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Radiation from Cerenkov Wakes in a Magnetized Plasma
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The Cerenkov wake excited by a particle beam or a short laser pulse in a perpendicularly magnetized
plasma is analyzed. The wake couples to electromagnetic radiation of approximate frequencyvp at the
plasma/vacuum boundary. The radiation amplitude isvcyvp times the amplitude of the wake excited
in the plasma (for a sharp boundary). Particle-in-cell simulations verify the scaling laws. Since plasma
wakes as high as a few GeVym are produced in current experiments, the potential for a high-power
(i.e., GW) coherent microwave to THz radiation source exists. [S0031-9007(97)04526-2]

PACS numbers: 52.40.Mj, 41.60.Bq, 52.40.Nk, 52.75.Va
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Recently there have been a number of experiments
the use of intense pulses of electron or laser beams
excite large-amplitude (up to 100 GeVym) plasma wakes
[1–5]. These wakes can be used to accelerate partic
at ultrahigh rates or to generate THz radiation [6].
this Letter, we consider the use of a dc magnetic field
couple the electrostatic wakes to electromagnetic radiat
that can propagate out of plasma. This radiation m
be valuable as a diagnostic for the plasma accelera
experiments or as a source of high-power tunable coher
radiation in the submillimeter wave range.

It is well known that an electrostatic plasma oscillatio
near the plasma frequencyvp can radiate an electromag
netic wave at the same frequency by inverse mode c
version [7]. As this radiation is near cutoff, it is strongl
absorbed by the plasma unless the plasma itself is on
order of a skin depthscyvpd wide. In this case the plasma
wave acts as a dipole antenna, oscillating in the direct
of k of the wave, and the electromagnetic (EM) radiatio
escapes the plasma in a plane primarily perpendicular
this direction.

We consider instead the radiation produced by a plas
wake in a perpendicular dc magnetic field. As in th
unmagnetized case, the radiation is near the plasma
quency and, thus, is tunable by varying the plasma d
sity. However, the addition of an applied magnetic fie
significantly alters the scenario. First, unlike the unmagn
tized wake which is electrostatic [8], the magnetized wa
field has both electromagneticsk 3 E fi 0d and electro-
static sk ? E fi 0d components. Second, unlike the col
unmagnetized plasma wake, the magnetized wake ha
nonzero group velocity. This enables the wake to prop
gate through the body of the plasma to the edge and
couple radiation into the vacuum. Thus, much larger o
put power is obtainable since wake energy from a larg
volume can be coupled to radiation outside the plasm
Third, the radiation is primarily in a small solid angle in
the forward direction rather than radially directed in2p.
In this Letter, wakes excited by either short pulse laser
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particle beams are considered and modeled with particl
in-cell (PIC) simulations. For wake field drivers currently
in use for plasma accelerator applications, the results su
gest that application of an appropriate magnetic field cou
result in production of GHz to THz radiation at power ap-
proaching GW levels.

The geometry of the radiation scheme considered he
is shown in Fig. 1. A short pulse (or train of pulses) of
particle or laser beam propagates at nearly the speed
light in the 1x direction. A dc magnetic field exists in
the1z direction; for simplicity we take this to be uniform
in space and constant in time.

To understand the expected radiation, consider th
diagrams in Fig. 2 illustrating the Cerenkov angle an
the infinite cold magnetized plasma dispersion relation
As is well known [9], Cerenkov resonance occurs at th
angleVb cosu ­ vyk as shown in Fig. 2(a). Here,Vb

is the velocity of the disturbance that creates the wak
in the medium (equal to the beam velocity for a particle
beam or to the group velocity for a laser pulse). Th
intersection of this condition and the plasma dispersio
curves shows the radiation that can be effectively excite
at any given angle. This is shown, foru ­ 0 andu . 0,
in Fig. 2(b) for Vb ø c. At u ­ 0, the straight line
intersects the lower branch of the extraordinary (XO
mode [10] atv ø vp. At this point the group velocity
Vg ­ dvydk ­ sv2

cyv
2
hdc, wherevc ­ eB0ymec is the

electron frequency andvh ­ sv2
p 1 v2

c d1y2 is the hybrid

FIG. 1. Geometry for Cerenkov radiation generation.
© 1997 The American Physical Society
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FIG. 2. Cerenkov wakes are produced at the intersect
of (a) the Cerenkov conditionsVb cosu ­ vykd and (b) the
plasma dispersion curves, wherevR ­ fvc 1 sv2

c 1

4v2
pd1y2gy2 andvL ­ f2vc 1 sv2

c 1 4v2
pd1y2gy2.

