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Josephson Current through Charge Density Waves
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The effect of the collective charge density wave (CDW) motion on the Josephson current in a
superconductgicharge density waysuperconductor junction is studied theoretically. By deriving the
kinetic equations for the coupled superconductor-CDW system, it is shown that below the critical current
the CDW does not move. Biased above this value, the Josephson current oscillates as a function of the
velocity of the sliding CDW and the collective mode acts as a nonlinear shunting resistor parallel to the
Josephson channel. Internal mode locking of the Josephson and CDW frequencies causes oscillations
in the current-voltage characteristics and plateaus in the CDW conductance. [S0031-9007(97)04665-6]

PACS numbers: 74.50.+r, 72.15.Nj

The Josephson effect [1] is known to exist in superconfent has an oscillatory behavior as a function of the phase
ductor hybrid structures, where two superconductors aré = ¢r — ¢, + xL/vrp, wherevg is the Fermi velocity.
separated by insulating barriers or normal metals [2]. ReApparently CDW motion induces a dynamical phase which
cently, the theory of the Josephson effect through systenis added to the conventional superconductor phase differ-
which support a non-Fermi (Tomonaga-Luttinger) liquidence. Finally, we show that in the presence of pinning
ground state has received much attention due to rapid dé¢he collective mode causes a nonlinear shunting resistance
velopments in fabrication technology [3]. In this Letter parallel to the Josephson channel. Typical current-
we investigate the Josephson current through a differentoltage characteristics show sharp oscillations caused
yet related system, namely, a strongly anisotropic metdby internal mode locking of the CDW and Josephson
with a charge density wave (CDW) instability. frequencies.

The ground state of CDW'’s consist of a lattice distor- The dynamics of superconductor and CDW systems can
tion coupled to an electron density modulatieppw =  be described simultaneously by the semiclassical Green
|Ac(x,7)| co§2krx — x(x,1)]. The amplitude of the functions g,s(x;7,¢) wherei = {R,A,K} and a, B =
complex CDW order parametek, is half the Peierls {1,2,3,4}. The retardedg® and advanced functions
energy gap at the Fermi wave vectarér, and its phase g# determine the excitation spectrum, and the Keldysh
x denotes the position of the density wave relative tofunction gX describes the kinetics of the system. The
the crystal lattice. Despite the insulating quasiparticlesubscripts 1,3 refer to right and left moving electrons
spectrum, incommensurate CDW'’s allow for a unique col-with spin up and 2,4 to left and right moving holes
lective mode of transport, which distinguishes them fromwith spin down. Throughout the paper “caret” denotes
ordinary insulators. The collective current, which results(2 X 2) matrices and boldfacé4 X 4) matrices. The
from the sliding motion of the CDW, is proportional to Green functions satisfy the equation of motion
x = 9:x, and leads to remarkable electric behavior, such _ _ ,
as non-Ohmic conductivity and narrow-band noise [4]. ihvpo,g' + Hog' —g' cH =0 (1)

It is interesting to investigate whether the Josephson
effect in a superconductécharge density wayesuper- where

conductor (S/C/S) junction will be affected by the H = i/d,0:3; — O35 + A,

sliding CDW motion. Therefore, we consider a current ) R R

biased S/C/S junction, which consists of parallel o — <0'k 0> A — <és —éc>
one-dimensional CDW chains of length, sandwiched k 0 o) Al —A )
between two large superconductors characterized by the N A (2)
paring potential|A;| and phasesprz and ¢;. Recent 3, = <(i) (1)> 3, l(? _() >

progress in controlled deposition of thin films of CDW'’s

may lead to the fabrication of such mesoscopic-scale i o0

heterostructures in the near future [5]. 3= <0 -1 >

Using the Keldysh formalism for superconductors
[6] and CDW's [7] we have formulated a consistentHere ® is the quasiparticle potential, and; with
framework for the quasiclassical dynamics of the coupled = {1, 2, 3} are the three Pauli matrices. The dot opera-
superconductor-CDW system. It is shown that the CDWion o denotes internal time integrations as well as
is immobile under a certain critical current. Biased abovematrix multiplications. The self-energy term for impu-
this value, the CDW starts to slide and the Josephson curity scattering is neglected throughout this paper. The
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matrix A, is given by A;;; =A;» =0,A;;, = where u. and v. are the gauge transformed BCS
A%y = |Alexplie), andA, = 1]A | expliy). coherence factors given by
It is convenient to gauge away both phageand y by

