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Phase Transitions and the Internal Noise Structure of Nonlinear Schrödinger Equation Solitons

M. J. Werner and S. R. Friberg
NTT Basic Research Laboratories, 3-1 Morinosato-Wakamiya, Atsugi-shi, Kanagawa-ken, 243-01, Japan

(Received 13 June 1997)

We predict phase transitions in the quantum noise characteristics of systems described by the quantum
nonlinear Schrödinger equation, showing them to be related to the solitonic field transition at half
the fundamental soliton amplitude. These phase transitions are robust with respect to Raman noise
and scattering losses. We also describe the rich internal quantum noise structure of the solitonic
fields in the vicinity of the phase transition. For optical coherent quantum solitons, this leads to the
prediction that eliminating the peak sideband noise due to the electronic nonlinearity of silica fiber
by spectral filtering leads to the optimal photon-number noise reduction of a fundamental soliton.
[S0031-9007(97)04561-4]

PACS numbers: 42.65.Tg, 03.40.Kf, 42.50.Ar, 42.50.Lc
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An initially localized wave packet oscillates or
“breathes” as it evolves into a soliton in a system de
scribed by a nonlinear Schrödinger equation. For th
special case of integral multiples of the fundament
soliton amplitude, this oscillation is periodic. Otherwise
the wave packet asymptotically evolves into an integr
order “higher-order” soliton or if the initial wave packet
energy is near that of a fundamental soliton, the oscillato
breathing motion decays. The underlying physics is th
the spectrum broadens due to self-phase modulation a
dispersion acts as a feedback mechanism to redir
energy to the pulse center.

A characteristic signature of soliton formation fo
pulses more energetic than the fundamental soliton (th
is, for N . 1) is the bifurcation and rejoining that
occurs in the wave packet spectral domain. Breathi
oscillations occur forN , 1 but no distinct bifurcation
in the intensity spectrum occurs. (Note, we takeN ­ 1
as the amplitude of a fundamental soliton.) When brig
solitons do not exist (e.g., for normal dispersion), the
is no feedback mechanism and the energy is transpor
away from the pulse center. Similarly, forN , 0.5
in the anomalous dispersion regime, no soliton emerg
in the asymptotic field. An important property of the
soliton system is that forN . 0.5 the asymptotic field
contains one or more fundamental solitons [1]. Th
nonlinear Schrödinger equation therefore predicts a pha
transition in theasymptoticfield at N ­ 0.5 from 0 !
1 solitons. The soliton physics which leads to thi
behavior has important consequences which have n
been previously explored. For example, below the pha
transition, quantum effects are small, whereas above
transition, they play an important role in structuring th
noise properties of optical pulses.

Recent quantum noise experiments with optical solito
in silica fiber used coherent mode-locked laser pulses
their source [2]. Though the pulses contained macrosco
cally large numbers of photons, clear and unambiguo
quantum effects were found in the noise measuremen
These arose as the initial solitonic fields contained sho
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noise fluctuations that were incorporated into the solit
and the accompanying dispersive radiation. In the i
tial propagation regime, where quantum soliton noise
periments to now have been carried out, the interfere
between the emergent soliton and dispersive radia
figures significantly in the difference between classic
and quantum soliton field theories. For example, quant
mechanically, oscillations are necessarily present w
the initial state is coherent even when classically they
absent, as when the initial pulse is an unperturbed f
damental soliton. So far, only one quantum noise exp
ment [3] has reported direct experimental consequence
these oscillation effects—the oscillations in the photo
number noise of the spectrally filtered solitons as the s
ton energy is increased.

This Letter briefly describes some of the new phys
that emerges from consideration of the quantu
mechanical effects of solitonic oscillatory behavio
Perhaps most significant is the phase transition in
spectral intensity noise of the solitonic field accompan
by a bifurcation in its noise spectrum as the energy
proaches that of a fundamental soliton. The signature
this transition is predicted to occur in the experimenta
accessible regime of a few soliton periods, even at ro
temperature where the Raman noise in silica fiber
important for typical picosecond and subpicosecond pu
durations. We also detail aspects of the internal quan
noise structure of a propagating, oscillating soliton.

The nonlinear Schrödinger equation has been use
various forms for the study of Bose-Einstein condensat
[4], Bose superfluids [5], and propagating coherent qu
tum solitons [3,6–9] where the nonlinear Schröding
equation governs the dynamics of the photon flux a
plitude. Its quantum-mechanical description utilizes
normally-ordered representation of the quantum fields
that losses introduced by Rayleigh scattering and spec
filtering do not explicitly introduce extra noise int
the equations at zero temperature. In the norma
ordered positive-P representation, the evolution takes o
the familiar form of a zero-temperaturesT ­ 0 Kd Ito
© 1997 The American Physical Society 4143
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stochastic damped quantum nonlinear Schrödinger eq
tion (QNLSE) [6] in a co-moving frame
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whereG is a real Gaussian noise with zero mean and
correlation kGsz , tdGsz 0, t0dl ­ dsz 2 z 0ddst 2 t0dyn,
n is a dimensionless photon number scale, and
length and time variablessz , td are the scaled coordinate
in a reference frame that moves with the propagat
field at the group velocity of the center frequency
the soliton. For this equation and the correspond
Hermitian conjugate equation forfy, the length scales
as t2

