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Phase Diagram of Fully Developed Drainage in Porous Media
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Using concepts of invasion percolation in a gradient, we develop a phase diagram of fully developed
drainage in porous media. The transition between stabilized displacement (where the conventional
continuum applies) and fingering is controlled by the change of the sign of the gradient of the
percolation probability (from stabilizing to destabilizing). The transition boundary is described by
scaling laws. [S0031-9007(97)04702-9]

PACS numbers: 47.55.Mh, 05.40.+ j, 47.55.Kf
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The displacement (drainage) of a wetting (w) fluid
in a porous medium by a nonwetting (nw) fluid ha
been analyzed in detail in the past. For drainage in
L 3 L pore network at constant velocityq, Lenormand
[1] identified three limiting patterns, invasion percolatio
(IP) [2], pistonlike or compact and viscous fingering (VF
[3], and delineated their validity. As the displacemen
proceeds, however, spatial profiles will develop, and th
overall displacement will be characterized by one o
two possible global regimes, where there is a continuo
transition between these limiting patterns (Fig. 1).

The first regime involves a frontal region with the struc
ture of an IP cluster of extents, followed by an upstream
region of increasing length with the characteristics of
compact pattern [Fig. 1(a)]. This stabilized displaceme
(SD) regime is where the conventional continuum descri
tion applies [4] and has been the object of many studi
[5,6]. The second regime [Fig. 1(b)] has not been full
analyzed. Typically, it is described as a VF-type patte
(for example, of the diffusion-limited aggregation type
similar to miscible displacements [7]. This, howeve
overlooks capillarity, which at sufficiently small scale
should be comparable to viscous and should affect t
properties of the fingers (as, for example, in linear stab
ity studies [8,9]). For the sake of generality, we will refe
to this regime as capillary-viscous fingering (CVF).

At present, the delineation of the validity of thes
regimes (as well as their clear characterization) is n
available. In this Letter, we provide an answer b
postulating a description in terms of invasion percolatio
in a gradient (IPG) [10]. We particularly recognize th
existence of two different global patterns, depending o
whether invasion is in astabilizing gradient (IPSG) or
a destabilizinggradient (IPDG), respectively. The latter
distinction is fundamental to this Letter and it is for the
first time made in this context (e.g., compare to [5]).

Recall that IPG is IP in a field where the percolatio
probability p has a spatial gradient, typically due to a hy
0031-9007y97y79(23)y4581(4)$10.00
s
an

n
)
t
e
f

us

-

a
nt
p-
es
y
rn
)
r,
s
he
il-
r

e
ot
y
n

e
n

n
-

drostatic or permeability field,dpydx , 2B, expressed
through the Bond numberB. If B . 0, thenp decreases
in the direction of displacement, and the latter involves
IP frontal region of finite extents scaling ass , B2 n

n11 ,
wheren is the correlation length exponent of percolation
followed by a compact region [5,10]. This is an IPSG
process. In the opposite case (B , 0, p increasing in
the direction of displacement), the process is destabilizi
(IPDG) and proceeds in the form of capillary fingers, th
average thickness of which also satisfies this scaling,
with jBj in place ofB [11]. Evidently, an IPG description
would also be relevant to immiscible displacement, wi
the gradient now due to viscous forces. We propose t
various properties of SD and CVF, the delineation of the
validity, the stability of SD, and the validity of the contin-
uum approach can be inferred by the two versions of IP
namely, by determining the spatial variation ofp and the
sign of its gradient.

Consider drainage at constant volume flow rateQ
in a random porous medium represented as a netw
of pores (e.g.,L 3 N in 2D or L 3 L 3 N in 3D,
where N is variable). Assume constant lattice spacin
l, and a pore throat size distributionasrd, with meanrm

and standard deviationSrm. In the absence of viscous
forces, the displacement pattern is IP, where the fro
advances by penetrating the largest size throat availa
and the capillary pressurePc  Pnw 2 Pw is spatially
uniform [2]. In the presence of viscous forces, a gradie
(negative or positive) will develop inPc. In view of the
relationsPc  2gyr andp 

R`

r asrd dr, whereg is the
interfacial tension, this, in turn, will impart a gradient in
p. Then, the process becomes one of the two versio
of IPG described above. The application of IPG to infe
properties of SD and CVF is detailed in [12]. Here, w
briefly summarize the salient features and focus on t
conditions that delineate their validity.

