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Experimental Observation of the Two-Dimensional Inverse Energy Cascade
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We report the first clear experimental evidence of a stationary two-dimensional inverse energy
cascade. The experiments are performed in electromagnetically driven flows, using thin, stably stratified
layers; measurements of the instantaneous velocity fields show that the fluctuations are homogeneous
and isotropic in the inertial range. The energy spectrum displays the expkctét law with
a Kolmogorov constant lying in the range 5.5—7, which is consistent with the current numerical
estimates. [S0031-9007(97)04567-5]

PACS numbers: 47.27.Gs

Thirty years ago, Kraichnan [1] proposed that two-k >/ scaling, and stationarity is achieved over time scales
dimensional turbulence, forced at a fixed scale, shouldf the same order as the longest simulations performed on
display a k=3 energy spectrum, extending from the the subject [7]. Moreover, the initial transient evolution
injection scale towards the large scales. This is known agward thek —>/3 stationary state is observed for the first
the inverse energy cascade. Since then, several numetime. Additionally, the experiment provides a value of
cal simulations have been performed [2-5], all givingthe Kolmogorov constant, consistent for three different
strong support to this proposal. Although the number ofmethods of calculation, which agrees with the current
simulations is still rather modest, it is generally acceptedestimates found in the numerical experiments [3,4].
that the inverse cascade is a universal phenomenon which The experimental setup we use has been described in
occurs for a broad range of conditions, independentlyrevious papers [8—10] in the context of decaying turbu-
of the particular way that the energy is dissipated atence. The flow is generated in a PVC céb, X 15 cm.
large scales, and the details of the forcing. This viewThe cell is filled by two layers of NaCl solution, placed
is supported by the fact that the Kolmogorov constanin a stable configuration, i.e., the heavier underlying the
found in all the simulations, within numerical uncertainty, lighter. Permanent magnets are located just below the
is the same (falling between 5.8 and 9), despite the varietipottom of the cell. Their magnetization axis is vertical
of conditions of preparation of the turbulent regimes. Itand they produce a magnetic field, 0.3 T in maximum
has also been shown [4] that, when the most energetiamplitude, which decays over a typical length of 3 mm.
wave number reaches the system size, coherent vorticés electric current is driven through the cell from one
emerge which may eventually modify the spectral contenside to another. It has been shown [10] that the strati-
of the turbulent regimes. This phenomenon is ofterfication considerably enhances the vertical momentum
referred to, following Kraichnan [1], as Bose-Einsteintransfer so that, on the time scales relevant to a typical
condensation. The inverse cascade and the condensatierperiment, the flow measured at the free surface can be
process were also observed in a pioneering laboratorgonsidered as two dimensional. The dissipation is pro-
work by Sommeria [6]. In his experiments, however, thevided by friction exerted by the bottom wall on the fluid,
Kolmogorov constant was found to depend on the ratevhich can be parametrized by adding a linear term in the
at which energy is extracted at large scales. Since th&vo-dimensional Navier-Stokes equations. This frictional
measurements were performed using a line of probes, ferm provides the infrared energy sink preventing the ac-
was not possible to check whether this dependence signatsimulation of energy in the largest scales of the flow.
a violation of the conditions under which the cascaddn the experiments presented here, the magnets are ar-
is supposed to take place, such as the isotropy or theanged such that the flow is initially concentrated around
homogeneity of the flow, or whether it suggests that thea prescribed wave number. We use a total fluid depth
cascade itself is not a universal process. of 6 mm which corresponds to a friction strong enough

