VOLUME 79, NUMBER 22 PHYSICAL REVIEW LETTERS 1 BCEMBER 1997

Towards a Field Theory of Fractional Quantum Hall States
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We present a Chern-Simons theory of the fractional quantum Hall effect in which flux attachment
is followed by a transformation that effectively attaches the correlation holes. We extract the
correlated wave functions, compute the drift and cyclotron currents (due to inhomogeneous density),
exhibit the Read operator and operators that create quasiparticles and quasiholes. We show how the
bare kinetic energy can get quenched and replaced by one due to interactions. We find that for
v = 1/2 the low energy theory has neutral quasiparticles and give the effective Hamiltonian and
constraints. [S0031-9007(97)04676-0]

PACS numbers: 11.15.—-q, 73.40.Hm, 75.10.Jm

The experimental discovery of the fractional quantumof flux attachment, doing so here would lead to a complex
Hall effect [1,2] led to theoretical response on two fronts:vector potential [17]. The correlation zeros must therefore
trial wave functions that captured the essential physics anlde extracted out of the fluctuations [13].
approximate computational schemes starting with the mi- We now introduce our scheme (inspired by the work
croscopic Hamiltonian. The most successful among thef Bohm-Pines [18]) and define a composite particle (CP)
latter has been the Chern-Simons (CS) field theory [3field, whereP may stand for fermiorF or bosonB:

16]. Here we present a formulation of the CS theory t

which resolves several nagging questions and exposes th@cs(x, y,t) = ex;{—z[ aolx,y, t)dt :|¢CP(X y,1)
physics in a particularly transparent way. We illustrate

our method through the cases= 1/3 and v = 1/2, (4)

where the filling fractionv = 27n/eB, n being the par-  the transformation kills theogy term and introduces a
ticle density,—e the electron charge, anglthe magnetic longitudinal vector potentialz [P defined by
field down thez axis. Our results fow = p/Q2np + 1)

will be reported later. We sét = ¢ = volume= 1,z = qao(q, w) = —w27IP(q, ) (5)
x + iy, andly = (eB)~'/? the cyclotron length. . Vxa
In the CS approach one introduces a wave function fo'rn the kinetic energy term, whiley(377) becomes
the CS particles in terms of the electronlc one as follows: .
p > ] doP(—w,—q)[—iwla(q, »), (6)
q

(Zz
-[1+—= T ‘PCS 1)
i< 12 = 3l whereP = —iq - P anda = i§ X a, so that the longitu-
where! is the number of flux quanta to be attached. Thedinal and transverse vector potential are now canonically
prefactor introduces a gauge fieldbbeying conjugate and the constraint field has become dynamical.
V X a(r) The Hamiltonian density is
Za<r - ). (2) i
H=- |(—iV + a + 27IP)y|? (7)
In second quantized form, the CS action density is m
1 n
— V X a _ - 2 o2y 272 p2
S =T + ao( - ‘/“//> . N\ . (a 47717 P?)
=iV + eA + a)yl? 3) + (a + 2mIP) - Ziw(—ﬁ)lp
2m ’ m
where A is the external vector potential and is the n R T 271P)?
bare mass. The Coulomb interaction will be added later. W@ mIP)
By shifting a we can canceleA upon choosing! = = Ho + Hy + Hyy. ®)

3 for v=1/3 and [ =2 for v = 1/2. Hereaftera
and ¢ty = p (the density) will denote normal-ordered where H; and Hy; refer to the last two terms. Note that
guantities. Whereas in the quest for wave functions, we) is to be quantized as a boson (fermion) for= 1/3

can build in not just the phase, but all pf(z; — z;)!,  (1/2). ThoughH; and H;; denote interactions between
or even the ubiquitous Gaussian factors into the procedbe particles and the gauge bosons, we are still discussing
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free electrons We are, however, paving the way for the hole of charge-1 (in electronic units). This agrees with

Coulomb interaction. Read's picture [21] of how to add an extra electron to

The constraint now defines physical states: the v = 1/3 state: we add three units of flux, create a
V X a ; _ correlation hole of charge 1, and drop in the newcomer.

