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Steric Effects in Electrolytes: A Modified Poisson-Boltzmann Equation
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The adsorption of large ions from solution to a charged surface is investigated theoretically.
A generalized Poisson-Boltzmann equation which takes into account the finite size of the ions is
presented. We obtain analytical expressions for the electrostatic potential and ion concentrations at
the surface, leading to a modified Grahame equation. At high surface charge densities the ionic
concentration saturates to its maximum value. Our results are in agreement with recent experiments.
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The interaction between charged objects (interfaces;omputer simulations or on numerical solutions of integral
colloidal particles, membranes, etc.) in solution isequations (the “hypernetted chain” equation [9]). These
strongly affected by the presence of an electrolyte (saltqapproaches involve elaborate numerical calculations and
and is of great importance in biological systems andack the simplicity of the original PB approach.
industrial applications [1,2]. The main effect is screening In this Letter, we propose a simple way to include steric
of the Coulomb interaction characterized by the so-calle@éffects in the original PB approach. This modified PB
Debye-Hickel screening length [3], which depends on thequation clearly shows how ionic saturation takes place
ionic strength of the solution. The Derjaguin-Landau-close to a charged surface. The equation is derived for
Verwey-Overbeek theory, based on the competitionl:z asymmetric and;:z symmetric electrolytes. At low
between screened Coulomb and attractive van der Waaisnic concentration, the original PB equation is recovered.
interactions, has been very successful in explaining th&imple analytical relations between the surface charge
stabilization of charged colloidal particles [4]. density and the counterion concentration at the surface are

One of the most widely used analytical methods to de-obtained, in agreement with recent experiments [12].
scribe electrolyte solutions is the Poisson-Boltzmann (PB) Consider an asymmetric electrolyte consisting of nega-
approach [5]. For low electrostatic potentials (less thartive multivalent ions of charge ze, and positive monova-
25 mV), the PB equation can be linearized and yields théent ions of charge, wheree is the electron charge. The
Debye-Hickel theory [3]. The PB is a continuum mean-bulk concentration of the negative and positive ions;is
field-like approach assuming pointlike ions in thermody-andzc;, respectively, as implied by charge neutrality.
namic equilibrium and neglecting statistical correlations. Within mean-field approximation, the total free energy,
This theory has been successful in predicting ionic proF = U — TS, can be written [13] in terms of the local
files close to planar and curved surfaces and the resulelectrostatic potentialy(r) and the ion concentrations
ing forces. However, it is known to strongly overestimatec=(r). The electrostatic energy contributiéhis
ionic concentrations close to charged surfaces. In particu- € ) + _
lar, this shortcoming of the PB theory is pronounced for U= f dr[ - g'vlﬂ' tec yy —zec Y
highly charged surfaces and multivalent ions. . _

Since the PB equation does not take into account the T MrC T peC } 1)

finite size of the adsorbing ions, the ionic concentrationrpe first term is the self-energy of the electric field, where
close to the surface can easily exceed the maximal al; is the dielectric constant of the solution. The next two
lowed coverage by orders of magnitude. Several attempig, s are the electrostatic energies of the ions, and the last

have been proposed to include tsteric repulsion in or- 4 terms couple the system to a bulk reservoir, where
der to improve upon the PB approach [6,7]. One of the,, 516 the chemical potentials of the ions.
first attempts to incorporate steric effects is 8tern layer The entropic contribution-TS is

modification [6,8] of the PB approach. Steric effects are knT

introduced by excluding the ions from the first molecular —7§ = 3—3 drlcta®In(cta®) + ¢ a’In(c™a?)
layer close to the surface. However, it seems difficult to a
improve on this method in a systematic way. More re-
cent modifications [6,7,9—11] rely either on Monte Carlo xIn(l —cta® — c7a®)], (@

+ (1 —-ctd® —cdd)
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where kgT is the thermal energy. For simplicity, we centration is small near the surface, we show in Fig. 1(a)
assume that both types of ions have the same gize only the negative ion profiles, as well as the correspond-
The first two terms are the entropies of the positive andng original PB profile. The main effect is the saturation
negative ions, whereas the last term is the entropy of the

solvent molecules. Indeed, this last term is responsible

for the novel steric corrections to the PB equation. In b T T
a more rigorous way, these corrections are obtained by - PB §
considering a lattice-gas version of the Coulomb gas (a)
in which each lattice site is occupied at most by one
ion [14]. - .

The variation of the free energ§y = U — TS with

respect ta andc¢* yields our modified PB equation for

the 1:z electrolyte: 5 i
4 - .

V2 = ——W[ec+(r) —zec (r)] N
& | T

_ 4mrzecy, PV — o= Bey ©
g 1= o+ pole’PeV +ze PeV)/(z+1)° h

®3)

wheregy = (z + 1)a’c, is the total bulk volume fraction
of the positive and negative ions.
For a symmetric:z electrolyte, one gets

8mzecy sinh(zBey)
e 1= o+ pocostizBey)’

where ¢y = 2a3c;,. In the limit of small ionic concen- 6 - L S S B B A
trations, ¢o — 0, Eqgs. (3) and (4) reduce to the standard i / |
PB equations. Moreover, for any ionic concentration and / (b)

at low electrostatic potentialfBeys| < 1, both equations \ / ]
reduce to the linearized PB equation (Debye-Huickel limit) /
V2 = k2, wherek ! is the Debye-Hiickel screening
length. For the asymmetric cag€ = 47l,z(z + 1)cp,
wherel, = ¢?/ekpT is the Bjerrum length equal to 7 A

for aqueous solutions at room temperature.

