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Corrections to the positronium energy levels of ordér due to photon exchanges are calculated
in the effective Hamiltonian approach. The quoted results are valid fof atates and arbitrary

mass ratios. We further present implications on the comparison of theory and experiment.
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Positronium is a fundamental system for the study ofHamiltonian
quantum electrodynamics (QED) theory. Consisting of p? o
an electron and a positron, it includes only negligible Hg = — — —, (1)

o . . . B 2 r
contributions from strongly interacting particles. For q h d H q f1h di
these reasons, one can calculate the positronium ener@ﬁé‘ere“ enotes the reduced mass of the system and Is

levels with a high accuracy, unlimited by the finite ual to hqlf of .the electrqn mass for positronium. The
nuclear size effect. In contrast, theoretical prediction§OrreSpondIng elgenenerglzes are
for the Lamb shift and hyperfine structure of hydrogen _pat  ma @)
are limited by the uncertainty in the proton electric and 2 n? 4n?’

magnetic formfactors. Therefore positronium opens g eading relativistic effects, of ordea*, are correctly

window for high precision QED tests. The ground statedescribed by the Breit interaction [cf. Eq. (10)]. These
hyperfine structure (HFS) and the sharf$,-2’S; two- include relativistic corrections to the kinetic energy, as
photon transition are particularly interesting. well as to the spin-orbit, spin-spin, and annihilation

The theoretical treatment of bound states is a distingffects. In the following, we consider only tripl§tstates,
guished problem in quantum electrodynamics. The Bethere,, states withL =0 and S = 1. These relativistic

Salpeter equation [1] provides a starting point for most ofcorrections sum to [6]
the calculations. In a previous paper [2], we introduced a 471 |
- 220+ )

2

E, =

different approach to bound state QED and calculated a re- sl Tz 3)

coil correction of order® to the HFS ofuS states. In this Zn* \32n 6

Letter we complete the calculation of recoil corrections toThere are many sources for corrections of the order’of

the positroniums levels. Our effective Hamiltonian ap- For triplet S states they are electron and positron self-

proach is based on Lepage’s idea of nonrelativistic quarenergy, the vacuum polarization, two-photon exchange,

tum electrodynamics [3], on Khriplovich and co-workers’ and a one-loop correction to the one-photon annihilation

calculations using Breit expansions [4], and on our pre{7]. The complete formula describing these terms is [8]

vious calculations of the hydrogen Lamb shift and the ma’ (14 2 1

h 3 ; 0 ®) = {—[l( )-I—‘I’(n)-l—C—i——}
yperfine structure [5]. We construct an effective Hamil 3 1

tonian, where all momenta are of the orderaf, by intro-

87 n3

ducing a cutoff parameter. The high momentum region _ + 2 In2 — 16 In ko(n)

is accounted for by adding-like terms. Coefficients for 5 3 3

these terms are determined by comparing resolvents con-

structed from the QED Hamiltonian and those constructed —6 I”(“)}’ (4)

from the effective Hamiltonian. The equivalence of bOthwhere‘If is a logarithmic derivative of EuleF function

resolvents ensures that the poles, i.e., the energy IeVel&nd C denotes the Euler constant. The calculation of

are at the same position. The calculation of Khrlplowch,[he «® correction has not yet been completed. The

etal. of the positroniump levels [4] was performe'd With.' leading terms, enhanced bydn come from two sources.

: . - First, the one-photon annihilation contribution [9] can be
the P-wave function vanishes at the origin, however, for\gritten as

S states the corresponding corrections would diverge, an 6
therefore a cutoff is necessary to keep all the terms finite AE© = M [_ 1 In(a) + K(n):| (5)
and meaningful. n3 24 ’

Positronium energy levels-The main structure of the where K(n) denotes a constant term. The second term
positronium spectrum is obtained from the nonrelativisticresults from the spin-dependent part of the three-photon
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exchange [10]. A complete formula is obtained from [2]is introduced. Our choice is the following:

by putting m; = m, = m and dividing by 4 to get the 1 1 A? 7
shift of the triplet state: 2R+ A2 7
© m a® 1 where A = Aua. This replacement defines the low
AE™ = 12 13 {1'130(5) + E[I”(”) — V) - C] energy part. In the case of the Coulomb interaction it
takes the form
_i+l_l_l|n()]’ (6) o4 a
o2 4n 4 2 V= o o (e, 8)