frequency. The dispersion tensor [11]´ dotted with E
gives the ratiojEyyExj ­ vcyvp at v ­ vp. Note that
for vc ­ 0, Ey ­ 0 (for infinitely wide plane waves)
and the wake consists of purely electrostatic plasm
oscillations atvp. SinceVg ­ 0 for a cold unmagnetized
plasma, the drive pulse leaves behind its path a wa
of parallel wave frontss $k ­ kx̂d that do not spread. In
a magnetized plasma, the wake fronts on thex axis
are similar. However, as seen from theu . 0 line in
Fig. 2(b), there is a nonzero group velocity at othe
anglesu enabling the wake to spread transversely. T
group velocity and wavelengths2pykd are largest on axis
su ­ 0d and approach zero atu ­ 90±. Thus, most of the
wake energy travels forward.

To determine the power transmitted through th
plasma/vacuum boundary, we have solved the bound
value problem at the interface. First, for a shar
boundary, by a straightforward application of the contin
ity of the tangential components ofE andB to a system
of plane incident, reflected and transmitted waves, we fi
that the transmitted wave has a transmission coefficie
of one. That is, the transmitted wave has a transve
field sEyd equal to the electromagneticsEyd component
of the wake in the plasma. Moreover, the reflection c
efficient is zero, and all of the wake energy is ultimate
transmitted. This rather counter-intuitive result is mo
understandable when one considers thatvyk ­ c for the
plasma wake as well as for the radiation in vacuum,
there is not a discontinuity of the refractive indexsckyvd
for this special case of frequency and wave number.

For continuous boundary cases, the Cerenkov wa
will tunnel through an evanescent layer between t
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upper and lower branch of the XO mode [10] as it
propagates into the vacuum. The attenuation of th
Cerenkov wake in the evanescent layer can be estimat
as follows. For simplicity we assume a linear plasma
density ramp of lengthL. Thus, we can writevpsxd2 ­
v

2
p0sL 2 xdyL. We note that the wake encounters the

evanescent layer whenvhsxd , vp0 , vRsxd, where
vhsxd ­ fvpsxd2 1 v2

cg1y2 and vRsxd ­ hvc 1 fv2
c 1

4vpsxd2g1y2jy2. The total decay of the electric field
can be calculated by integrating the imaginaryki over

the layer: G ­ e2
R

kidx, whereki is obtained from the
dispersion relation of the XO mode [10]. The result for a
linear density ramp isG ­ eaLvp0yc, wherea is given by

a ­ 2

µ
1

v3
p

∂ Z 0

v2
c 2vp0vc

3

s
sz 2 v2

c 2 vp0vcd sz 2 v2
c 1 vp0vcd

z
dz .

(1)

a is plotted as a function ofvcyvp in Fig. 3. This shows
that the attenuation is greatest forvcyvp ø 0.65. We
comment that the evanescent layer can be reduced or ev
eliminated by suitable tailoring of the magnetic field in the
ramped region. This will be the subject of future work.

