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Spin Squeezing in an Ensemble of Atoms Illuminated with Squeezed Light
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We propose an experimentally feasible way to generate spin squeezing in an ensemble of V
atoms. The proposal involves absorption of a squeezed light beam, and it does not require a larg
angle to be occupied by squeezed light. 50% of the amount of squeezing of the optical field c
transferred onto spin squeezing of the excited atomic states. The analogy with the input-output
for quantum fields is used to elucidate this result. An experimental setup for generation and det
of spin squeezing within magnetic or hf manifolds is outlined. [S0031-9007(97)04808-4]

PACS numbers: 42.50.Lc, 03.70.+k, 75.10.Jm
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The extensive research activity devoted during the l
decade to generation and applications of nonclass
squeezed states of the electromagnetic field [1] has b
paralleled by the quest for similar states in other physi
systems, in particular, spin squeezed states (SSS
atoms [2,3]. Just as squeezed states of light provid
reduction in the measurement uncertainty due to quan
fluctuations of light, SSS of atoms and ions hold t
promise to overcome uncertainties introduced by quant
fluctuations in atomic systems. Atomic noise has be
observed in a variety of experiments [4–7], therefo
its reduction becomes a practical problem for sensit
measurements. More specifically, possible application
SSS include improved sensitivity of atom interferomet
Ramsey separated oscillatory fields spectroscopy,
atomic spin polarization measurements [3,7,8].

For a system of two level atoms the spin compone
are defined as

Fx ­
1
2 sF12 1 F21d ,

Fy ­
2i
2 sF12 2 F21d , (1)

Fz ­
1
2 sF11 2 F22d ,

with collective operators Fij ­
P

jil kjj, i, j ­ 1, 2
summed over all atoms in the sample.

We apply the definition of spin squeezing of [2,9
where the collective spin of a system of spin-1y2 particles
is considered squeezed if the variance of a componen
the total spin perpendicular to the direction of the me
spin is less than the standard quantum limit defined fo
coherent spin state,DFi ,

p
Fy2 . For trapped ions it has

been suggested to use the coupling via their translatio
degrees of freedom to impose correlation between
individual spins and in this way to obtain a spin squeez
state [3,9]. Oscillatory exchange of squeezing betwe
nondecaying atoms and squeezed cavity modes in
framework of the Jaynes-Cummings model has be
discussed in [9,10].

Spin squeezing via interaction of neutral two-lev
atoms with squeezed vacuum in free space has been
sidered in [11]. However, this proposal requires squee
0031-9007y97y79(24)y4782(4)$10.00
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light to occupy a major part of the full solid angle o
vacuum modes which match the atomic dipole patte
Although considerable experimental progress has b
achieved in the generation of frequency tunable squee
light and its applications in atomic physics experimen
[12,13], the existing sources generate a Gaussian b
of squeezed light which is difficult to mode match to th
atomic dipole pattern. This “4p” problem is common for
a variety of theoretical proposals concerning the dynam
of an atom driven by nonclassical light [14].

In this Letter we consider the effect ofdriving V atoms
with a normal Gaussian beam of squeezed light, wh
leads to spin squeezing within the pair of excited sta
with no optically driven transition between them (se
inset in Fig. 1). The light absorption process creates
entanglement of the field and the individual atoms, a
when all the light is absorbed in the sample we realize
steady state multiparticle entanglement, which as we s

FIG. 1. Detection of spin squeezing in a polarization expe
ment. s2 coherent ands1 squeezed beams fully absorbed
0-1, 2 transitions create a squeezed spin state within the ato
substates1sm ­ 21d and 2sm ­ 1d. For the correct choice
of the phase between the coherent and squeezed beam
Fy spin component is squeezed. Quantum noise of the pr
difference photocurrentI2 ­ Is45±d 2 Is135±d is then reduced
beyond the limit set by the coherent spin state fluctuations, t
demonstrating SSS of atoms (more details in the text).
© 1997 The American Physical Society
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show is only partly deteriorated (50%) by the effect o
atomic spontaneous emission. We stress that conside
spin squeezing within the final states of the transitio
is crucial because the large initial state population
atoms provides a dominant nonsqueezed contribution
the collective optical atomic coherence. Spin squeez
within a close pair of atomic states is, in fact, the situatio
relevant for precision spin measurements in frequen
standards, magnetometers, etc.