applying the umtary transformation _ l(l n A_t 1 _ /\_+
g =UM(x,1) o g’ o U(x,1), @ T2 ’

where U = exp(3 + Disregarding local
A S AL L o . = sgiles)eZ — AP O(lex| - |A )
Y, we look for a stationary state solution of ' 5
the formg(x; s — '), which can be treated by the Fourier +iVIA P = &3 O(A] — lex]).
transformation H -y 46 is the Heavisid
y de _. o ere e+ = € * hy/2, an is the Heaviside step
g — 1) = ] 5, & ee =0/ @) function,
The stationary-state equation of motion for the Fourier For the inhomogeneouyC /S system Eq. (5) has to be
transformed function is supplemented by boundary conditions, which adequately
. i z 5 . i describe the two superconductor interfaces. Here we
9,8 + — ®3; - evpAos +ilALE']- = - i
fupd g+ [eons %5 —evpdos +ilAlg] 05’ restrict ourselves to the ideal case where no defects or
i - 1 R (5) potential barriers are present at the interfaces. In order
with & =& + 3 hvedox + 3 hip, A= hx/2evr + 5 derive the boundary conditions it will be convenient to

ha.g/2e, and|A| = |As|o %5 — A |2, and the brack-  gecompose théet x 4) Green functions into fouf2 X 2)
ets[]- denote commutation. From the structure of thisyjks as follows:

equation the well-known duality between the supercon-
ductor and CDW phasesd, y < ¢ and y < vrd, ¢ G F
- (5 %)

A

-F -6

oIIowmg Zaitsev [8], we require that the diagonal blocks
are normalized as usual, and the nondiagonal blocks must
i?tley the following relations on the Idft = 0) and right

is observed. The gradient of the superconductor phase
and the time derivative of the CDW phase correspond to
an electrical current, whereas the gradient of the CD
phase and the time derivative of the superconductor phase
correspond to an electronic potential.

The retarded and advanced Green functions in the s
perconductors are determined from the stationary-stat
equation of motion Eq. (5) withd = |A.| = 0. As-

(8)

= L) interfaces:

suming A; to be constant in the superconductors, it is . R G’ A_gA_ A (92)
convenient to apply the Bogoliubov transformation to GF = -F, GF = j—" (x=0), (9b)
diagonalizeH A A R A a A

S 9 g0 GF-F. GG~ (c=1). (99

9 — 3 0 b = (4= Tv= 6) Together with Eq. (5), it follows that the components of
Lo &) = ’ the retarded Green function at the interfaces are

G = 611 = —Gn = _Gzz =1 (x=0,L),
Glzzg_m=.7:"11=.7:"12=.7?21=.7?22:0 (x =0), (10)
621—612 .7:21—.7:22—.7:11—.7:12—0 (x=1L).

The boundary conditions (10) state that both quasieIL:‘ONith e the electron charge an¥(0) = (7hvy)~! the
trons and quasiholes which move away from the CDWdensity of states at the Fermi level for one spin direction.
region into the ideal superconducting leads will never beDetails of the calculation will be given elsewhere [10].
reflected into quasiparticles moving in the opposite di-Here we present only the final result for the current
rection [9]. The off-diagonal components of the diago-through theS/C/S junction,
nal blocks express Andreev scattering, and the diagonal
components of the nondiagonal blocks contain the nor- e . e siny
mal backscattering. The boundary conditions for the ad- 1 = Py + N Im]
vanced Green functions are obtained by the relagibr=
—0'3( R)TO'3 . .
In principle Egs. (5) and (10) are sufficient to calculate  ;+ — tam.(f_iﬁ)(/z) + tanl‘(LﬁX/z)
the total currenf through the system 2kpT 2kpT
_evpN(0)
8

€ cosny — cos{
(12)

~K .
f de Trosg” + evpNOAY, (11)  |n this expression we have defined
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n=0+ & — £, £v = iln gx = As ’ ment is beyond the present work, we will treat pinning
T2 ex +As effects at a phenomenological level. In the short junction
AL £+ £ limit L < Avg/|Agl, the dynamical phasgL /vy can be
cosl =1 — 2<cos sin neglected and if additionalyA.| > |A| the Josephson
hvr 2 current can be written a& sing, wherel, is the criti-
— £ gin AcL cos§+ + &- >2 cal current. We now can model tt8/C/S junction as
Ae hvp 2 > (13) an electronic circuit shown in the inset of Fig. 1. We
have added a normal shunting resistaRge which may
e =Ver — [A 2 O(le] — |ALD include the additional conductance due to uncondensed
+iVIALR — 2 O(A] — [e]). quasiparticles in the system. This circuit is equivalent to a