< ml Y z/x:)lphysma} =0, (9 Evidently 4!y is the Read operator that will have a

nzero expectation value in the ground state. Finally,

ensuring they are singlets under the local gauge Symmet@@nsider

possessed byd and generated by the operator which
annihilates physical states above. This constraint is to 27ri

be expected since we cannot simply add extra degrees of Yan = ex;{z Tp(q)} ’
freedom. FromH, we see that the paita, P) describe 4

oscillators atwo = eB/m. Since we started witm  which clearly creates a Laughlin quasihole of charge
electrons in a planes, the number of independent —1/3. (It produces the extra factdr]; |z;|, while the
oscillators obeys, = 2n. We find that the valugy, = n,  phase comes from the vortex in the boson wave function.)
i.e., for 0 < ¢ = Q = kr recommends itself for many The adjoint operator creates a quasielectron. Our proce-
reasons and choose it.To pay for these degrees of dure, which gives a concrete realization of many ideas
freedom, the particles will be deprived afcoordinates, pertaining to composite fermions and bosons was possible
which will be seen to put them in the lowest Landau levelonly upon going to a larger space, where collective charge
(LLL). Thus in Eq. (7) only the vector potential(g)  motion is represented by, with a conjugate momentum
with 0 < g < Q will have a conjugate momentuif(q). P that can be used to shift it.

(15)

For g > Q, the short range paa(q) will be a function We now turn exclusively tor = 1/2, which was
of p(g) as in Eq. (3). The contribution ofa(q), Hs,, Studied exhaustively by Halperin, Lee, and Read (HLR)
suppressed in Eq. (7), will be discussed later. [15]. First, a similar analysis to the one above yields the

We now analyzeH first ignoring all butH,, starting Rezayi-Read [22] or Jain wave function (quadratic zeros
with the casev = 1/3. In the ground state, the bosons times the Gaussian, times a Fermi sea) but without any
condense into a constant wave function while the oscillaprojection to the LLL. The projection will be achieved

tors with Hamiltonian shortly.
Y Let us first perform two simple calculations. Imagine
Hose = > [AT(@)A(9)]wo (10)  adding a smooth weak scalar potentid(x,y). This
a couples via a term (upon using the constraint)
where A(qg) = [a(q) + 67iP(q)]/~/127, Yyield the ) a
ground state wave function: Hy = f d°xVV X e
— _ 1 2
Y= ex’{ 2 g (q)} (D = —fdzxi ZX VY. (16)
q dar
= ex;{— 2377 p(q): iz :p(—q) :} (12) This linear coupling ina shifts a to a new minimum
7 q and leads to a ground state current
=Tl - Zj|3eX{_Z|Zj|2/4l(%j| (13) (jy=—-S2xvv, (17)
i<j j 41
upon using the constraint to get the wave function inwhich implies a Hall conductance (recalf27 = 1)
terms of particle coordinates. The steps leading to the o2 o2
last line are explained in Kanet al.[19] and Zhang's Oy = — = ——. (18)
review [13]. Putting back the phase factors from Eq. (1) 4w 2h

gives us Laughlin’si,3 with the proviso that since Although the shifted oscillators are in their ground states,

g < Q in Eq. (12), our answer is to be trusted only for the original ones are in an admixture with excited states,

|z — zj| > lp: asz; — z;, we know that there are three as is essential to get the right response [17].