Interaction of an ensemble of atoms with free spa
quantized field modes.—We consider first the inter-
action of a field mode propagating along thez axis
through an ensemble with number densityr of two-level
atoms with the lower statej0l and upper statej1l. The
field is described by the continuous annihilation o
erator asz, td, and the atoms are characterized by th
atomic operatorssij ­ jil kjj, i, j ­ 0, 1. To describe
the interaction of the field with the atoms we use th
approach of [15], where continuous atomic operators a
introduced:

sijs$r, td ­
1

rDV

X
m

exp

∑
i

vij

c
sz 2 zmd

∏
s

m
ij (2)

and where the sum is performed over atoms, enumera
by the superscriptm, enclosed in the volumeDV around
the position$r. The phase factor on each term in the sum
where zm is the z coordinate of themth atom, ensures
that the volumeDV may extend over many optica
wavelengths, being still “infinitesimal” on the length sca
of field changes due to absorption and dispersion.vij

is the Bohr frequency between the atomic levelsi andj.
We separate the transverse mode functionusx, yd assumed
not to depend onz over the extent of the atomic sample
In the slowly varying amplitude and phase approximatio
the evolution of the continuous field operator is the
described by the equationµ

1
c

≠

≠t
1

≠

≠z

∂
asz, td

­ gr
Z Z

dx dy usx, yds01s$r, td . (3)

We chose a definition ofasz, td so that a1sz, tdasz, td
provides the flux of photons and the relation betwe
continuous field operator and the operator of the incide
field is simplyasz ­ 0, td ­ ainstd.

The Heisenberg equation of motion for the continuo
atomic dipole operator is readily obtained from the usu
single-atom equations [16],

Ùs01s$r , td ­ 2
1
2

gs01 2 iv01s01

1 gusx, ydass11 2 s00d

1
p

g ss11 2 s00dbin, (4)

where the interaction constantg and the atomic decay
rate g are given by the atomic dipole moment and th
f
ing
n
f
to
g

n
y

e

-
e

e
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ed

,

n
n

n
nt
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l
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transition frequencyv01, and where we have introduced
continuous operators of atomic noisebins $r , td, bin1s$r, td
in the same manner as the atomic operators in (2
Supposing the noise operatorsbmstd for different atoms
to be independent we have the commutation relations

rfbins$r, td, bin1s $r1, t1dg ­ ds$r 2 $r1ddst 2 t1d . (5)

We now suppose that the field is so weak that in th
equation for s01sz, td we can omit the terms involv-
ing the upper-state populations and make the replac
ment s00s $r , td 2 s11s$r , td ­ 1. The equation (4) then
becomes linear and this equation and Eq. (3) can
solved by introducing the Fourier transform ofs01, bin, a,

s01s$r , vd ­ 2
gusx, ydasz, vd 1

p
g bins$r, vd

1
2 g 2 isv 2 v01d

, (6)

asz, vd ­ as0, vdeiksvdz

2
Z z

0
dz1

p
g greiksvd sz2z1d

1
2 g 2 isv 2 v01d

binsz1, vd ,

(7)

where we used the normalization of the transvers
mode function

R R
dx dy u2sx, yd ­ 1 and rede-

fined the continuous noise operators asbinsz, vd ­R R
dx dy usx, ydbins$r , vd with commutation relation

rfbinsz, vd, bin1sz1, v1dg ­ dsz 2 z1ddsv 2 v1d. In
Eq. (7) we have introducediksvd ­ ivyc 2 g2ry
f 1

2 g 2 isv 2 v01dg.
The expectation values of the expressions in Eq. (

reveal the usual expression for the dispersion and damp
of a classical field in a gas of two-level atoms. Whe
the result is substituted back in Eq. (6) we obtain th
position dependent dipole and after integration over spa
the collective atomic dipole of the sample. Although th
collective dipoleF01 acquires some of the noise proper
ties of the incident field, we cannot relate this to th
definition of SSS given in the introduction because th
main fraction of atoms stays in the ground state and the
fluctuations are not affected by the light.