0yjk00j, with t0 the pulse width andk00 the fiber’s
group velocity dispersion. Quantum field propagation
performed numerically [10] using the Raman modifie
quantum nonlinear Schrödinger equation in the positi
P representation [11]. The output field photon numb
(scaled to the photon-number scalen which for results
presented later is108) is, after spectral filtering

kn̂l ­
Z

dv fps2vdfsvd kÎsvdl , (2)

where Îsvd ­ f̂ys2vdf̂svd and fsvd is the spectral
filter function, specifically an ideal passband filter in th
following calculations.

If one were to measure the spectral intensity noise
the output solitonic field, it would reveal a bifurcatio
or splitting of the noise spectrum as the input energy
increased. We illustrate this effect in Fig. 1 by plottin
the intensity spectrum variance for several input energ
after 4 soliton propagation periods. The shot-noise le
in all figures is at the zero level due to the normall

FIG. 1. Scaled intensity spectrum variance forN ­ 0.7, 0.9,
and1.0 at z ­ 2p usingfs0, td ­ N sechstd.
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ordered representation, and an arbitrary scale has be
used on the vertical axis to emphasize the spect
structure. The horizontal axis is scaled to the soliton pul
width t0 so that the noise structure is independent of th
soliton pulse duration within the limit of applicability of
the unmodified QNLSE (for example, no Raman effect
In addition to the classical bifurcation in the spectrum
for N . 1, the soliton system displays a bifurcation in
the quantum noise spectrum forN , 1. The transition
from a single noise peak atN ­ 0.7 to subshot noise
fluctuations and a split noise spectrum forN ­ 0.9 can
be revealed by photon-number noise measurements a
spectral filtering. At fundamental soliton energiessN ­
1d, the noise spectrum contains excess noise in the s
peaks similar to theN ­ 0.9 case, shot-noise fluctuations
at zero frequency offset, and subshot noise fluctuations
between.

Optimizing the quantum noise reduction at each e
ergy by varying both the spectral filter bandwidth an
propagation distance over the intervalj [ s0, jmaxg (j
is given in units of soliton periods) reveals a phas
transition in the quantum noise correlations of the sol
tonic field. This transition depends on the maximum
propagation distance as shown in Fig. 2 where it is d
picted for jmax ­ 4, 8. Optimization gives the maximal
quantum correlation expected for the solitonic field an
therefore reflects the internal quantum noise structur

FIG. 2. The quantum noise phase transition as the inp
energy is increased depicted using the photon-number varian
of the spectrally filtered solitonic field. The full line is the
ideal QNLSE forjmax ­ 4, the dotted line is the ideal QNLSE
for jmax ­ 8, the dashed line is forjmax ­ 4 with the Raman
interaction atT ­ 300 K with 0.1 dBykm (0.0236 dByz0 for
z0 ­ 370 m) losses and the dot-dashed line is the latter case
the normal dispersion regime.
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The filter cutoff frequency varies from1y10t0 within
the transition region to3y8t0 below the transition for
jmax ­ 4. Note that forjmax ­ 8, the transition occurs
at slightly lower energies as expected for longer propag
tion distances. Increasing the fiber losses moves the ph
transition to higher energies. Figure 2 also shows t
transition to be robust with respect to Raman noise and
intrinsic scattering losses of a silica fiber (assumingT ­
300 K, g ­ 0.0236, andjmax ­ 4). In the normal dis-
persion regime (where no feedback or breathing oscil
tions occur), wave packets with the same parameters sh
only a gradual linear decrease in noise as the energy
creases in the vicinity of the soliton phase transition. Co
sequently, in the normal dispersion regime the optimal f
all energies shown in Fig. 2 is atj ­ 4. The optimized
quantum-noise reduction in the normal dispersion ca
always displays subshot noise photon-number fluctu
Ptions, whereas the soliton remains at the shot-noise le
below the transition. Our experimental demonstration
soliton squeezing [3] showed that lower energy pulses e
hibited excess noise after spectral filtering. However, t
results presented here show that excess noise for sub
damental soliton energies is not optimal. Summarizin
the classical0 ! 1 soliton transition atN ­ 0.5 in the
asymptoticfield manifests itself in the quantum noise fo
propagation distances of a few soliton periods. This re
resents a new feature for systems described by the non
ear Schrödinger equation.

