability densiti
of occupied conduction band sublevels, based on l
temperature magnetotransport experiments.

We have grown a set of four different samples simil
to those described in Ref. [10]. In all of them, the PBW
realized as a 760 Å wide AlxGa12xAs layer withx vary-
ing parabolically between 0 and 0.1 [11]. The well is em
bedded in 200 Å undoped Al0.3Ga0.7As spacer layers with
symmetric remote Si doping on both sides. The back g
is a 250 Å thickn1-doped layer located 1.35mm below
the well, separated by 0.5mm of low-temperature grown
GaAs [12]. A TiPtAu front-gate electrode was evaporate
on top of the structure. The two gates allow independe
tuning of the carrier density and the position of the electr
distribution inside the well. The experiments were don
in standard Hall-bar geometries.

In sample 1, the unperturbed parabolic potential
realized. In each of the samples 2 to 4, a thre
monolayer thick AlxGa12xAs potential spike was inserted
in the center of the PBW, withx  0.05, 0.1, and 0.15,
respectively. The spikes are described byVdsz 2 z0d,
whereV denotes the potential height times the width
the spike. With a spike width of 8.5 Å and a potentia
height ofx 3 790 meV, we haveV  x 3 6720 Å meV.
These potential perturbations are weak enough to
treated in first-order perturbation theory forx # 0.15.

Magnetotransport measurements were carried out i
He3yHe4 dilution refrigerator at about 100 mK. The elec
tron density can be varied between 1 and5 3 1015 m22 by
applying voltagesVfg andVbg between the electron gas an
the front- and back-gate electrodes, respectively. Typi
electron mobilities are about 15 m2yV s, as obtained from
the resistance at zero magnetic field. SdH-oscillations c
typically be observed above 0.2 T.
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Here we concentrate on the case of two occupied su
bands. For the realization of our experimental idea, w
have displaced the electron distribution inside the we
by applying appropriate gate voltages, keeping the Ha
density NH, as obtained from the low-field Hall effect,
constant.

In Fig. 1, contour lines of constantNH in the Vfg-Vbg
plane are shown for sample 2. SdH oscillations we
measured for magnetic fields between 0 and 1.2 T f
each pair ofVfg and Vbg along a line of constantNH
(symbols in Fig. 1). The subband densityN0 of the
ground state can be evaluated with best accuracy fro
Fourier transformation. The densityN1 is determined
using N1  NH 2 N0. The difference of probability
densityDjcj2 := D0,1jcj2 in Eq. (2) is then proportional
to differences ofN0, measured at the sameNH on two
samples with different spikesVa andVb ,

Djcj2  2
p h̄2

mp

N0sVbd 2 N0sVad
Va 2 Vb

. (3)

Figure 2 presents measurements ofN0 at NH  2.4 3

1015 and 3.9 3 1015 m22 for samples 1 to 4. Distinct
minima in N0 are visible, which get more pronounced
for larger spike strengthx. The difference inN0 for

FIG. 1. Lower part: Measured contours of constant Ha
density NH for sample 2. The dots correspond to front- an
back-gate voltages,Vfg and Vbg, as applied in the experiment.
Upper left part: Calculated wave functionsc0 and c1, the
corresponding subband energies (straight lines), the Fer
energy (dashed lines) and the screened potential atNH 
3.9 3 1015 m22 for a symmetric situation (A) and with the
wave functions shifted to the left (B). In the upper right part
measured magnetoresistivitiesrxx and Hall resistivitiesrxy are
displayed for the two sets of gate voltages (A) and (B), wit
same Hall densities but displaced electron distributions.
5107
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FIG. 2. Measured subband densityN0 as functions ofVfg

for NH  2.4 3 1015 and 3.9 3 1015 m22 and for samples 1
to 4 (spikes with Al contentx  0.0, 0.05, 0.10, and 0.15,
respectively, from top to bottom). The minima inN0 are due
to the potential spike. The difference of two curves at equ
sheet density is directly proportional toDjcj2.

two samples with different spikes is smaller at high
densities. This is due to the fact that the width of th
wave functions increases with density leading to a reduc
amplitude of the wave functions at the spike positions.

According to Eq. (3), the measured data ofN0 shown
in Fig. 2 can be used directly to plotDjcj2 as a function
of the gate voltages. For this purpose, the data in Fig
was interpolated in order to subtract subband densities
different samples. The central result is shown in Fig.
where all combinations of data from samples 2, 3, and
are shown (symbols) for two different Hall densities.

In order to obtain the spatial dependence of the me
suredDjcj2, it is necessary to know the relative displace
ment, Dz, of the electron distribution at constantNH as

FIG. 3. Measured (symbols) and calculated (solid lines) d
ferences of probability density distributionsDjcj2 of the two
lowest subbands forNH  2.4 3 1015 m22 and NH  3.9 3
1015 m22. The data are obtained by subtracting interpolat
values ofN0 from Fig. 2. Triangles correspond to difference
from samples withx  0.10 and x  0.15, circles from those
with x  0.05 and x  0.10, and squares tox  0.05 and
x  0.15. The error bars correspond to an estimated error
2 3 107 m21. The front-gate voltagesVfg are linearly trans-
formed to positionsDz (upperx axis) according to the experi-
mentally obtained data (Fig. 4).
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a function ofVfg. This displacement is obtained exper
mentally, analyzing the measured lines of constantNH in
the Vfg-Vbg plane (Fig. 1) with a two-capacitor model
The model regards the capacityCfg between the front-
gate electrode and the upper edge of the electron gas
being connected in series with the capacityCbg between
the lower edge of the electron gas and the back-gate e
trode. In this way, the distance between the front-ga
electrode and the upper edge of the electron gas can
calculated [13] and thus gives the desiredDzsVfgd. The
result forNH  3.9 3 1015 m22 is shown in Fig. 4 (tri-
angles). As expected, we find an approximately line
relationshipDzsVfgd.