With the transmission coefficient and the decay facto
known, approximate scaling laws for the power radiate
can be obtained from well known wake field theory result
[12]. The average power density radiated in vacuum i
simply

p ­
cE2

y

8p
ø sGd2

µ
vc

vp

∂2 cE2
x

8p
. (2)

The longitudinal wake fieldEx can be estimated from 1D
unmagnetized plasma theory [13]. For a short driving
electron beam of densitynb and length pcyvp, the
amplitude ofEx is given by

Ex ­ smcvpyed snbyn0d . (3)

FIG. 3. Damping coefficient vsvcyvp from Eq. (1).
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For a short laser pulse of normalized amplitudeVoscyc ­
eE0ymv0c and pulse lengthpcyvp, it is

Ex ­ smcvpyed
1
2

µ
Vosc

c

∂2

. (4)

For a train of pulses [14] or beating lasers, the amplitud
may be found by integrating Eq. (4) up to a saturatio
value determined by relativistic detuning [15], modula
tional instabilities [16], or wave breaking [17].

The qualitative and quantitative features just describ
are next tested with fully self-consistent, relativistic 1D
PIC simulations. The code used isWAVE. The wake
fields excited in a 1D simulation are shown in Fig. 4. I
this case, the driving beam was a short electron beam
peak densitynb ­ 0.1n0 and full width at half maximum
(FWHM) of 0.2cyvp moving in the1x direction with
Lorentz factorg ­ 105. In each case of Fig. 4, a plasma
vacuum boundary is centered atx ­ 30cyvp . In case
(a) there is an abrupt boundary; while in (b) and (c
the density ramps down linearly fromn ­ n0 to zero
over 10cyvp and 20cyvp , respectively. At the time
of Fig. 4, the beam has already exited the right han
boundary of the simulation. A constant magnetic fiel
with strength corresponding tovcyvp ­ 0.1 is in the
1z direction. The longitudinal wakesEx are shown for
each case on the left side of Fig. 4 and the transve
componentsEy are shown on the right. We commen
that Ex is nearly identical to theEx observed in the
unmagnetized simulations. Without the magnetic fiel
Ey ­ 0 in 1D. With the magnetic field, the amplitude
of Ey in the plasma is approximatelyvcyvp timesEx as
expected from the dispersion relation. The electrosta
wave componentEx vanishes as expected in the vacuum
region and develops a short wavelength structure
the ramped region. This short wavelength structure

FIG. 4. 1D PIC simulations of Cerenkov wake fields. Th
longitudinal (transverse) electric field component is shown o
the left (right). In case (a), a sharp plasma/vacuum boundary
at x ­ 30cyvp; in case (b), the plasma density ramps linearl
to zero fromx ­ s25 35dcyvp ; in case (c), the ramp is from
s20 40dcyvp.
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simply the result of the local plasma electrons oscillatin
with the local plasma frequency in each region. Thes
oscillations become out of phase causing the pha
variation seen in the ramped region. Over time th
wavelengths become shorter and shorter (not shown) a
ultimately Landau damp as their phase velocities decrea
toward the plasma’s thermal velocity. The behavior o
the electromagnetic component is quite different. W
have observed in simulations that an electromagnet
wave propagates in the vacuum region with an amplitud
roughly equal to that of theEy component in the plasma
in the case of a sharp boundary [see Fig. 4(a)]. Fo
the continuous boundary cases [Figs. 4(b) and 4(c)], w
observe that the transmitted radiation through the plasm
vacuum boundary is smaller than in the sharp bounda
case as expected from Eq. (1). For case 4(b),EtransyEy

is 0.6, while for case 4(c), it is 0.4; Eq. (1) predicts
EtransyEy ­ 0.6 and 0.37, respectively.

The simulation snapshots in Fig. 4 are att ­ 100v21
p .

We have observed that even though only a fewsNd wake
cycles are excited in the simulation box, the electromag
netic radiation is generated for a much longer time. Thi
is due to the lower group velocity of the wake, which
causes it to be left behind the driver, “ringing” for a time
given byN 3 2pcyvpVg or a plasma oscillation damp-
ing time, whichever is smaller. Substituting forVg and
assuming weak damping, we can obtain the duration
the radiationt ø 2pNv