Instead, the above results will be used in the discussi
of a V system, where spin squeezing in a convention
sense can be introduced consistently. We consider
V transition with each arm0 $ 1s2d interacting with a
separate quantum fielda1s2d and we focus on the collective
atomic operators

Fij ­
X
m

s
m
ij ­ r

Z
dr sijsrd, i, j ­ 1, 2 . (8)

We restrict ourselves to the case where the 0-2 transiti
interacts with a squeezed vacuum and the 0-1 tran
tion interacts with a coherent field. To simplify our
analysis, we assume that the two modes have identi
transverse mode functionsusx, yd and that the coherent
amplitude is much stronger than the squeezed vacuu
4783
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o

fluctuations so that the coherent part ofs01, with
ks10s$r , tdl ­ ks10s$r , t ­ 0dle2iv1t , is much greater than
the fluctuating quantitys02. Linearizing the operator
products contributing tos12s $r , td then yields
4784
s12s$r, td ­ ks10s $r, tdls02s$r, td ,

s12s $r , D ­ v 2 v1d ­ ks10s $r, t ­ 0dls02s$r, vd . (9)

Equations (6) and (7)) applied to each of the tw
transitions in the V system now yield
ntegral
the
s12s$r, Dd ­
gusx, ydrsaeiksv1dzdp

s g

2 1 isv1 2 v01dd s g

2 2 isv 2 v02dd

3

"
gusx, ydain

2 sv2deiksvdz 1
p

g bin
2 s$r, vd 2

g2usx, ydrp
g

g

2 2 isv 2 v02d

Z z

0
dz1bin

2 sz1, vdeiksvd sz2z1d

#
. (10)

We assume complete absorption of the light fields in the atomic gas so that thez integral can be extended to infinity
when Eq. (10) is inserted into Eq. (8). It is convenient to change the order of integration of the ensuing double iR

`

0 dz
Rz

0 dz1? !
R`

0 dz1

R`

z1
dz? to perform thez integration ofc-number functions first and to subsequently replace

symbolz1 by z. Assuming for simplicity thatv1 ­ v01 ­ v02 we thus obtain

F12sDd ­
Z `

0
dz

grsaeiksv1dzdp

g

2 s g

2 2 iDd

3

264gain
2 svdeiksvdz 1

p
g bin

2 sz, vd

0B@1 1
g2r

g

2 2 iD
1

iD

c 2
g2r

gy2 2
g2r

gy22iD

1CA
375 . (11)
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The noise operatorsbin
2 sz, vd, bin1

2 sz, vd ared correlated
in frequency and space. Thus any spatial integr
of these operators will bed correlated in fre-
quency, and the noise operator defined a
din

2 svd ­
p

2 Imfksv1dgr
R`

0 dzseiksv1dzdpbin
2 sz, vd is

readily shown to satisfy the commutator relation
fdin

2 svd, din1
2 sv0dg ­ dsv 2 v0d. For practical cases of

interest, g2r ¿ gDyc, implying that the absorption is
complete and that light travels through the sample fast
compared to the atomic spontaneous decay rate. Un
this assumption we finally obtain

F12sDd .
ap

g 2 iD
ain

2 sv1 1 Dd

1
ap

g 2 iD
din

2 sv1 1 Dd . (12)

Equation (12) is the main result of the paper. It show
that the collective atomic operatorF12 obtains even noise
contributions from a white noise reservoir,din

2 , and from
the input beamain

2 . It is hence clear that any noise
reduction in ain

2 compared to, e.g., a coherent field o
a vacuum field will manifest itself in the spin noise a
measured byF12. Equation (12) is in fact identical to the
expression for the intracavity field in the resonator inpu
output theory [17], and the variances of the pseudosp
components are therefore simply linked to the quadratu
phase variancesX2

1,2 of the input fielda2:

kF2
x,yl ­

1
4 kFzl s4X2

1,2 1 1d . (13)

For the vacuum input fielda2 the variances4X2
1,2 ­ 1

and kF2
x,yl ­

1
2 kFzl ­

1
2 kFl as they should be for the

coherent spin state. With a broadband squeezed vacu
l

s
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s

/
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m

as an input fielda2, when, e.g.,X2
1 ­ 0, we obtain

the spin squeezed state with 50% squeezing:kF2
x l ­

1
4 kFl. The analogy with the resonator goes beyond t
resemblance of equations. In the resonator case, the 5
reduction is due to the intracavity field being coupled bo
to the incident and the reflected field modes at the inp
mirror. In the atom case, the atomic dipoles are simila
coupled to both the incident field and the scattered fie
modes (spontaneous emission). Like a resonator,
atomic medium interacts with the squeezed light in
frequency selective way, and a bandwidth of squeez
of a few g is effectively “broad” and still in accordance
with our assumption of complete absorption.

