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The dependence of the stability of prolate deformed nuclei on the neck parameter is studied from th
point of view of the interplay between order and chaos. The statistical properties of level spectra for
the deformed space explored by the fission process are presented. It is found that on saddles the sin
particle motion is unstable against chaos, whereas at minimums it is stable. Based on this investigatio
a possible understanding of hyperdeformed144 146Ba appearing in the spontaneous fission of252Cf is
provided. [S0031-9007(97)04689-9]

PACS numbers: 24.60.Ky, 21.60.Cs, 24.60.Lz, 25.85.Ca
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Searching for hyperdeformed (HD) nuclei, i.e., nucle
with axis ratios around3:1, nowadays has become on
of the most challenging subjects. Hyperdeformation
144,145,146Ba was observed by Ter-Akopianet al. [1]. It
was shown that the HD144,145,146Ba nuclei were pro-
duced at the scission point of the spontaneous fission
252Cf. In fact, the HD states in actinide nuclei were a
ready studied theoretically [2]. It has been found th
in certain heavy nuclei the second saddle point is sp
leading to an excited reflection-asymmetric configuratio
with extremely large quadrupole and octupole deform
tions, which may be responsible for the HD states. The
fore, the search for hyperdeformation in heavy nuclei
closely related to the study of the fission process. A pop
lar theoretical approach is to examine the potential e
ergy surface in order to study the underlying mechanis
for the formation of HD states [2,3]. But it is even mor
interesting and inspiring to explore the association of t
stability of a large deformed configuration of nuclei with
the statistical properties of the single particle spectra
way of which a possible understanding of hyperdefo
mation can be achieved. For the spherical nuclei t
statistical features of spectra are better known [4,5]. R
cently, it has been reported, based on a simplified mo
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[6], that for a prolate deformation virtually no chaos is dis
cernible while for the oblate case the motion shows stro
chaos when the octupole term is turned on. The extens
of this investigation to a very large deformed space e
plored by the fission process and the hyperdeformation
a new direction for nuclear structure study. The aim of th
Letter is to develop an approach to understand the fiss
and the hyperdeformation from the point of view of the in
terplay between order and chaos. We first illustrate the
pendence of statistical features of level spectra on the n
degree of freedom, which plays an important role in th
fission process. Then we explore how the stability of n
clear configurations along the fission path from the grou
state to scission is governed by the nearest neighbor dis
bution of level spectra. Finally, we provide a possible u
derstanding of the appearance of hyperdeformed144 146Ba
nuclei in the spontaneous fission of252Cf.

The two center shell model (TCSM) [7], in which the
neck degree of freedom is included as a shape parame
is adoped in this study. This model is very favorab
for the description of extremely large deformed nucle
especially for the description of the scission configuratio
The potential of the TCSM is axially symmetric with
respect to thez axis and is taken to be
V sr, zd ­
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with the abbreviation ofz0 ­ z 2 z1 for z , 0 andz0 ­
z 2 z2 for z . 0. We denote the positions of the center
of the two fragments byz1 and z2, with z1 # 0 # z2.
All parameters in the above formula are related to fiv
shape parameters, by which the nuclear shape can
described very well. They are the separation of the tw
s

e
be
o

centersDz, the neck parametere (e ­ 0 corresponds
to ovaloids,e ­ 1 to well necked-in shapes), the mas
asymmetryXi ­ sA1 2 A2dysA1 1 A2d with A1 and A2

the mass numbers of the fragments (Xi ranges from
0 to 1), and finally the ellipsoidal deformations of th
fragments,b1 andb2. Based on this realistic model, we
© 1997 The American Physical Society
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calculate the nearest neighbor level spacing distribution
single particle spectra. Since the level density of proto
(or neutron) greatly changes with the level energy, th
unfolding procedure, which can be found in Ref. [8], i
performed in order to study local statistical properties o
levels, such as spacing distribution.

