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Order-Disorder Transition in an External Field in Random Ferromagnets
and Nematic Elastomers
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We study theoretically the effect of external field on random anisotropy ferromagnets and nema
elastomers. The system evolves on increasing field from the correlated spin glass state to the alig
ferromagnetic state via a first order phase transition at a threshold field accompanied by a signific
jump of the average magnetization. The mean magnetization growth is due to reorientation, rather t
growth of individual domains. We discuss the additional hardening mechanisms in nematic elastom
that increase the threshold of the transition observed experimentally and lead to the “fossil” doma
walls left in the aligned system. [S0031-9007(97)04747-9]

PACS numbers: 75.10.Nr, 64.70.Md, 75.50.Lk
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The presence of quenched random disorder is implic
to many physical systems, as different as random ferr
magnets, vortex lattices in type-II superconductors, an
liquid crystalline elastomers. It is well understood theo
retically that even a weak random field of quenche
defects breaks the long-range order in less than four
mensions [1–3]. This result was first obtained for vorte
arrays by Larkin, and later generalized by Imry and M
[1], who showed that in 3D the displacement correlatio
function grows linearly with distance. A modern analy
sis, based on the concept of replica symmetry breakin
revealed that at long distances a quasi-long-range orde
vortices arrays pertains, although the genuine long-ran
order is indeed broken by random fields [3].

The influence of homogeneous external fields on
system with random disorder was investigated theore
cally by Cullen [4] and Chudnovskyet al. [5]. They
applied the random anisotropy model to describe amo
phous ferromagnets in a magnetic field. It was confirme
[5] that a ferromagnet with weak random anisotrop
in the absence of an external field is in the correlate
spin glass (CSG) state, where the spin orientation co
relations decrease exponentially with a coherence d
tance much bigger than an atomic scalea. Already
rather weak magnetic fields nearly align the spins an
give rise to the regime of a ferromagnet with wan
dering axis (FWA), where spins are still able to de
viate slightly from the magnetic field direction; strong
fields align all spins in the same direction. The cor
rectness of this picture was proven experimentally (se
for example, the review [6]). In all theoretical models
the presence of long-range order in a strong field has be
assumeda priori. The actual process of imposing the
long-range order by an external field is not described the
retically and a more rigorous analysis is needed.

The macroscopic ordering of nematic elastomers und
a uniaxial stress has been observed experimentally [7–1
With no stress applied, the ground state is polydomai
analogous to the CSG in random magnetic systems. T
role of random impurities here is played by the networ
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cross-links, which impose a local orientation on the su
rounding director field. Cross-links always possess a d
gree of anisotropy and their positions and orientations a
random and topologically fixed during the network forma
tion. There is a clear transition, at a critical value of stres
into a macroscopically aligned state, which is called mono
domain in spite of the “fossil” remains of domain walls still
present in the system even at high stress. Direct obs
vations of the polydomain-monodomain transition unde
external stress, now available in many different nemat
elastomers, and the absence of the apparent critical tran
tion in random ferromagnets, further motivate our study
We argue that the magnetic transition should happen
rather small fields, perhaps below the investigated rang
whereas in elastomers an additional rubber-elastic effe
causes the threshold stress to be significantly greater.

In this Letter we consider a random-anisotropy fer
romagnet in external magnetic field. The approach
equally applicable to nematic elastomers, where th
source of orientational disorder is thought to be th
network cross-links. The combination of the replica
trick and the Gaussian variational method developed f
random manifolds [11] is used to obtain a nontrivia
replica-symmetric solution which corresponds to th
macroscopically ordered (ferromagnetic) phase. W
carry out the analysis of stability, which shows the
presence of the phase transition at a critical value
the field, between the low-field replica symmetry-broke
CSG state and the high-field FWA state with a tail o
long-range order. We do not address the physics of t
replica symmetry-broken state and the dynamic properti
of the system.

The model.—We consider a ferromagnet with ran-
domly distributed impurities, which locally impose an
easy spin orientation [12]. The Hamiltonian of such sys
tem can be written as

H 
Z

d3r

∑
a

2
s=Md2 2

g

2
rsrd skMd2 2 hsn0Md

∏
,

(1)
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wherea and g are the exchange and random anisotro
constants,M the local magnetization, andh the amplitude
of the external (magnetic) field directed along the u
vectorn0. rsrd 

P
dsr 2 rid is the continuum density

of impurities, which impose a completely random orien
tion of an easy anisotropy axisk.