In the present experimental study, we are able tdo prevent the system from condensing in the lowest ac-
investigate the inverse energy cascade in a system whecessible modes. The imposed current, which, coupled to
long runs can be performed, and for which the completeéhe magnetic field, defines the forcing, is a time series of
velocity and vorticity fields can be measured at all timesmpulses of constant amplitude and random sign. Each
in a completely nonintrusive way. This allows one elementary impulse has a duration of 4 s, which is longer
to check the homogeneity and isotropy of the systemthan the characteristic time of vertical transfers (which is
and to compute the spectral properties without makinghorter than 2 s; see [10]). The random-in-time forcing
any assumption about the flow symmetries. In ourallows the imposition of an approximately zero net flow,
experiments, the spectra display a clear inertial range witiwhich favors homogeneity. The current is switched on at
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t = 0 and the flow is recorded for a typical time of 6 min: transfer from large to small wave numbers is signaled in
this corresponds to approximately 50 turnover times ofrourier space by the progressive building up of a spectrum
the largest eddies. Once the flow has been recorded, theith a k53 power law, as illustrated by the transient
velocity fields are computed ai X 64 grids in the man- spectrum ¢). The final spectrum «) displays ak /3
ner described in [8]. We typically compute 200 veloc- behavior over a range slightly narrower than one decade
ity fields for each experiment. Two-dimensional power(the black line corresponds to a calculatefi/3 scaling).
spectra are obtained through fast Fourier transform anth Fig. 2(b) the final spectrum of Fig. 2(a) is displayed
are further averaged along the angular coordinate to yieldompensated by the Kolmogorov scalitigfk)k%/3. Over
the radial spectr& (k). The injection Reynolds number, the same range of scales as those for which the scaling
defined using the root-mean-square velocity and the inlaw is observed in Fig. 2(a), a clear plateau is observed,
jection scaleL;, has a typical value of 100 in our ex- which confirms that the spectral exponent is close to
periments. All these characteristics are comparable ir-5/3. For the present experiment, the most energetic
magnitude to the largest numerical studies performed owave number isko = 0.13 cm™!, which is larger than
the subject. the wave number#/L based on the cell size. The
A typical vorticity field, measured 2 min after the stationarity of the system can be assessed from Fig. 3
excitation is applied (i.e., well beyond the transientwhich shows the temporal evolution of the kinetic energy
regime), is displayed in Fig. 1. The population of vorticesE (black squares) and the enstropAy(empty squares).
includes a broad range of sizes; it would be hard to infeiTime is rescaled by the mean turnover time of the large
a single characteristic length from Fig. 1. This contrasteddiestg, which is typically 8 s. The figure shows that,
with freely decaying experiments where characteristieexcept for the initial period of about 1, stationarity is
sizes can be defined at all times. Figure 1 also showwell achieved in our experiments. Concerning statistical
vorticity filaments which are produced by the breakup ofhomogeneity and isotropy, things are less straightforward.
sheared vortices submitted to the imposed random forcingince the experiments are performed in a square box
In this system, energy is transferred towards larger scalassing a localized, poorly isotropic forcing, one expects
through the formation of clusters of like-sign vortices. Inthe flow to be inhomogeneous and anisotropic at both
systems such as this, merging events are rare. ends of the spectrum, i.e., at the injection scale and
We now turn to the energy spectra. A typical serieson large scales. It is thus reasonable to bandpass filter
of spectra are shown in Fig. 2(a): the initial one),( the velocity field to reject the wave numbers outside
computed 2 s after the current has been switched on, ahe inertial range. After performing this filtering, we
intermediate oned) averaged over a few fields covering compute the angular energy spectrum and the fleld
a short time interval centered at= 10 s, and the final of the root-mean-square temporal fluctuations of the
spectrum ¢), averaged over 160 fields, well beyond the
transient regime. The initial spectrure)( shows that
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FIG. 2. Energy spectra: (a) temporal evolution and (b) com-
FIG. 1. Typical vorticity field during the stationary regime. pensated energy spectrum for the stationary regime.
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FIG. 5. Spatial repartition of the rms temporal fluctuations of

FIG. 3. Temporal evolutions of the total kinetic energy and,o velocity.

enstrophy {(x = 8 s; L; = 1.5 cm).

velocities. The results are displayed in Figs. 4 and 5tracking the evolution, in the transient period, of the most
respectely. The angulr spectrm is rescaled by nE"S06LC Weve umber e, e one caresponding o e
total energy of the modes in the inertial range. Th?}:ig- 2. According to [1,4], if we assume that, during the

fluctuations, rescaled by the root-mean-square velocit ttansient phase, the energy spectrum has the form (1) in

are drawn versus the coordinate for three different the rangeko(r) = k = k. and zero outside, we must have
values of the abscissa. Coordinates are rescaled by ge&olr) = k = ki ' '
on energy conservation grounds

the box sizeL. These figures show that both isotropy
: " . L 13
Z)rzget:i(?nn;%%snelty conditions are quite well satisfied in our ko()2® = ki_2/3 N 28!/ . 2
' N 3Ck
We now turn to the determination of the Kolmogorov
constant. The expression of the energy spectrum reads [tjhere k; is the injection wave number. We have de-
_ 2/3,-5/3 termined Fhe most energetic wave r]umtker avera_ged
E(k) = Cxe™ k™", (1) over six identical runs, as a function of time in the
transient period. The result is shown in Fig. 6. Wave

where ¢ is the energy transfer rate artk is the two- Do
. . numbers are rescaled by the injection wave number and

dimensional Kolmogorov constant. Several methods ca : )
ime is rescaled by the turnover time of the large ed-

be proposed to determme _the transfer rate f_rom Whlc%ies. The above equation (2) fits the experimental data
the Kolmogorov constant is inferred. Determiniadgrom

the measured overall dissipation leads to an overestima ell (see the black I|ne.|n Fig. 6). The_ fit, together_ with
. e energy spectrum, yieldSx = 5.8. Finally, the third

of & and consequently underestimates the Kolmogorov g S .

. . method consists in examining the linear growth of energy

constant. The reason is that a sizable amount of the

. : . .. With slopee in the transient period. For the same data,
energy is drained out of the flow by bottom friction . .

. . . . -~ this givesCg = 6.3. Summarizing these results, we pro-
without taking part in the energy cascade. This might ose the following estimate for the two-dimensional Kol-
explain why, in [6], low values ofCgx were found, P g_

. . . . mogorov constant:
at variance with the current numerical estimates. We
thus use three different methods to determine The Cx =65+ 1.
first consists in computing the mean rate of transfer of
kinetic energylIl(k), and averaging it over the inertial The uncertainty quoted here corresponds to the scattering
range [see [1] for a detailed expressionldfk)]. This of the values obtained with the alternative methods.
method yieldsCx = 6.8. The second method consists in
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FIG. 6. Temporal evolution of the most energetic wave
FIG. 4. Angular energy spectrum (inertial range). number {x = 8 s; k; /27 = 0.66 cm™!).
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