Consider an SD [Fig. 1(a)] and focus on the front
region, where the pattern is IP, of widths and lateral
© 1997 The American Physical Society 4581
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FIG. 1. Schematics of fully developed drainage: (a) Stabilize
displacement (S denotes the volumetric fraction of the invading
phase); (b) capillary-viscous fingering.

extentLd21, whered is the embedding dimension. This
region is centered around the mean front positionXcstd,
traveling at velocityy, and defined, in analogy with IPG,
as the place where the transverse average ofp is equal
to the percolation threshold,psXcd  pc. It is shown in
[12] that use of IPSG results in the following equatio
for s:

≥
bs

z1nsD21d
n 2 Ms

¥
,

2S

CaF
s

2 1

n , (1)

where M  mwymnw is the viscosity ratio,
CaF  ymnwyg is the capillary number at the front, and
b is a dimensionless constant. Exponentsz andD corre-
spond to the conductance and the mass fractal dimens
of the percolation cluster, respectively [13]. Upstream
of the front, there is a compact region [Fig. 1(a)], th
transition to which can be described by a crossov
function [12].

Equation (1) is obtained by applying the self
consistency argument of gradient percolation [5,10
4582
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which states that sinces delineates the extent of the
IP cluster, we must also haveDp , s

2 1

n , where Dp
s; 2s

dp
dx d is the variation ofp in that region, namely,

Dp , CaFy2Ssbs
z1nsD21d

n 2 Msd. The latter, in turn,
is obtained by using the relation betweenPc and p,
referred to above, and the expression for the change
capillary pressure,DPc , ymnwyrmssbs

z1nsD22d
n 2 Md,

obtained by estimating the pressure drops in this regi
[12]. Essentially, the term between the brackets ofDPc,
and Dp, and of (1) expresses the difference between t
pressure drops in the nw and w phases. The power l
reflects the progressively increasing resistance to flo
of the nw phase, which occupies part of a percolatio
cluster, as its size increases.

It is easily shown that (1) admits a unique positiv
solution for all values of M and CaF . At small CaF ,
this solution approaches the power-law asymptotes ,
sCaFy2Sd2 n

11z1nsD21d , which has an exponent identica
to Wilkinson’s [5]. However, his result was obtained
differently, by extrapolating in the frontalfractal region
a continuum solution, valid behind the front. It is
interesting to note from (1) that an increase in the disord
of the pore structure (increasingS) has an effect which is
equivalent to an increase in capillarity.

The fact that a solution of (1) exists for allM and
CaF also means that fully developed SD exists (but
not necessarily stable) for allM and CaF (because of the
existence of a solution, the left-hand side (LHS) of (1
is positive, hencep decreases in the direction of dis
placement). To establish whether this regime will actua
develop, however, we must address its stability. Equiv
lently, this can be done by examining the development
the initial phase of the displacement, before a travelin
wave solution develops. An analysis of the properties
the CVF regime is given in Ref. [12].

Consider, now, the delineation of the validity of thes
regimes, in which case one needs to address theinitial
phase of the displacement. During this interval, the d
placement has an extentxstd 3 Ld21, wherex is increas-
ing with time. The pattern is of the IP type as long a
xstd # xesCa, Md, wherexesCa, Md is to be determined.
At x  xe , the pattern departs from percolation and
transition towards a fully developed displacement star
The latter will either become a SD (with a compact re
gion following an IP front) or a CVF regime, dependin
on whether, atxe , p decreases or increases in the dire
tion of displacement, respectively. To trace this transitio
we need, first, to identifyxe and, second, to determine the
sign of the gradient ofp at that point.

The analysis is similar to the SD case. The pressu
drops are expressed similarly, but now withx in place of
s and Qnw  Q (there are no traveling fronts). Note
also that a slight modification is needed because h
the entire cluster is fractal. As previously, the mo
important quantities areDPc and Dp across a region of
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extent x, which in absolute value is read asjDPcj ,
2gSyrmjDpj , qmnw yrmjcx

z1nsd21d
n 2 Mxj, wherec is

another constant. To definexe , we follow Lenormand
[1] and request that atxe , we must havej

DNp

Np
j 

e ø 1, where Np is the fraction of sites of the nw
phase occupying an IP cluster. The scaling of the lat
can be obtained from percolation theory, namely,Np ,
sconstd sp 2 pcdb [13]. Proceeding as in [1], substituting
jDpj  jp 2 pcj from the above, and takingx  xe ,
gives the following equation:

Ca
S

x
11n

n
e

jcx
z1nsD22d

n
e

2 Mj , e , (2)

the solution of which will be discussed below. This equ
tion represents a generalization of the two equations of
describing the IP-to-compact and IP-to-VF boundaries,
spectively (which were determined in [1] in what amoun
to a xe 3 xe lattice under the assumption that pressu
drops occur only in one phase).