Our approach deviates significantly from the original Q
PB equation for large electrostatic potentipsy| > 1. <
In particular, the ionic concentration is unbound in the 5 K
standard PB approach, whereas here it is always bound
by 1/4® (“close packing”) as can be seen from Egs. (3)
and (4). This effect is important close to strongly charged
surfaces immersed in an electrolyte solution.

Note that for high positive potentialgdeys > 1, the
contribution of the positive ions is negligible and the neg- 0
ative ion concentration follows a distribution reminiscent
of the Fermi-Dirac distribution [15], X [A]

10 15

Vi = (4)

10 15

1 1 FIG. 1. (a) Concentration profiles of negative multivalent
¢ (r)— — 3 vz 1)1 ¢0 o—2Bev’ ©) ions ¢~ (x) near a positively charged surface as obtained
from the numerical solution of Eg. (3) for two different

. jon sizesa =7.5A and a = 10 A. Note that the saturated
where the excluded volume interaction plays the role O‘ayer width is I* = 2 and5 A, respectively. The solid line

the Pauli principle. represents the concentration profile of the standard PB equation.
To demonstrate the usefulness of our method, we studfp) Calculated electrostatic potential profiles near the surface
the case of a single planar surface with charge densﬂ?loned together with the parabolic approximation [Egs. (6) and
o > 0 in contact with an electrolyte solution. lonic con The dotted, dashed, and solid lines are as in (a). The
bulk concentration isc, = 0.1 M for a 1:z electrolyte with
centration profiles are obtained from the numerical so- — s the surface charge density is taken as one electron
lution of Eq. (3) as a function of, the distance to the charge pers0 A2, The aqueous solution witk = 80 is at

positively charged surface. Since the positive ion confoom temperature.
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of the ionic concentration in the vicinity of the charged L I R AL BRI BURMR
surface. This should be contrasted with the original PB L _
scheme which leads to extremely high and unphysical (a)

values ofc; = ¢~ (0), especially for multivalent ions. PB a=bHA ]

In the saturated region, the ionic concentration tends to
1/a*, leading to more pronounced deviations from PB for
large ions.

In the saturated layer the right-hand side of Eg. (3)—
becomes a constant, and the electrostatic potential i
quadratic L

dro
P(x) = iy — o3 (6)

where ¢, is the surface potential and the boundary
condition /|, = —4mo /e is satisfied. As can be seen
in Fig. 1(b), the parabolic profile oi/(x) is a good
approximation close to the surface. The width of the
saturated layet" is not strictly equal taz. It can be easily
estimated from Eq. (6) to b& = a3 /ze in agreement
with Fig. 1(a).

The surface potential, can be calculated in a closed
form from the first integral of Eg. (3), assuming that
the concentration of the positive ions is negligible at the
surface

2mze
xz,

X

ksT
ze

kBT

ze

{In[e* — (1 = ¢o)] — In(cpa’)}

{¢ = In(cpa®)}, ()

where

2ara’o?

SkBT

og,/o

{ 8

Similarly, the concentration of negative ions at the
surface can be calculated leading to a modified Grahame
equation [1]

Cs

— 0= (1= goe 4], ©
This contribution is depicted in Fig. 2(a), whet€ is
plotted as a function of the surface charge densitye,
for two different ion sizesqg. The PB case is shown as
well for comparison. At low surface chardge< 1, the
ion concentration reduces to the PB results
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FIG. 2.
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(a) Surface concentration of ions as a function of

_ 2mo
¢ =
§ ckgT
but for high surface chargé > 1, the deviations from

+ (1 + 2y, (10)

PB concentration is also plotted for comparison. (b) Ratio of
the first layer charge density and the surface charge density,
o1/ = zec a/o, as a function of the specific surface area

per unit chargeg/o, for different ion sizes. The PB result

the PB case are substantial. Furthermore, as can be se€fpjotted with the first layer width taken as 5 A. THe
from the above equation, the ionic concentration neaelectrolyte bulk concentration is, = 1 mM and the valency
the surface depends only weakly on the bulk electrolyte = 4.

concentrationgy,.

In Fig. 2(b) the ratio between the ion charge density of

the first layero; = zec, a ando is plotted as a function

effect changes the situation altogether since it prevents the

of the specific surface area per unit charge, as is ofteions from approaching and overcompensating the surface
measured in experiments. For the PB approach, this raticharges.
diverges at high surface charge densities (small specific The theoretical results presented here are relevant to re-

area) because, ~ o2. However, in our case, the steric

cent experiments [12] where large multivalent ions are
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dissolved in an aqueous subphase are attracted to &] R.J. Hunter, Foundations of Colloid SciencgOxford
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The_adsorbed ion density (per u.nl_t area)_ln the SOIUtlon’[4] B.V. Derjaguin and L.D. Landau, Acta Phys. Chem.
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