Discussion and an experimental proposal.—In our pro-
posal SSS are generated for atoms in the final states
the transitions driven by quantum correlated excitati
(states 1, 2 of the previous section). To observe it w
need to address only these atoms in our measurement
cedure. One way to do this is to perform the measu
ment of the quantum noise of a transmitted light pro
quasiresonant with the transitions for which 1, 2 are t
lower states. The layout for SSS observation in su
an experiment is shown in Fig. 1. Levels 1 and 2 a
specified to be magnetic sublevels withm ­ 21, 1 of
an excited state with angular momentumJ ­ 1. The
coherent and the squeezed components of the exci
fields ares2 and s1 polarized, respectively. The spin
componentsFx,y (1) now physically correspond to cer
tain components of the alignment tensor in theJ ­ 1 ex-
cited state,Fx ~ T 2

22 1 T2
2 andFy ~ T 2

22 2 T2
2 [18]. To

measure, e.g.,Fy , a probe linearly polarized alongx is
analyzed with a polarizing beam splitter oriented at45±

to thex axis rendering the intensitiesIs45±d and Is135±d
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[19]. For the resonant probeI2 ­ Is45±d 2 Is135±d ­
aI0g0Fy , wherea is a constant proportional to the opti
cal depth of the medium,I0 is the probe intensity andg0

is the width of the transition. Obviously, quantum nois
of I2 is determined by the quantum noise ofFy . When
Fy is squeezed the noise ofI2 drops below the level set
by the coherent spin state fluctuations (13) demonstr
ing the spin squeezed state of the atomic ensemble.
quantum noise ofI2 will contain also the shot noise of
the probe, independent of the atoms, but this contrib
tion can be suppressed by a suitable lock-in techniq
e.g., by modulating the atomic medium. One can imagi
many other geometries of the experiment for which diffe
ent components of the (magnetic manifold) density mat
are squeezed.

We believe that the main assumptions in the pap
are realistic: complete absorption is achievable, e.g.,
cold atoms in a magneto-optical trap. Optical deptha ­
l2nly4p2 . 20 for the densityn ­ 3 3 1011 cm23, and
the lengthl ­ 0.5 cm of the trap. The back action of the
probe on the spin ensemble can be qualitatively addres
by assuming that every act of absorption of a pro
photon destroys spin squeezing as an additional (to
spontaneous emission to level0) channel of dissipation
for SSS. This additional channel is irrelevant ifg0s ø g

where s is the saturation parameter of the probe. Th
is, if the probe transition and the nonclassical excitati
transition have comparable ratesg0 . g we must fulfill
the weak probe conditions ø 1.

As mentioned at the beginning of this Letter the colle
tive atomic correlations present in SSS can be importan
diverse areas of atomic physics. The generation of qu
tum correlated atomic states via complete absorption m
be of interest with other nonclassical states of light a
with emphasis on other properties of the atomic samp
e.g., twin beam absorption may lead to reduced partiti
noise in a “quantum beam splitter” for atom interferom
try. Besides the enhanced sensitivity of measurements
mapping of light statistics onto atomic states may be r
evant for quantum computing and quantum communic
tion, where our proposal is a “free-space” alternative
cavity QED methods [20].

Let us note that it is important for the type of spi
squeezing of interest that the entire sample is consider
A single atom in a squeezed light field, or a thin layer
atoms in the sample, only absorbs a minute fraction of t
light, and hence the squeezing properties of the light a
not sufficiently transferred to the atoms.

As a closing remark we note that the limit of 50%
efficiency of “quantum mapping” which is intrinsic for the
direct absorption situation considered in the present pa
may very well not be the general limit. For example
adiabatic population transfer or Raman-type transitio
combined with our requirement of total absorption of th
nonclassical input light could be promising candidates f
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further spin squeezing. Such a scheme involving tw
quantum correlated fields in two Raman-type transition
will be of direct relevance for spin squeezing of groun
state substates in frequency standards and magnetome
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