Figure 4(b) shows self-consistently calculatedDjcj2

for a PBW without a potential perturbation for two
different gate voltages. Similar to the experiment, th
total carrier density was kept constant whenVfg andVbg

were varied. In order to obtainDzsVfgd, the position of
maximum Djcj2 was traced as a function ofVfg. The
obtained slope ofDzsVfgd agrees with the experimenta
data to within25% (solid line in Fig. 4).

From both experiment and calculations, we find a larg
displacement per front-gate voltage at higher electr
densities. This is explained by the larger extent
the electron distribution screening the parabolic potent
closer to the front-gate electrode. Thus the appli

FIG. 4. Relative electron displacementDz as obtained experi-
mentally (triangles) and from self-consistent calculations (so
line) for NH  3.9 3 1015 m22. For the experimental determi-
nation of Dz, a two-capacitor model was applied to measure
traces of constantNH in the Vfg-Vbg plane (Fig. 1). The model
regards two capacitiesCfg andCbg connected in series (a). The
change of the charge on the front-gate electrode (fg) is assum
to be compensated by the change of the charge on the ba
gate electrode (bg) while displacing the electron distribution
constantNH. The inset (b) shows self-consistently calculate
Djcj2 at NH  3.9 3 1015 m22 for two different sets of gate
voltages.
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voltage drops in a smaller region, and the electric fie
causing the displacement is increased.

With the obtainedDzsVfgd, we map the measured
Djcj2 as a function of spatial coordinate and compa
them to the calculated data. The upper axis of Fig. 3 in
catesDz as obtained from the experiment. The solid lin
corresponds to the calculatedDjc j2. The data provides
clear evidence that differences of single-particle prob
bility densities are measured. With increasing electr
density, the screening of the parabola is increased and
wave functions spread out. Simultaneously, the amplitu
of the wave functions is reduced due to their normaliz
tion. Both features are observed in the presented d
(Fig. 3) and are solely due to electron screening of t
parabolic potential.

The introduced method is based upon the validity
first-order perturbation theory. Calculations show th
in our samples with a three-monolayer thick potenti
spike, the second-order contribution is at least 5 tim
smaller than the first order, even for the spike wi
x  0.15. Experimentally, the accuracy is mainly limited
by the measured Hall and subband densities. The m
contribution to the error results from deviations in th
electron sheet density fromNH due to multisubband
effects. These are found to be small because the lo
field Hall resistance is linear with magnetic field for a
measured gate voltages. An upper limit for the error
NH is estimated to be1 3 1014 m22, giving an error in
N0 which is about half this value. This corresponds
an error inDjcj2 of 2 3 107 m21 (error bars in Fig. 3).
Deviations from sample to sample must be consider
as well. From our data it can be deduced that they a
very small and restricted mainly to small displacements
gate voltages, which are not corrected in our evaluatio
Keeping in mind that the four samples were grow
on different wafers, this confirms the perfect control o
sample growth conditions.

In a perfectly parabolic potential, the shape of the ele
tron distribution is maintained along a line of constantNH
in Fig. 1. However, in our samples the parabolic pote
tial is perturbed by the potential spike and by the barrie
surrounding the PBW. At a density of4 3 1015 m22,
the curvature of the investigated parabola corresponds
a rectangular electron distribution of width 510 Å. In ou
760 Å wide PBWs, this electron distribution can still b
moved6125 Å away from the center, without touching
the barriers. Quantum mechanically, however, the wa
functions reach into the barriers. Thus a displacement
the electron distribution from the center of the PBW wi
result in small modifications of individual wave functions
Because of its larger spatial extent,c1 is altered more
than c0. This leads to modifications ofDjcj2 far away
from the center of the electron distribution, whereas
ld
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the centerDjc j2 remains mainly unaffected. From the
self-consistent calculations we estimate the correspo
ing error in Djc j2 to be less than0.5 3 107 m21 for
Dz  6150 Å andNH  3.9 3 1015 m22. Thus the as-
sumption of a pure displacement of wave functions is re
sonable for the investigated range ofDz .

In conclusion, we presented a method to probe loca
differences of one-electron probability densities of ele
trons in a screened potential well. This has been done
a transport experiment at different electron sheet densit
Although, in principle, the method can be applied to an
kind of potential well using a large number of sample
in the special case of a PBW, the spatial distribution
probability density differences can be mapped out wi
only two samples. We have demonstrated that in PBW
the spatial distribution can be scanned by displacing t
wave functions without changing their shape. Our e
perimental results are in excellent agreement with se
consistent subband calculations.
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