zeros in a circle of sizé), but not that they coincide. Next we confirm that any inhomogeneous density
Let us understand how not just the phase, but the cubie(x, y) leads to an uncanceled cyclotron current [23]

correlation zeros of /3, got built in. Writing Eq. (4) in B

operator form (at the origin) [20] as (Jeyelo) = om Z X Vn. (29)

pls = ex > omt P |vds (14)  To this end imagine that there is a spatially varying field
a« 4 B(x,y) and that a suitable scalar potential has been added
we see that when we create a composite boson, we noh top of it to ensure that we are locallyat= 1/2. We
only create a CS boson but also displa¢e) by =67/,  are thus not calculating any standard response function;
which, upon projection to the physical statésads to a our limited goal is to show that this varying density
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n(x,y) leads to the expected cyclotron currentConsider  coupled in this leading approximation and the former face

the last termHy; in Eq. (8) n constraints. These and the Hamiltonian will commute
1 5 + 5 among themselves in an exact canonical transformation
Hy = ] dx ¢ (a + 47P) since they did before and will commute to leading order

in our approximation. The transformations generated by
_ 1 [ d®x : yty  ((a + 47P)?) + fluctuations the constraints represent the gauge transformation of the
2m middle representation, except now the particle Hamilton-
1 , [ 1 ian must itself be invariant under it. In particular, if we
=— | d X[EV X 3}47Tn(x,y) t... (20) ook at the first operator in the constraint (the new den-

2m . X -
where we have used the fact that the zero-point energ?é%)]gvﬁmsifz Tto't %geézze; ;‘?Aﬂ (Q??IIisthiivrgr(i)g:‘\?nta

density of theny = n OSCI|2|at0r‘S implies if we once again invok®, ¢/« 97 = nd(k — q). This
((a + 47P)") = 4mn(x,y). (21)  “drifting Fermi” sea (seen by Haldane in his numerical
If we shift the oscillators to the new minimum mandatedwork) is part of the larger gauge symmetry of the particle
by this linear term im, we find an average current given Hamiltonian. (ii) If we restrict ourselves to the ground
by Eq. (19). state of the oscillators in Eq. (25) we fipd'd = 5 (the
Although answers that only depended on the oscillatorsecond term) which obeys the commutators of magnetic
were correctly given above in what we call the middletranslations in the limit of smay:
representation, the large kinetic energy of the particles,
of order 1/m, needs to be quenched. This will now be
done by eliminating the coupling between the fermions
and oscillators by a canonical transformation that takes
us to the final representation. We do this approximatehan algebra that was studied in detail by Girenal [24].
by organizing the calculation in powers gfand keeping Thus we are able to put the electrons in the LLL within
just the leading terms at each stage; as well as by settirgy standard field theory by putting our oscillators in their
> eik=9r = ns(k — ¢q) and dropping the fluctuating ground states.Notice that the fermions are now dipolar
part when the density appears in a product with othewith respect to electronic charge, a feature that has been
operators. The full nature of this approximation is unclearanticipated by many authorgl]. (iii) The third term in
to us, especially whe® = kr and not particularly small. Eq. (27) comes from transforming the oscillator part of
In any event, the results, which have many nice featuresd,. The last,Hs,, stands for theSa and(6a)> terms of
are good only for long distances. We drHp; right away the short-range gauge field. (iv) Thie= j terms in the
since: ¢ty : is explicitly of orderg due to the constraint third sum renormalize /m downwards, as we decouple
and eliminateH;. The operators (in first quantization) the oscillators. We geit/m* = 0 upon usingzq =n. If
transform as follows (upon dropping vector signs wherwe use a smalle@, there will be a reduction of /m* to
obvious and definingy~ = V, = iV,): a fraction of1/m (a step in the right direction), but not a
QOld = =50 iS5, (22) full elimination of m dependence in the low energy sector.
The choice®) > kr lead to a negative effective mass and
o . are not viable. (v) The # j terms summed frond to
N i—wo |:Z Z@+Pi—€’qr’A(Q) - H-C}, (23) O can be traded for minus the sum fro@ to « since
L they differ by a delta functiod@(r; — r;) that vanishes on
A°M(q) = A(q) — */2_77 Zq,pi+e""f’f, (24) fermion (and also hard-core boson) wave functions. Let

