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Finite-Size Studies on the SO(5) Symmetry of the Hubbard Model
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We present numerical evidence for the approximate SO(5) symmetry of the Hubbard model on a
10-site cluster. Various dynamic correlation functions involving theperators, the generators of the
SO(5) algebra, are studied using exact diagonalization, and are found to possess sharp collective peaks.
Our numerical results also lend support to the interpretation of the recent resonant neutron scattering
peaks in the YBCO superconductors in terms of the Goldstone modes of the spontaneously broken
SO(5) symmetry. Perturbations such as longer-ranged hoppings and interactions do not suppress the
resonance in interesting parameter regimes. [S0031-9007(97)04845-X]

PACS numbers: 71.10.Fd, 74.25.Jb

Although the single band Hubbard model has beertors of the Hubbard Hamiltonian. This implies that the
extensively studied in recent years in connection withSO(5) symmetry is an approximate symmetry of the Hub-
high-T,. superconductivity, its low-energy content has sobard model [1], and one can use it to constrain the form
far eluded both analytical and numerical investigationsof the low-energy effective Hamiltonian. Numerical evi-
While being deceptively simple, this model may havedence for an approximate SO(5) symmetry and for super-
many possible competing ground states, and it has provespin multiplets in thes-J model has recently been found
to be very difficult to organize the low-energy degrees ofby Eoler, Hanke, and Zhang [5].
freedom. Recently, a new analytic approach based on a In this Letter, we present exact numerical diagonaliza-
symmetry principle has been suggested. It was noticetion studies of the dynamic correlation functions involving
that the Hubbard model enjoys an approximate SO(5)he 7 operators and the AF and SC order parameters. We
symmetry, unifying antiferromagnetism (AF) withwave  verify that thes operators are approximate eigenoperators
superconductivity (SC) [1]. This symmetry principle gives of the Hubbard model, and show that the properties of the
a simple description of the transition from an AF groundvarious mixed correlation functions are consistent with the
state to a SC ground state as the chemical potential inticipated pattern of the SO(5) symmetry breaking. Our
varied, and it gives a unified treatment of the low-energyexact numerical calculation is performed o/ X /10
collective degrees of freedom of the Hubbard model. site Hubbard cluster, using standard exact diagonalization

Motivated by its potential importance to the high- (ED) methods based on the Lanczos algorithm [6].
problem, we undertake a numerical finite size study to test Let us first consider the autocorrelation function of the
this approximate symmetry in the single band Hubbardr operators, defined as follows:
model. The central object of our study is the so-calied (o) S|
operator defined as follows: Ty \W Wm‘ 0 Waw “H+ E(z)v+2 + in

mha = D(cosk, = cosky)ekqic ks, 1) x wilwl). )
K Q= (m,m). Here H is the standard Hubbard Hamiltoniahby') its

This operator carries spin 1, charge 2, and total momer@round state withV electrons, and)' the corresponding
tum (77, ). Charge conjugation and spin lowering opera-ground state energy.3 takes the imaginary part of a
tion gives five other similar operators. Here the subscripEorelation function. Throughout this paper, we measure
a = s, d refers to the internal-wave ord-wave symme- the energy of a spectral function from the ground state
try of this composite operator. The operators were first energy of the intermediate state. Sin@é/d changes
introduced by Demler and Zhang [2] to explain the resofarticle number by two, the natural energy scale of the
nant neutron scattering peaks in the YBCO supercondudntermediate states is the ground state energy &f-a 2

tors [3], and are constructed by following the analogy withelectron system.

the ) operators considered by Yang [4]. More recently, it Figures 1(a) and 1(b) plot the, (w) correlation func-
was found [1] that together with the total spin and chargdion for U = 8¢, with electron densitiegn) = 0.6 and
operators, the sixr operators form the generators of the 0.8, respectively. We see that these dynamic correlation
SO(5) algebra, and furthermore, they rotate AF and Sdunctions are dominated by a sharp peak, well separated
order parameters into each other. In Refs. [1,2], it wagrom a higher energy continuum. H,; was an exact
argued that ther, operators are approximate eigenopera-eigenoperator of the Hubbard Hamiltonian, its dynamical
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T T T T T T @) | The 7 resonance is a composite particle made out