It is convenient to take the magnetization and r
dom anisotropy axes both confined to thex-y plane,
though being dependent on all three spatial coordin
(3D XY model). This choicesn  2, d  3d does not
seem to affect the results qualitatively [5] but subst
tially simplifies the analysis. The local coarse-grain
magnetization is changing the direction slowly, so t
M  Mhcosu, sinuj is parametrized by a single ang
with M  const.

We assume the defects to be distributed with
Gaussian probability:

Pfrg . exp

(
2

Z
d3r

r2

2r0

)
, (2)

where r0 is the mean density of impurities, an
Pfkg  1

2p , signifying an arbitrary orientation of random
anisotropy axis in thex-y plane.

To calculate averages over the quenched disorder
apply the replica trick [11,13]. After averaging ov
the random distributions ofrsrd and k, the replica
Hamiltonian takes the form

Hrepl 
mX

a,b1

Z
d3r

"
dab

√
â

2
s=uad2 2 ĥ cosua

!

2
G

4
coss2ua 2 2ubd

#
, (3)

where a, b are the replica indices andm the number
of replicas. The coupling parameterG  g2r0M4y16kT
and constantŝa  aM2, ĥ  hM incorporate the mag
netization amplitude. This type of Hamiltonian with th
periodic replica interaction has been studied before [3
examine the glasslike disorder at zero field.

Following [3,11], we approximate the replica Ham
tonian using the Gaussian variational method. The t
HamiltonianH0 in Fourier space has the form

H0 
1
2

mX
a,b1

Z qmax

qmin

d3q
s2pd3

G21
ab sqduasqdubs2qd , (4)

where G21
ab is an m 3 m matrix of variational parame

ters,qmin  2pyL is the lower andqmax  2pya the up-
per cutoffs (L being the system size anda the atomic
scale). Gab describes correlations between Fourier co
ponents of magnetization on different replicas: in o
notation Gab  s1ykT d kuasqdubs2qdl. This matrix of
variational parametersGab is chosen in the convenien
form: G21

ab  dabsâq2 1 Dad 2 sab. Two separate set
of parametersDa andsab are necessary to fit both diag
nal (external field) and off-diagonal (replica interactio
parts of the variational free energyFvar  2kT ln Z0 1

kHrepl 2 H0lH0 . Minimization of Fvar with respect to pa-
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rametersDa andsab provides the stationary conditions

Da  ĥe
2 kT

2

R
q

Gaasqd
1 saa 1 G

X
cfia

e
24kT

R
q

1

âq21Dc ,

(5)

safib  2Ge
22kT

R
q
sGaa1Gbb22Gabd

. (6)

We examine the class of replica symmetric solution
of Eqs. (5) and (6), i.e., with allsab  s, Da  D,
Gabsqd  Gsqd, and their stability. Equations (5) and (6
cannot be solved analytically, but reduce to transcenden
equations forD ands. G21 can be inverted:

Gsqd 
1

kT
kjuasqdj2l 

1
âq2 1 D

1
s

sâq2 1 Dd2
.

(7)

One can see how the external field influences the syste
The diagonal variational parameterD plays the role of
mass and suppresses both the thermal and the quenc
disorder (first and second terms inGsqd, respectively).
The nonzero mass penalizes long wavelength fluctuatio
and limits their amplitude. This effect will become
stronger with increasing external field and more sho
wavelength fluctuations will be suppressed. When th
happens on the length scale of characteristic domain s
one can expect the onset of a macroscopically orde
(FWA) phase.

The transition.—First of all, Eqs. (5) and (6) always
have a trivial solution:

s  2Ge
24kT

R
q

1

âq2  2Gv; D  0 , (8)

where v  exph22kTqmaxyp2âj is a constant of the
order of e21 (if the natural estimate of the exchang
coupling, aM2 , kTcya, with Tc the temperature of
magnetic ordering, is valid). This trivial solution lead
to the correlation functionBsxd  kfuasxd 2 uas0dg2l .
const2 sxyj0d lnsLyxd. Here j0  â2p2ykTGv 
16p2a2yvr0g2 is the correlation distance, or the charac
teristic domain size of the CSG system in the absence
the external field. This long-range correlator is equivale
to Larkin’s result [1]. This solution is known to be
unstable with respect to the replica symmetry breakin
It can be checked from the eigenvaluel of the replicon
mode [3]:

l  1 2
kT
2

Ge
24kT

R
q

1

âq2

Z
q

1
sâq2d2 . 1 2

L
8pj0

.