[5(q). P(¢)] = il(q X ¢"P(q + ¢'),  (28)

mawo us combine this term wittl{s,. These largey variables
ld q ; couple to the fermion whosé/m™ — 0 for the choice
p®(q) = \/8—_77[/1((]) + Al(=q)] ny = n. Integrating out the fermions in RPA, we find
that this sector gives the magnetoplasmon with the right
— il Z(‘I X p)eiar, (25) Position and residue. There is no other structure since

x = w/qu* — © sincev* — 0. (vi) While 1/m =0
» iR » and the correct cyclotron pole and residue depend on
0=> e+ > D (q X pe "i(const), (26) Q = kp or ny = n, the dipolar nature of charge, the
i i constraints and the form of the Hamiltonian in Eq. (27)

2 0
_ Pi t will be valid even ifQ is given a smaller value.
H = — + A A . .
2 2m qZ;_)wo (94(9) Having made the field theory correctly reproduce the
1 & quenched fermions and dispersionless magnetoplasmon

> > pi- pje ") + Hs,. (27)  of the noninteracting problem, we are ready to turn on
0 i interactions. We illustrate the procedure with a Coulomb
(i) The constraint Eq. (26) does not involve the oscilla-interaction that is cut off aty = Q so that we can
tors. As aresult, the fermions and oscillators are truly detreat it entirely in terms of our oscillators. In the final
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representation off this adds a term [recall Eq. (25)] actions. Forw = 1/2 we exhibited the dipolar couplings
I Q 52 ‘ between the final quasiparticles, and derived an effective
Heou = o >y (g X pi)(g X pje =) Hamiltonian and constraints.
ij =0 4 We thank S. Girvin, S. Kivelson, D.H. Lee, E. Frad-

(29)  kin, F.D.M. Haldane, J. Jain, Y.B. Kim, P.A. Lee,

in addition to a term that renormalizes the oscillator fre-A. H. MacDonald, A. Millis, G. Moore, V. Pasquier,
quency towy + ezq/4 and a feeble derivative coupling D. Pines, N. Read, S. Sachdev, S. Simon, S. Sondhi,
between the fermions and the oscillator which makes né\- Stern, Z. Tesanovic, and especially B. Halperin for
difference to this order ire? or g. Thei = j term in  discussions and the National Science Foundation for
Hcou (Which describes the interaction between the elecGrants No. PHY94-07194, No. DMR 9120525 (R.S.),
tron and the correlation hole when they separate) novand No. 9311949 (G. M.).

leads to

= Cezlo. (30) [1] D. Tsui, H. Stromer, and A. Gossard, Phys. Rev. L48.
m 1559 (1982).
Note thatl/m* is not a smally quantity. Our resultis  [2] R.L. Willett et al.,Phys. Rev. Lett71, 3846 (1993); Phys.
just an estimate; loop diagrams will surely give it finite, __ Rev. B47, 7344 (1993). ,
momentum dependent corrections. It is encouraging that®! FOr @ review, sedhe Quantum Hall Effectdited by R. E.

: : : : Prange and S. M. Girvin (Springer-Verlag, Berlin, 1987).
n_umerlcal work [.25] (using the full Coulomb interaction) [4] For t%e latest review se(Beprsp?ectives ing Quantum HaI)I
gives a not too different value @ = 0.2. '

Effects,edited by Sankar Das Sarma and Aron Pinczuk

*

L _ e
6

The Hamiltonian and constraint aQre (droppifig.): (Wiley, New York, 1997). See in particular the articles by
2 4 2 Halperin and Jain.
p Iy 27e p
H=> o+ 2 > 5] R. Laughlin, Phys. Rev. Let60, 1395 (1983).
i Li#i g q [6] B.I. Halperin, Helv. Phys. Act&6, 75 (1983).
X (g X pi) (g X pj)eiati=r), (31)  [7] F.D.M. Haldane, Phys. Rev. Le$1, 605 (1983).