The quantum noise spectral structure shown in Fig
that develops with the propagation of fundamental solito
illustrates the striking difference between classical a
quantum descriptions, even for photon numbers as large
108. Classical theory says that fundamental solitons on

FIG. 3(color). Scaled intensity spectrum variance vers
propagation distance forfs0, td ­ sechstd initial input pulses
using the ideal QNLSE.
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undergo a global phase shift as they propagate. Howev
Fig. 3 shows that their intensity noise spectrum undergo
considerable change even after only a few soliton period
assuming a coherent sechstyt0d input pulse [12]. The
internal noise structure of the propagating solitonic field
which can be probed by measuring the photon numb
fluctuations of spectrally filtered pulses, provides ne
insights into soliton dynamics. One important unexpecte
new feature is the production of excess noise in th
spectral sidebands that peaks at sideband frequencies
0.125yt0 Hz. This excess noise, shown in red in Fig. 3
can easily be removed by a spectral filter. Accompanyin
this excess noise are regions of subshot noise fluctuatio
shown as dark blue in Fig. 3, which are correlated with th
excess noise.

The photon-number squeezing and the phase transit
is perhaps most easily explained by visualizing the so
ton’s internal quantum noise structure and considering t
effect of a spectral filter. Experimentally, the quantum
correlations between different components of the noi
can be determined by varying the spectral filter ban
width and center frequency while measuring the changin
noise variance of the transmitted energy. Figure 4 show
the changes in the photon number statistics of filtere
fundamental solitons resulting from changing the filte
bandwidth and propagation distance. For a wide filte
bandwidth (i.e., much larger than0.125yt0 Hz), the over-
all noise is near the shot-noise level. Decreasing the filt
bandwidth reduces the noise level to a minimum and th
increases it again as the filter cutoff removes an increa
ing portion of the pulse energy. In Fig. 4 the temperatu
of the phonon reservoir is300 K and t0 ­ 1 ps. Over
the first four soliton periods, there is a clear optimum fo
the choice of filter cutoff frequency:125 6 12.5 GHz at
a propagation distance of3 6 0.2 soliton periods. This
is exactly the same frequency as Fig. 3 for the peak
the spectral intensity noise variance due to the electron
nonlinearity. As Raman effects are included, there is a
asymmetry in the spectral intensity noise spectrum a
an increase in the spectral intensity fluctuations with in
creasing temperature. Despite this effect, Fig. 4 show

FIG. 4. Photon-number variance versus propagation distan
and spectral filter cutoff frequency forN ­ 1 at T ­ 300 K,
t0 ­ 1 ps.
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FIG. 5(color). Scaled intensity spectrum variance versu
propagation distance forN ­ 1.1, fs0, td ­ Nsechstd, initial
input pulses using the ideal QNLSE. By using the color ma
of Fig. 3, the min/max values are clamped.

significant photon-number squeezing up to 4.8 dB belo
shot noise, even at room temperature.

The noise spectrum for a pulse with slightly more en
ergy than a fundamental soliton has a different nois
structure than that of a fundamental soliton. This ca
lead to dramatic changes in the measured noise levels
ter spectral filtering. Figure 5 shows the noise spectru
whenN ­ 1.1, clearly showing excess noise near the ce
ter frequencies, in contrast to theN ­ 1 case (Fig. 3)
where the fluctuations were at or below shot-noise lev
[15]. This leads to large excess noise levels for strongly fi
tered pulses, which was observed experimentally [3]. D
spite the small increase in input energys21%d, the resulting
quantum noise properties are very different, and this illu
trates the importance of understanding the complexity
the quantum noise structure of these solitonic fields.

Summarizing, we predict a phase transition in system
governed by nonlinear Schrödinger equations detecta
by measuring the particle number fluctuations in a s
lected subspace of the total Hamiltonian. The choice
subspace corresponding to the spectral filtering of mod
farthest away from the slowly varying envelope carrie
frequency leads to a transition in the filtered pulse photo
number fluctuations corresponding to the phase tran
tion in the quantum noise of the propagating soliton
field. (This squeezing transition in the comoving frame
incidentally, has similarities to evaporative cooling in
Bose-Einstein condensation.) We further showed that th
transition is related to the classical transition to solito
propagation that occurs atN ­ 0.5 and to the bifurcation
in the intensity noise spectrum, and that it can be se
at easily accessible propagation distances. The inter
quantum noise structure of the soliton field was shown
4146
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differ qualitatively depending on whether soliton energie
were above or below that of the phase transition and also
fundamental soliton. The optimal filter bandwidth for re
ducing photon-number fluctuations for fundamental sol
tons was found to correspond to removal of the peak
the electronic nonlinearity induced intensity noise spectr
sidebands.

We have restricted our attention to systems near t
0 ! 1 soliton phase transition where Raman effects
silica fiber do not play a dominant role for picosecon
pulses. However, higher-order nonlinearities and dispe
sion may effect the quantum noise propagation of short
pulses and will be the subject of further studies.

Note added.—Recent experimental results reported b
S. Spaelter, M. Burk, U. Stroessner, M. Boehm, A
Sizmann, and G. Leuchs [Europhys. Lett.38,335 (1997)]
show the expected asymmetry due to the stimulat
Raman scattering.
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