Ty (w) 20 F {n) = 0.6 - of two electrons. Near half-filling, it is very difficult
ol ] for a single electron or hole to propagate coherently.
Aj\k In view of this fact, it is rather surprising that a two
1] SOASN POUSTERSN R 1 electron Green’s functionr, (w) has a coherent peak.
7t (w) 10 - (n)(Z)O.S i To demonstrate that the peak is a genuine collective
behavior, we plot in Fig. 1(c) the bubble approximation
51 . to the s (w) correlation function. This approximation to
0 =LJ\1 ! MJ LMo 74 (w) consists of a particle-particle bubble with a fully
e skl © dressed one particle Green’s function (of thed x +/10)
g ()" {n) =038 site cluster inside the bubble. It fully takes into account the
04} . single-particle dressing effects, only the vertex correction
oL N | . is neglected. From these figures, we see that the bubble
; ) approximation yields a broad spectral distribution, without
i (W)is | (n) =0.8 any identifiable resonance peak. The height of the broad

spectral distribution is 1 order of magnitude less than the
height of thesr peak found in the full calculation.This
calculation demonstrates that the collective behavior, or
in other words, the vertex correction, is responsible for
15 jkﬂ ] the existence of the resonance.

1

0.75 |- : -

Figure 1(d) gives the result for." (w) atU = 8¢ at den-
1 h L L 1 L sity n = 0.8. The spectrum is broadly distributed and no

£/ 100 b O resonance peak can be identified. We interpret this result
xg(w) {n) =1.0 ) i t )
as evidence that in contrast #g;, 7] is not an approxi-
or L B mate eigenoperator of the Hubbard model near half-filling.
Y AN ! L L L i This result is consistent with the conclusion of th@atrix
0 2 4 6 w/t8 0 12 M calculation [2]. The crucial difference between thg (w)

) _ ) andw . (w) correlation function has recently been used by

Hubbard model withU = 8¢: (a) 7 (») spectrum ak(n) = R
0.6, (b) 7} () spectrum at(n) — 0.8, (c) bubble approxi- between AF and-wave SC, but no symmetry between AF

mation to 7, (@) as shown in (b), (d)r. () at (n) = 0.8, and extended-wave SC near half-filling.
(e) off-diagonal correlation functiof,(w) at (n) = (0.8/1.0), In the YBCO superconductors [3], below the supercon-

as defined in the text, and (f) spin correlation functjgh(w). ducting transition temperaturg., a resonance peak ap-

, i . ) pears in the polarized neutron scattering amplitude with
autocorrelation function should consist of a single peakmomentum transfefrr, ), and a resonance energy of 25,
Here we see that it is only an approximate eigenoperat%& and 41 meV, depending on doping. Demler and Zhang
in the sense that there is also a high-energy continuum i[Q] identified this experimental feature with the reso-
addition to the resonance peak. The ratio of the spectrq{ance’ and showed that the particle-partigleesonance
weight under the peak to the total spectral weight is_founq:an be mixed into the particle-hole channel belgwand
to be0.63, 0.68 for U = 4r and0.46, 0.31 for U = 87in  therefore appear in the neutron scattering cross section. A
Figs. 1(a) and 1(b), respectively. The separation betweeR,mper of other theoretical papers [7] explain the experi-
the peak and the continuum, and the large relative spegpenta| feature in terms of a particle-hole threshold be-
tral weight of the peak demonstrate that the operatoris  hayior near the superconducting gap or possible excitonic
an eigenoperator of the Hubbard model to a good degregates inside the gap. More recently, theesonance has
of approximation. The energies of these peakslalé!,  peen interpreted more broadly by Zhang [1] as the Gold-
0.661 (U = 41), 0.55¢, and0.24s (U = 8r), respectively, stone boson associated with the spontaneous breaking of
andscale inversely wit/. the SO(5) symmetry belo...

We see that the qualitative features of our ED agrees |n this Letter, we test the ideas of Refs. [1,2] by

with the 7-matrix calculation of Ref. [2]. Our ED show stydying the mixed correlation functions involving the
thatthe 74 (w) correlation function is indeed dominated gpin-density-wave order parameter

by a single peak whose spectral weight is proportional to ; ot

the hole density — n. Furthermore, the energy of the Sé’ = ZCHQ,TCk,l’ Sqo = Sq > 3
7 resonance peak is also proportional to the hole density, k

with a scale comparable to the AF exchanbe= 4¢2/U. | and themr, operator, defined by