In Fig. 1 we show the nearest neighbor level spacin
distribution of single particle spectra (for neutron) for th
prolate configuration (with considerable mass asymmetr
as a function of the neck parameter. From this figure
can be seen that when the neck parameter is very sm
(no necked-in shape) the level spacing distribution a
proaches the typical Poisson distribution and stable pr
late nuclei are expected. This conclusion is just the sam
as in Ref. [6]. However, as soon as the neck parame
increases, the level spacing distribution starts to devia
from the Poisson distribution and approaches a Wign
type. When the neck parameter is taken to be 0.6, i.
with a considerable necked-in shape, the quantum sta
tical results of spectra display a typical Wigner distribu
tion. It means that the stability of prolate nuclear system
against chaos is destroyed by neck formation. If the ne
parameter further increases the level spacing distributi
gradually comes back to the Poisson distribution. For e
ample, when the neck parameter is taken to be 0.95, i
the system approaches to the scission configuration,
statistical behavior of the spectra demonstrates a Poiss
like distribution and the stability against chaos will be re
stored. Thus we can conclude that the stability of prola
nuclear systems against chaos also depends strongly
the neck parameter in addition to the quadrupole and o
tupole deformations. Consequently, when we study t
fission process and the hyperdeformation in which th

FIG. 1. The nearest neighbor level spacing distributions
spectra as a function of unfolded energies at different ne
parameters (the other parameters are fixed to beDz ­ 8.0 fm,
b1 ­ 0.3, b2 ­ 3.0, Xi ­ 0.3). The solid lines denote Wigner
distribution and Poisson distribution; the histograms are o
numerical results. The corresponding nuclear shapes
denoted.
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neck formation plays a crucial role, it is necessary to co
sider the influence of the neck parameter explicitly.

In order to establish the general connection between t
stability of prolate deformed configuration and the sta
tistical property of level spectra, we illustrate the nea
est neighbor level spacing distribution of spectra along
fission path of252Cf in Fig. 2. This fission path is ob-
tained by the potential energy surface calculation in th
TCSM. It starts from the ground state, goes throug
the first saddle point, the second minimum and the se
ond saddle point, then passes through a well develop
mass asymmetric and necked-in third minimum and thi
saddle point, and finally reaches the scission point. A
the ground state a Poisson-like distribution of spectra h
been obtained, which is shown in Fig. 2(a). As the sy
tem approaches the first saddle point from the groun
state, the statistical property of spectra starts to devia
from the Poisson-like distribution as shown in Fig. 2(b
(which corresponds to the configuration in between th
ground state and first saddle point). At the first sadd
point a Wigner-like distribution appears [Fig. 2(c)]. On
the second and third saddle points the statistical prope
of level spectra is more likely a Wigner-like distribution,
as shown in Figs. 2(e) and 2(g), respectively. The lev
spacing distributions associated with the second and th
minimums as well as the scission point are found to b
a Poisson-like distribution as shown in Figs. 2(d), 2(f)
and 2(h). Therefore, we can summarize as follows: o
saddles a Wigner-like distribution of spectra has been o
served, which means that the single particle motion

FIG. 2. The level spacing distributions of spectra for th
deformed space explored by the fission process of252Cf: (a)
the ground state, (b) the configuration between the ground st
and the first saddle point, (c) the first saddle point, (d) th
second minimum, (e) the second saddle point, (f ) the thi
minimum, (g) the third saddle point, and (h) the scission poin
The corresponding nuclear configurations are denoted.
4543
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those configurations is unstable against chaos; howe
at the minimums of fission potential a Poisson-like di
tribution has been demonstrated and the motion of sin
particles is quite regular. From this study we have tried
establish a general relation between the stability of nucl
deformations and the statistical property of level spect
Based on this, we have deep insight into properties
fission statics and we further understand why the seco
minimum is responsible for the superdeformation and t
third minimum or scission configuration is responsible f
the hyperdeformation in heavy nuclei. In addition, ou
study can also provide important information about th
dependence of nuclear dissipation on the deformed sp
in heavy nuclei. According to Ref. [9], the concept of nu
clear friction can be considered from the point of view o
regular versus chaotic motion and the rate of dissipation
drastically reduced if the single particle motion is regula
In this Letter we have explored the dependence of sta
tical properties of level spectra on nuclear deformation
Therefore, we can learn that the nuclear dissipation d
pends strongly on nuclear configurations along the fiss
path. For example, the dissipation on saddles seems
be much larger than that in minimums. This conclusio
in principle, supports the statement that the dissipation
configurations from the saddle to scission point is larg
than that in the ground state well [10].