[8] S.M. Grivin and A.H. MacDonald, Phys. Rev. Le88,
2 1252 (1987). See also S. M. Girvin in Ref. [3].
0= Ze—iqrz 4+ Ko Z(q X pi)e i (32) [9] N. Read, Phys. Rev. Let62, 86 (1989).
2 5 [10] J. Jain, Phys. Rev. Let63, 199 (1989).

The constraint states to this ordergnthat the density [11] é'el;/' BI): ggegré?%' (Bl'%g?zgaéogn&ggi;‘ + Laughlin, - Phys.

formed out of a putative cyclotron coordinate vanishes[lz] A. Lopez and E. Fradkin, Phys. Rev. B}, 5246 (1991);
having been spoken for by the oscillators. 47, 7080 (1993): Phys. Rev. LeB9, 2126 (1992).

One must solve the above theory in a way that respecigs] s.c. zhang, H. Hansson, and S. Kivelson, Phys. Rev. Lett.
the constraints, i.e., in a conserving approximation. This 62, 82 (1989). See S.C. Zhang, Int. J. Mod. Phys, B5
has not been done yet to our satisfaction. Given the (1992).
dipolar nature of charge (the explicit factor @fin p°!4),  [14] V. Kalmeyer and S. Zhang, Phys. Rev4B, 9889 (1992).
one may expect that the®'d — p°!9 structure factor (and [15] B.l. Halperin, P.A. Lee, and N. Read, Phys. Rev4B
its moments) will have two extra powers gf relative 7312 (1993).
to a Fermi liquid. However, the “drifting sea” might [16] H.J. Kwon, J.B. Mgrston, and A. Houghton, Phys. Rev.
lead to soft modes and compensating inverse powers (317] Lett. 73, 284 (1994); Phys. Rev. B2, 8002 (1995).

g in the low-frequency response function, so that th I(?l.glggaraman and S. Sondhi, Int. J. Mod. Phys.03793

static compressiblity remain finite in the limig — 0 [18] D. Bohm and D. Pines, Phys. Re32, 609 (1953).
for short range interactions or vanishesqgafor Coulomb  [19] ¢.L. Kane, S. Kivelson,, D.H. Lee, and S.C. Zhang, Phys.

i

interactions. o _ _ Rev. B43, 3255 (1991).
Forv = 1/3 a similar analysis of the mass renormaliza-[20] It is possible to go fromycs to ¥cr in purely operator
tion will hold, but the RPA will proceed very differently language in the enlarged Hilbert space.

because the constraint boson mixes with the condensaf&l] N. Read, Semicond. Sci. Tech,. 1859 (1994).

even at tree level and suppresses low energy excitations[22] E. Rezayi and N. Read, Phys. Rev. L&®2, 900 (1994).
We have presented a CS theory in which the compod23] S. Simon and B.!I. Halperin, Phys. Rev. 48, 17368

ite particles carry flux and the correlation holes thanks to ~ (1993); A. Stern and B. 1. Halperin, Phys. Rev58, 5890

the additional transformation that made the CS field into[24] (1995).

dynamical oscillators, which were then frozen. Depriv- S.M. Girvin, A.H. MacDonald, and P. Platzman, Phys.
y ’ - Dep Rev. B33, 2481 (1986).

ing _the particles_oh degrees of freedom led to _LLL be-_ [25] R. Morf and N. d’Ambrumenil, Phys. Rev. Leff4, 5116
havior. We derived the correlated wave functions, drift" ~ (1995,

and cyclotron currents, explicit operators for creating thg26] The dipoles also arise naturally in the algebraic ap-
quasihole and quasiparticle, Read’s operator, and properly  proach being developed by Haldane and Pasquier (private
traded the bare mass for an effective mass based on inter- communication).

4440