2
hyvpv2

c ø Lpv
2
hycv2

c , where
Lp is the length of the plasma. It is interesting to note tha
only a small fractionsv2

cyv2
pd of the wake field energy is

associated with the electromagnetic component (for sma
vcyvp); most of it is in the longitudinal plasma motion
(field and kinetic energy). The wake energy as a whol
conserves power flux at the boundary, as it can be eas
verified thatygfsE2

x 1 E2
y 1 B2

zdy16p 1 1y2n0msy2
x 1

y2
ydg in the plasma is equal tocsE2

yy8pd in vacuum.
We have also used the PIC simulations to verify th

scaling law [Eq. (2)] over a range ofvcyvp from zero to
about 0.8 for the sharp boundary cases. Figure 5 show
the amplitude ofEy normalized toEx0 (the unmagnetized
longitudinal wake amplitude) in plasma vsvcyvp. It
is interesting that at largevcyvp the wakes look very
different from those in Fig. 4. Because of the large
group velocity at highvcyvp, the wake tends to follow
the driver rather than being left behind. Asvcyvp gets
larger, the wake becomes more and more like the bo
shock wake around a bullet in air.

Up to now, we have considered only one-dimensiona
effects, which we expect to be valid for driving beams
that are wide compared to a plasma wavelengths2pcyvpd
[18]. Indeed, in 2D PIC simulations that we have per
formed of wakes a couple of wavelengths wide, the rad
ation amplitude is almost identical to that in the 1D runs
However, several new effects occur for beams of mode
width. First, the wake has both longitudinal and trans
verse electrostatic components; these are known in plasm
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FIG. 5. Transverse electric field in plasma as a function
vcyvp normalized to longitudinal electric field in unmagne
tized plasma in 1D plasma simulations. Straight line is fro
linear dispersion theory.

wake field accelerators as accelerating and focusing fie
EyyEx due to theB field scales asvcyvp, while EyyEx

from electrostatic focusing scales as1ykpsr , wheresr is
the width of the wake. Thus, we expect the transverse
diation field to dominate the transverse electrostatic con
bution in the plasma whenkpsr ¿ vpyvc. Second, the
nonzero group velocity in the transverse direction caus
some wake energy to propagate out sideways rather t
forward. The wake energy propagates away from axissxd
asymmetrically since wakes withk ­ ky are perpendicu-
lar to B0, while wakes with the same value ofk in the z
direction are oblique toB0 and therefore satisfy a modified
dispersion relation. Third, if transverse plasma boundar
are nearby (withincyvp), the plasma wake radiates side
ways from surface currents near the boundary [6].

To illustrate the scaling law [Eq. (2)], we take two
examples from current plasma accelerator experimen
The first is a particle beam driven wake field experime
[19]. The driving beam consists ofN ­ 6 3 109 (1 nC)
electrons in a0.5lp long bunch with a radius of 300mm.
For a plasma densityn0 ­ 1014 cm23, nbyn0 ø 0.04
and the expected wake amplitude isEx ­ 40 MVym.
For a dc magnetic field of 3.6 kGsvcyvp ­ 0.1d, the
scaling law Eq. (2) predicts an output power of 2 kW
at frequencyvpy2p ­ 100 GHz for a sharp boundary.
As a second example, consider the parameters o
recent beatwave accelerator experiment at UCLA [20
A plasma of densityn0 ­ 1016 cm23 was driven by
two CO2 laser lines (l ­ 10.6 and 10.3mm) such that
their beat frequency was resonant withvp. Based on
Thompson scattering and other diagnostics, a plas
wake of amplitudeEx ø s0.3 0.5dmcvpye was excited
over a 1 cm length. Equation (2) predicts that an impos
magnetic field of B0 ­ 180 kG svcyvp ­ 0.5d could
cause the wake to radiate approximately 1 GW of pow
at a frequency ofvpy2p ø 1 THz for a sharp boundary.
A more modest magnetic field of only 6 kG appears to b
sufficient to produce one MW power levels.
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Further work is needed to obtain the angular an
frequency distribution of the output power as well as i
efficiency. Other geometries and magnetic field directio
are also of interest. Further work may lead to a uniq
source of high-power coherent radiation.
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