We note that in (2),cx
z1nsD22d

n
e

actually represents the
large-x asymptote of the ratioMDPnwyDPw . When the
lattice is finite or whenxe is small, a more general ex-
pression, to be obtained numerically, must be used. U
ing 3D pore network simulations, we computed this rati
as shown in the inset of Fig. 2 (actually, we compute
its equivalent ratio of the two flow conductancesGwyGnw
at M  1). At relatively largex, the curve has the ex-
pected power-law scaling, although it eventually reache

FIG. 2. The ratioMDPnw yDPw [first term between brackets
in (2)] vs the extent xe. In the inset are results from
simulations in a100 3 100 3 200 pore network.
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plateau, which reflects finite-size effects. For sufficient
small x, the curve approaches a realization-depend
value Mp. For the purposes of this Letter, we will as
sume in the remaining thatL andxe are sufficiently large
for the power-law scaling of percolation in (2) to be ap
plicable (as shown in Fig. 2). We will also takeMp  1,
for reasons to be discussed below.

The solution of (2) depends on the sign ofcx
z1nsD22d

n
e

2

M. It is apparent from Fig. 2 that we must distinguis
two different cases:

(a) If M , Mp (regionA in Fig. 2), the term between
the brackets in (2) is positive, and the resulting equation
very similar to (1) describing the extent of the stabilize
zone in SD. As in that case, it admits a solution forall
values of Ca, with the same dependence on parame
as s. Moreover, and for the same reasons as in S
p is decreasing with distance for allxstd # xe , and
the problem is IPSG. This means that whenxe is
reached, the regime that will set in will be an SD. Thu
when M , Mp, the displacement is anunconditionally
stabilized displacement. This conclusion is similar to th
of conventional stability analyses [8] (whereMp  1),
but it is reached here using IPG.

(b) If M . Mp, the solution xe can lie either in
region Bd or in regionBs (Fig. 2). If in Bd , the term
in the brackets of (2) is negative, which means thatp
increaseswith distance (note thatDp has the same sign
ascx

z1nsD22d
n

e
2 M). In this case, therefore, the pattern a

xe will tend toward the CVF regime. Now,xe solves the
different equation

2x
11n

n
e

≥
cx

z1nsD22d
n

e
2 M

¥
,

S

Ca
e . (3)

However, and contrary to case (a), a solution of (3)does
not exist for all M or Ca. Indeed, its LHS goes throug
a maximum as a function ofx , which, when substituted
back in (3) gives the following condition for a solution to
exist:

Ca
S

M
z111nsD21d

z1nsD22d $ Osed (4)

[where we grouped all constants into anOs1d parameter].
Equivalently, (4) expresses the condition for the existen
of the CVF regime. It shows that forM aboveMp, the
displacement will become CVF provided that Ca orM
are sufficiently large. Otherwise, the pattern will rema
at percolation as the displacement proceeds through
regionBd [since a solution to (3) willnot exist], as well as
after Bd is exited (atx0, Fig. 2) and regionBs is entered.
In the latter region, the term within the brackets in (2)
positive, the resulting equation having a solution forall
values ofM or Ca. Reasoning as in case (a), we conclu
that if (4) is violated, the transition will be toward a SD.

We summarize the above as follows: A stabilized di
placement is possible either ifM , Mp for all Ca, or if
4583
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FIG. 3. Phase diagram of fully developed displacement
drainage.

M . Mp but for sufficiently small Ca, as dictated by (4)
Otherwise, the displacement will be destabilized. The
results can be portrayed in a phase diagram of fully d
veloped drainage with axis ln Ca and lnM (Fig. 3). The
two regimes SD and CVF are separated by a line, which
largeM is asymptotically straight with slopez111nsD21d

z1nsD22d ,
and asM approachesMp becomes asymptotically verti-
cal. Because at large Ca, the boundary delineating
from CVF must be the vertical lineM  1, by extension
we takeMp  1 (see also [14]). We note that the curv
separating the two regions also serves to delineate the
lidity of the conventional continuum description, which
only applies to a SD displacement. This provides a res
lution of a long-standing question.

It is interesting to consider the variation ofxe as
we cross the transition from SD to CVF (for example
by increasing M along the pathAB of Fig. 3). A
schematic of the solution of (2) in the two cases when t

FIG. 4. Schematic of the variation ofxe (at which there is
departure from IP towards either SD or CVF) as a functio
of M for constant Ca (following pathAB in Fig. 3). Note the
first-orderlike phase transition at the critical point. The dashe
line branch on the CVF side is not reached.
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quantity in brackets is positive (case of SD) or negativ
(case of CVF), respectively, is shown in Fig. 4. [A
simple qualitative analog would be to replace (2) b
the quadraticjcx2

e 2 Mxej  a.] On the SD (stable)
side, the solution increases monotonically withM. On
the CVF side, however, there exist two branches, on
increasing and the other decreasing with an increase
M. It is the lower branch which will be selected, as in a
transient displacement it is the smallerxe which will be
encountered first. Thus, when the critical curve is reache
(at Mc), there is a discontinuity, which here indicates a
first-order phase transition. This interesting behavior
also the result of the application of IPG to the problem.
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