Based on the above general investigation on stati
cal properties of spectra for the deformed space explo
by the fission process, we try to understand the hyper
formation appearing at the scission of252Cf. We know
that during the fission process the systems of252Cf evolve
from the ground state and go through saddles, then re
the scission. During this process, the energy levels
the system will be split into two sets, one for the norm
deformed Mo and the other for the hyperdeformed B
This behavior is in fact quantitively reflected in Fig. 3(a
where the relevant statistical analyses are shown. T
nearest neighbor level spacing distribution appears clo
to an integrable case than to the typical Wigner distrib
tion. Of physical interest are the pronounced new sh
structures that emerge for the configuration of the no
mal deformed Mo and hyperdeformed Ba pair at scissio
This pattern is also directly related to the periodic o
bits on the Poincaré section map indicated in Fig. 3(
in which the surface of section is chosen to be on t
planez-Pz at r ­ 0 andPr . 0 (z is an axially symmet-
ric coordinate andr is perpendicular toz in the cylinder
coordinate system). Here, thez component of angular
momentum is fixed to be zero, which corresponds to t
case ofLz ­ 0 in quantum mechanical treatment. Sinc
we have left out terms likel2 and spin-orbit coupling in
the classical treatment, we cannot claim that such str
tures arise exactly where we have found them. Ho
ever, the essential point is the fact that such structu
will always emerge. From above classical and quantu
mechanical treatments, it has been implied that there i
4544
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FIG. 3. (a) The level spacing distribution of spectra as
function of unfolded energies for the system consisting of
normal deformed Mo and hyperdeformed Ba at scission. Th
solid lines denote Wigner distribution and Poisson distribution
the histogram is our numerical results. The correspondin
nuclear configuration is denoted. (b) The Poincaré surface
section z-Pz for the classical analog of the system indicated
in (a).

locally stable structure against chaos for the configuratio
of a normal deformed Mo and hyperdeformed Ba pair a
scission of252Cf. To prove this statement we have also
calculated the potential energy surface (PES) of252Cf
by using the shell correction approach with TCSM an
liquid-drop model [11]. In Fig. 4 we plot the PES with
respect to the shape parameters of distance between
fragments and deformation of the barium nucleus. A lo
cal minimum on the PES has been found at the distan
between two fragmentsDZ ø 18.2 fm and the deforma-
tion of Bab2 ø 3.1. The corresponding configuration of
this minimum is close to the scission point of252Cf. This
behavior is qualitatively consistent with the statistical be
havior of single particle spectra.

In conclusion, we have found that the stability of
prolate deformed nuclei strongly depends on the nec
parameter in addition to the quadrupole and octupo
deformations. It has been pointed out that when th
neck parameter increases to a certain value the stabil
of prolate nuclei against chaos is destroyed and if
reaches a quite large necked-in case the stability of the
systems against chaos will be restored again. This featu
greatly influences the fission process and therefore it
necessary to take the neck parameter into account in t
investigation of the fission and nuclear structure with
large deformation. The statistical properties of spect
for the deformed space explored by the fission proce
have been further presented, for example, the chao
motion has been observed on saddles while the order
motion has been found in minimums. This provides u
with important information not only for fission statics,



VOLUME 79, NUMBER 23 P H Y S I C A L R E V I E W L E T T E R S 8 DECEMBER1997

e

ral
ar
a,
y-
ns
he
-
].
l
ar

.

FIG. 4. Potential energy surface near the scission co
figuration of the system of252Cf as a function of distance
between two fragments and deformation of fragment Ba.

but also for fission dynamics. Based on this investigatio
the classical and quantum mechanical results are repor
for the single particle motion in a complex system
which consists of a normal deformed nucleus Mo an
hyperdeformed nucleus Ba at the scission configuratio
during the spontaneous fission of252Cf. The regular
character of the single particle motion has been observe
which means that a kind of stable structure exists in th
system. The calculation of the potential energy surfac
n-

n
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d
n

d,
e
e

lends further support to the statistical explanation on th
HD shape of Ba.

From above investigations we may start a quite gene
problem about a relation between the stability of nucle
configuration and the statistical property of level spectr
which is associated with the investigation on nuclear d
namics and structure under extremely large deformatio
with a strong necked-in shape and mass asymmetry. T
significance of this kind of study can go far beyond nu
clear physics, as was pointed out by Mottelson in Ref. [5
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