1 | |
Sa(w) = —=(¥) 2 56 — 8§ vy, 4
al@) = =730y |<7wa—(H—E6V)+in ° Qw—(H—E{)V‘Z)Han)l o) *)
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and the dynamical spin correlation function itself, definedof multiplet splittings, preliminary results at lower elec-
by tron density(n = 0.625) indicate that the overall features
Xa(w) _ lS(‘I’évlSé 1 . ' ﬁre similar: In aII_systems studied so far, Hn,gre_sonance
T w— (H—-E))+in as a sharply Qeflned Iow-energy peak, which is well sepa-
N rated from a higher-energy continuum. The separation is
X Sql¥p). (®) jar d to th le of th d
, ) . _ ge compared to the energy scale of the resonance and,
The correlation functionS,;(w) satisfies an important therefore, likely to survive in larger systems.
exact sum rule Recently, Greiter [11] and Baskaran and Anderson
f do Sq(w) = 2T 2|AEY), (6) [12] raised some questions concerning the compat_ibility
o between the Mott-Hubbard gap and the approximate
where Ay = >y (cosk, — cosky)cyjc—k, is thed-wave  SO(5) symmetry as well as questions concerning the
superconducting order parameter. This sum rule follows:ffect of an additional diagonal hopping and nearest-
from the fact that ther, operator is an SO(5) symmetry neighbor Coulomb interactio¥.
generator which rotates the AF order parameter into the Greiter argued that there is no low-energyesonance.
d-wave SC order parameter [1]. Mixed correlation func-|nstead the energy of the particle should be of ordey.
tions like S;(w), which involve a symmetry generator and Figure 2 displays our ED results for the resonance as
an order parameter, are commonly used to prove the Gold function of U at various fillings betweefin) = 0.2 to
stone theorem on the Goldstone bosons associated withg. We clearly see that the resonance energy scales with
spontaneous symmetry breaking [8]. 1/U and not withU. This result can straightforwardly be
In Fig. 1(e) S4(w) is plotted forU = 8¢, for electron  understood in strong coupling: because of the spin triplet
density between = 0.8 andn = 1. We see that the spec- nature of thes operator, the mutual interaction among
trum is dominated by a single peak with relative weightthe inserted electrons is of ordér If both electrons go
0.72, located at the same energy as theesonance. We into empty sites, there is—in analogy to the quasiparticle
also verified that the sum rule (6) is satisfied by explic-band in the doped single-particle spectrum—a finite spec-
ity computing thed-wave order parameter defined on thetral weight at low energy of the order af If, on the other
right-hand side. Therefore, our result shows tifwe 10-  hand, one or both of the inserted electrons go into sites al-
site Hubbard cluster at densities between= 0.8 and ready occupied, the energy of threpair will be of order/
n =1 possesses considerablewave SC fluctuations, or2U, respectively. Both the low-energy excitations, i.e.,
and furthermore, there is indeed a Goldstone pole asthe sharpr resonance and also these high-energy excita-
sociated with this spontaneous symmetry breaking, conions with small weight distributed arourid, can be de-
sistent with the SO(5) theory [1].The finite energy of tected in Figs. 1(a) and 1(b). However, itis the low-energy
the Goldstone pole results from the fact that the SO(5) is; peak which makes a finite contribution to the spin cor-
not only broken spontaneously by the SC order parameterelation function, and it is the primary object of interest.
but also broken explicitly by the chemical potential [1].  Next, we consider the effect of a nearest-neighbor inter-
We also calculated;(w) between the densities = 0.6 actionHy = VZ(i,i) ninj, wheren; denotes the electron
andn = 0.8 and found it to be nearly zero. Similarly, density at sitei, on the approximate SO(5) symmetry
the mixed correlation functiofi;() involving therr; and  [12]. In the left panel of Fig. 3, we compare spectra of
S operators vanishes for all densities. This result is conge S, = 0 member of ther, operators with the zero-
sistent with other numerical evidence férwave pairing momentum pair operatoAI, for different values ofV,

quc'Fuat|ons in the Hubbard model [9]. . . with densities(n) = 0.8. The energies of the dominant
Finally, we show our calculation for the spin correlation

function Xé(w) in Fig. 1(f) for U = 8¢ at densityn =

1. We see thathere is a sharp resonance feature at T
the same energy as the resonance. The fact that i
all three correlation functions,; (@), S,(w), and xg () - 55 g

have resonance peaks at the same energy demonstrates wa/t %

cooo]
=Y
+ X X[ 7

3333
inn

that the peak in the spin correlation functicxﬁ(w) 1

has a finite overlap with the particle-particle intermediate

statewgl‘lf{)v_Z}. Because of the finiteness of the mixed

correlation functionS;(w) and the right-hand side of

equation (6), a particle-particle excitation at dengity=

0.8 makes a finite contribution to the spin correlation

function atn = 1. This feature confirms the argument of o

Ref. [2] (see also Ref. [10]). 017 o
Work on larger systemé&t X 4) is in progress to sys- U/t

tematica”y ChECk the finite'Size dependence. Wh”e th¢|G 2. Energy of theTJ_resonance peak ina |og_|og p|0t as