The angled = or — ¢1 + ¥L/vr governs the oscil- conventional overdamped Josephson junction shunted by

lating behavior of the Josephson current. Evidently, thé normal resistor and a CDW conductor. The dynamics
extra phase factor arises from the line integral of the?f the superconductor and CDW phases is governed by
vector potential A along the junction 2_ﬁe fé dx A = two coupled nonlinear differential equations

xL/vr. Because the CDW velocity is restrictedity < _ eN . .

|As] < |A.| and the maximum supercurrent decreases I'=lcsing + —x + 2eRy ¥ (16a)
exponentiallyec exp(—L/ &.), oscillations are expected in .

the range wheré. is of the order o_f the _CDW C(_)herence he — Vysiny + € NR.x , (16b)
lengthé. = hvr/|A.|. In the static limit wherey = 0, 2e T

Eq. (12) corresponds to the Josephson current throu

. ) ; 9Phere the second term in Eq. (16a) is the sliding current
a band insulator with an energy gapA.|. Taking the

s > through a CDW material consisting @f chains. The

limit |A.| — 0 reproduces the well-known expressionSgecong equation describes the dynamics of the CDW

for an |d_eaIS/N/S junction [11,12]. with a voltage sourcé& ¢ /2e in the single particle model
Equation (12) expresses the total current through they 41 \where v, represents the threshold value required

S/C/S junction as a function of the superconductori, oyercome the pinning potential arl. denotes the
phasesgg,; and the sliding velocityy. In order to dissipation.

obtain a closed set of equations, however, it is necessary |, the limit Ry < R.,Ry = Vy/I, the solution is the

to derive an additional relationship betwegnand the  giandard expression of a normal shunted Josephson junc-
superconductor phase difference. The additional cIosmgon V = R}\/m [13]. In the rangeRy =~ R. ~
C N C

relation can be derived microscopically from the seIf—RT the dynamics of the CDW becomes important, how-

consistency relation for the phase of the CDW ordefg,or \We have solved Egs. (16) numerically. Figure 1

parameter shows a typicall-V curve of the circuit. We can dis-
tinguish three regions. In the region just abakethe
fde Tr3,g8 =0, @ M g gion | o
and the Keldysh functions in the reservoirs. The self- 16

consistent solution for the clean junction requires an elec-
trochemical potential differencéu = wg — wr in the
sliding statedu = %y, as in Ref. [9]. This implies that
below the critical Josephson current the CDW will not
move. Biased above the critical current the CDW slides,
but since the collective CDW motion is dissipative due
to the contact reservoirs, a small potential difference is
induced on the superconducting leads and the supercon-
ductor phase difference will evolve slowly in time. As a
consequence we obtain the relation

Su="he/2="hy. (15)
The sliding CDW mode thus acts as a shunting resis-
tor parallel to the Joshephson channel. The above qua-
sistationary approximation, where the dynamics of the
superconductor phase is neglected on the Josephson term, ",
° ?ﬁéegggi#s:ilgﬁ?)fp;ﬁ tifirelc';?j[&r?l.tion is rather restrictiveFIG' 1. Typical [-V characteristic of the circuit forRy,

R.,Rr = Ryp. At the onset of depinning sharp oscillations

in realistic systems where interface effects and impuritiegf,pear, caused by mode locking of the CDW and Josephson
tend to pin the CDW. Although a fully microscopic treat- frequencies.
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05 old fields Er = 1-10 V/cm and damping resistances
R, = 10-100 Q.

We conclude by summarizing our results. We
have formulated the kinetic equations for a coupled
superconductor-CDW system and calculated the cur-
rent through an ideal supercondugfcinarge density
wave/superconductor junction. In the dc limit the CDW
does not move. Biased above the critical current the
CDW slides, and the Josephson current oscillates as a
function of the CDW velocity. The collective mode
acts as a nonlinear shunting resistance parallel to the
o1 | Josephson channel. Internal mode locking of the Joseph-
son and CDW frequencies causes sharp oscillations in the
I-V and plateaus in the CDW conductance.
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