(9)

For system sizesL ¿ j0 the eigenvalue is negative and
the trivial replica-symmetric solution is unstable with
respect to perturbations. As a result, the system exhib
a glasslike disorder at large length scales, as in oth
analogous cases [3].

The trivial solution (8) does not take into accoun
the external field and can be obtained directly from th
Hamiltonian (3) withh  0. To be more precise, in this
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caseD will be exponentially small:D , exph2Lyj0j and
will vanish in a large system.

To account for the influence of external field one need
to find a solution with nonzero parameterD. In the case
of a very weak fieldsD ø âq2

mind we have forD:

D . ĥv1y8 exp

Ω
2

Ł
4pj0

æ
. (10)

Within the accuracy,Dysâq2
mind the values ofs and l

are not influenced by this weak field. So, such a field
unable to make the replica-symmetric solution stable a
the system remains in a glassy state.

To consider the case of stronger fields, let us no
suggest that̂aq2

min ø D ø âq2
max, i.e., fluctuations with

the wave vectorq , qc ; sDyâd1y2 are now suppressed
by the external field, although the shorter waveleng
fluctuations remain unchanged. If we discard the term
of the order ofsqminyqcd2 andsqcyqmaxd2, Eqs. (5) and (6)
decouple and the value ofs in (6) is unaffected by the
external field. We obtain an approximate equation forD
from Eq. (5):

D  ĥv1y8 exp

(
2

p

8

s
â

Dj
2
0

)
. (11)

This equation has a solution only for the external fiel
above the thresholdhc (see Fig. 1):

hc 

√
pe

16v1y16

!2
aM

j
2
0

. 1.5 3 1026

√
r

2
0g4M
a3

!
. (12)

At large fieldssâj
22
0 ø D ø âq2

maxd the exponential in
Eq. (11) can be neglected and the relationDsĥd becomes
a linear function with the slope determined byv1y8.
At the same times remains weakly influenced by the
external field:s  2Gvs1 1

p

2 kTqcyâd. Therefore, the
apparent domain size remains approximately unchange

This replica-symmetric solution is stable. It can b
checked that the eigenvaluel becomes positive when

FIG. 1. The solution of Eq. (11). Variational parameterD
(scaled by âyj

2
0 ) obtained as a function of external field

(scaled by âyj
2
0 ). The transition from trivial (curvea) to

nontrivial replica-symmetric solution (curveb) at a critical field
hc is indicated by an arrow. The dashed linec represents the
unstable branch of solutions forDshd.
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h $ hc andD $ Dc , âyj
2
0 :

l  1 2
kT
2

Ge
24kT

R
q

1

âq21D

Z 1
sâq2 1 Dd2

. 1 2
v

32p

s
â

Dj
2
0

. (13)

So, when external field reaches the threshold value,
binds fluctuations withq $ j

21
0 and imposes correlations

between the domains. This is illustrated by the critica
value qc being indeed of the order ofj21

0 . The do-
main size itself does not change during the phase tran
sition apart from the small correction term of the order of
qcyqmax. The evolution of the CSG state, therefore, pro-
ceeds via the reorientation of correlated regions toward
the field direction, while keeping their characteristic size
unchanged in the first approximation.

The average magnetization in the ordered FWA is

M 
M
V

Z
d3xkcosusxdl  Me

2 kT

2

R
q

Gsqd

. exp

(
2

kT
4p2â

"
qmax 2

p

2

s
D
â

#

2
p

16j0

s
â

D

)
, (14)

where Dshd is given by Eq. (11) and Fig. 1. The two
terms in the exponent come from thermal and random dis
order, respectively. They both are of the order of unity a
the transition and tend to zero with the growth of externa
field. It gives the small jump of the average magnetiza
tion at h  hc, which then increases monotonically with
the growth ofh (Fig. 2). At large fields an approximate
form of Eq. (14) can be used; returning to the dimensiona
parametersM . M exph2 1

128p r0g2M1y2a23y2h21y2j.