analysis for thet X 4 cluster is rather involved because a function ofU at fillings (n) = 0.2 to 0.8.
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operators of the Hubbard model both near and away from
half-filling. Their dynamic autocorrelation function shows
well separated resonance peaks with large relative spec-
tral weight and low energy. This behavior is intrinsically
collective, and cannot be reproduced by any calculations
which neglect vertex corrections. In contrast to thg
operators, ther; operators do not show well separated
peaks near half-filling. This result shows that there is an
approximate SO(5) symmetry only between the AF and
the d-wave SC order parameters, and no symmetry be-
tween the AF and the-wave SC order parameters. Close
to half-filling, between the densities = 0.8 andn = 1,

the 10-site Hubbard cluster has finifewave supercon-
ducting fluctuations, which lead to a nonvanishing mixed
correlation function involving the SO(5) symmetry genera-
tor and the AF order parameter. Because of the finiteness
of this mixed correlation function, there is a contribution
to the dynamic spin correlation function from the particle-
particle = resonance. These observations are consistent

with the proposed explanation of the resonant neutron scat-
tering peaks in the YBCO superconductors [2].
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low-energy peaks are only marginally affected. Most
importantly, the difference of the excitation energies of
the A and 7 operators is practically independent &ffor
the parameter range consideredThis difference gives
the energy required to removedawave singlet pair with
momentum(0,0) from the system and reinsertdawave 1] s.C. Zhang, Scienc275 1089 (1997).
triplet pair with momentum (s, ). In a neutron-  [2] E. Demler and S.C. Zhang, Phys. Rev. Letb, 4126
scattering experiment a Cooper pair from the condensate  (1995).
is turned into asr-pair; we therefore expect the energy [3] B. Keimeret al., Physica (Amsterdam382C—287C 232
difference of the peak energies in Fig. 3 to correspond to  (1997); H.F. Fonget al., Phys. Rev. Lett75, 316 (1995);
the energy of the peak in the inelastic neutron scattering H.F. Fonget al., Phys. Rev. Lett78, 713 (1997); P. Dai
cross section, which is essentially unaffectediby etal., Phys. Rev. Lett77, 5425 (1996).

In the right panel of Fig. 3, we consider the influence [4] gr-]g"Sangz*th%S-@)ea’- IID_E;ES)’LZe%tAszé(?lE?S?i;gg(I);\L Yang
of a next-nearest-neighbor hopping integralwith the [5] R. Eoler, W. Hanke, and S.-C. Zhang, cond-mat/9707233.
opposite sign as, and again compare the corresponding [6] Y. Otha, T. Shimozato, R. Eder, and S. Maekawa, Phys
spectra of ther andA, operators at a density:) = 0.8. Rev. Lett.73 324 (1994’1)_ ' ’ ' ' '
For values of|t'/¢| < 0.4 the overall picture is similar 7] N. Bulut and D. Scalapino, Phys. Rev.33, 5149 (1996);
to that seen for the nearest-neighbor interaction, i.e., the * H F. Fonget al., Phys. Rev. Lett.75, 316 (1995); I.I.
difference in excitation energies is nearly independent  Mazin and V.M. Yakovenko, Phys. Rev. Left5 4134
of ¢'/t. For values of|t’/t] > 0.3 both the low-lying (1995); D.Z. Liuet al., Phys. Rev. Lett75, 4130 (1995);
resonances of th&-pair and ther-pair are shifted upward A.J. Millis and H. Monien, Phys. Rev. B4, 16172
in energy. Summarizing both the influence r6fand v (1996); L. Yin, S. Chakravarty, and P. W. Anderson, Phys.
perturbations on the approximate SO(5) symmetry, we note  Rev. Lett.78, 3559 (1997). .
that the weight of the peaks are only marginally affected [€] ‘;ég‘zlldgsé‘;;‘e' A. Salam, and S. Weinberg, Phys. Rev,
g s e oo TG Mot SUB0ESl) o Scaain, P, s 32 (1385 and fernces

. therein; E. Dagotto, Rev. Mod. Phy86, 763 (1994), and
perturbations, so does theresonance. references therein.

In conclusion, we have numerically verified one of the[10] 4. Kohno, B. Normand, and H. Fukuyama (to be
most fundamental assumptions of the SO(5) theory of the ~ puplished); E. Demler and S. C. Zhang (to be published).
Hubbard model [1], which asserts that the SO(5) symmef11] M. Greiter, cond-mat/9705049.
try generators, ther; operators, are approximate eigen-[12] G. Baskaran and P.W. Anderson, cond-mat/9706076.
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FIG. 3. Spectra at a densify) = 0.8 and couplingU/r = 8

for the 77} (solid line) and th&i operator (dashed line) for a

series of value¥ /¢ (left panel) and’/r (right panel) (reference
energy isEy %).