FIG. 2. The order parameter (scaled average magnetizatio
MyM as a function of scaled external field̂hj

2
0yâ, obtained

using the dependenceDshd from Fig. 1. In spite of a significant
jump at the transition [see Eq. (14)], the order paramete
behaves in a critical fashion,M 2 DM , sh 2 hcd1y2.
4663
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Nematic elastomers.—The model is equally applicable
to nematic elastomers, although there are some differen
The free energy density will have the form similar t
Eq. (1) [9]. The unit director fieldnsrd replaces the
magnetization, with the Frank elastic constantK instead of
a. The external field couples ton in a quadrupolar fashion,
with the corresponding term in Hamiltonian2h̃sn0 ? nd2.
The external field can be either mechanical (uniaxial stre
with h̃ the value of stress, or magnetic with̃h  xah2,
where xa is the anisotropy of magnetic susceptibility
The random field here is caused by the network cro
links, which always possess a degree of anisotropy. Th
positions and orientations are random and fixed during
network formation, leading to the same form of random
field term in the continuum Hamiltonian [9].

However, one should take into account the addition
rubber-elastic deformation of the underlying polymer ne
work. Elastic properties of nematic elastomers inclu
a peculiar effect called “soft elasticity” (see the revie
[14])—the ability to sustain certain deformations withou
any energy cost due to the coupling between network
formations and director rotations. To be soft, the fluctu
tion should be either pure bend, pure splay, or splay-tw
combinations [15]. These conditions can be satisfied o
in a homogeneous director field. So, strictly speaking
nematic elastomer is hard when in a glassy state with
highly nonuniformn. Nonetheless the fluctuations with
q . 1yj0 can be soft inside each domain, as long as t
director field at the scalej0 is roughly homogeneous.

As in the CSG, the zero-field disordered elastomer do
not have the pronounced interfaces between correlated
gions. However, when an external stress is applied,
system would gain energy if the least possible deform
tion caused by external field is contained in the har
domain interface regions. The corresponding elastic e
ergy response, per unit volume, reads1

2 m´2,yj0; with m

the rubber modulus;́ the overall sample deformation; an
the width of an interface. The elastic penalty for su

taining such an interface is estimated as1
2 mQ2j0y, per

unit volume, whereQ is the measure of nematic chai
anisotropy of misaligned neighboring domains. Therefo
the domain wall localizes under strain:,p , j0sQy´d.
The interface energy density, resulting from this balanc
is mQ´. It must be added to the external-stress term2h̃´,
providing a new value for the threshold: Eq. (12) will now
determine the value of the offset stresssh̃c 2 mQd.

The discussed effects, accounting for the rubber n
work deformation, are diagonal in replicated Hamiltonia
(3) and so will cause only a renormalization of the n
matic Frank elastic constantK and a shift of the “mass”
Dshd, leaving the general picture of the order-disord
phase transition unchanged. After a small jump at t
threshold stress̃hc , mQ, the macroscopic order parame
ter S will be increasing with the stress,

S . Q exp

(
2

p

2
K1y2

j0sh̃ 2 mQd1y2

)
.
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The parameter of nematic chain anisotropyQ is usually of
the order 0.1–0.2 in side chain, and much greater in mai
chain liquid crystal polymers. Hence the threshold of th
transition is well within experimental accuracy, and ha
been clearly observed by many groups. The characteris
increase of the average orientation parameterSsh̃d has
also been seen, although to resolve a predicted jumpSc

one would need to ensure the equilibrium conditions (th
relaxation dynamics of random elastomers is very slow).

To summarize, we obtained a discontinuous transition
driven by an external homogeneous field, between the co
related spin glass state and the ferromagnetic state w
a certain degree of long-range order, and between pol
domain and monodomain states of nematic elastome
At, and past the transition the characteristic domain siz
j0 changes only weakly with applied field and, there
fore, the increase in the long-range order takes places v
the reorientation of individual correlated regions, rathe
than through domain growth. In elastomers, due to th
additional rubber-elastic energy, the domain boundarie
sharpen on increasing field and are left in the system ev
after the complete alignment is achieved.
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