The calculation of the spin-independent partf© is  Since the value oh is arbitrary, after the expansion in,
presented in the following section. As it was found inwe can also expand ity A. This allows the calculation of
[11], this contribution does not lead to(ka) terms. all necessary matrix elements, without knowledge of the
Details of the calculation—Some details of the exact wave function in the modified Coulomb potential.
method used in our work have been described in [2]. In the first step one finds an effective Hamiltonian
There are twc6) energy regions in the mtegra_lls Whlch Hypp — P i(l _ o wary 4 AH® 4 ARO)
generate thex® term. The low energy scale is given 2 u r
py the inverse of Bohr radius, and the high energy scale L AHO § o2Ms83(r) + P MeS(r).  (9)
is governed by the electron mass. In our method anl_h AH® for the | . hil
artificial parameten is introduced to separate these two . '€ account for the low momentum region, while
regions and allow the use of expansions specific to eaCWeMj coefficients account for the contributions from for

. 4
energy region. There is a freedom, how the parameter hlgthq?w:ntu_rl? regime. All terms depend an AH
is a Breit Hamiltonian

4 4 P
1 1 o rtrd ..
AHW = — PP +”<—+—>53 —7<2+ w)
8mi  8mj 2 \m?  m ) 2mymyr P 2 PP
o o0 30r oyr 8
- 4m1m2[ ;3 - lrs - 3770102530)] (10)

which must be regularized according to the prescripti'onNhereV is defined in Eq. (8) and
in Eq. (7), otherwise matrix elements in Eq. (11) would 8 [ A (3) 11 1 1

A

be divergent. We will keep the two masses different (V'?) = —| — + In - +
12 6n2 2n

throughout the calculation to permit a compa}gson with L4
known corrections in the hydrogen atomAH"“ and

AH® are Breitike Hamiltonians obtained by the higher W)+ C - '”(”)}’

order expansion in momentaAH® comes from time or- 4 3 1 1
dered diagrams presented in Fig. 1. This calculation is (V3) = — = [In(—) + In<—> + = - —
done in the Coulomb gauge, which is the most appropriate n 4 4 2 2n
one for this problem. A dashed line denotes a Coulomb
interaction, while a wavy line denotes a transverse pho-

ton. The nominal contribution from double-transverse— . . . . .
o . The divergent terms those which are linear or logarithmic
double-pair diagrams is of the order @f. The retarded 9 9

part and the single Coulomb exchange cancel each othc'enr A, are canceled by the coefficients:

at orderaS. Another cancellation effect allows theZ™ AEy = ($la’Ms83 ()| )0 + (pla’Mb3(r)| ).
subdiagram to be treated as a point interaction. (14)

The contribution of the\H® to the energy in the order

fad i lculated dina to standard turbationfs is obtained by comparing the two-photon scat-
?hegry 5 calctiated according o standard perturbatio tering amplitudes derived from QED and from the

© @ 1 @ effective Hamiltonian. In analogyM, is obtained by
AE, = (¢|AH®|¢) + <¢|AH WAH |¢>>~ comparing three-photon scattering amplitudes. The
contribution fromMs5 to the energy in the order af® is

+ In(n) — ¥(n) — Ci|. (13)

_ _ . (11)_ _due to its linear divergence in
All matrix elements are calculated analytically in the limit 3 )
of large A. As an example, consider the term (a>M583(r)® = Ao (M_ _ 1) $2(0), (15)
4 4 2 nmipmyp \ nmpmp ’

P 1 p Loy o Lpay 1

S E—ms) - VT : -~

8 (E—-H) 8 8 2 n where ¢3(0) = ¢>(0)(1 — 4/A). It was convenient in

3 .3 5 ( this calculation to combine the dependence of the wave
2n*  nd 8nt’ function at the origin withMs. Therefore, Ms only
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cancels out the linear divergenceirin Eq. (11), and the expression for the high energy part is

ab ud

AEy = —E—, (16)
n-mpmp
1 1 A? A? A?
- d3 d3 —{ s, - (4) s Y - 07 )
67 pdp g q 8(p1.4. p2) it A At (p1.4. p2) = (0. p2. p2)

2 2 W
— , ,O}.
p% n A2> g (p1,p1,0)

(17)

A2 2 @
+ | —5—— 0, py, — ,P1,0 +<
<p% n A2> 27(0, p2, p2) g(p1,p1,0)

The functiong is obtained from the forward scatterinb standard Rayleigh-Schrédinger perturbation theory. For
three-photon exchange amplitude at zero momentum bgmall momenta we take the leading term in the power
integration with respect to two-photon energies and thexpansion. There are additional terms which we subtract
subtraction of lower order terms which correspond tofrom g because they contribute at photon energies of
Hg, AH®, andAH"®. Theg® is a leading term in the order 2. They are the nonrelativistic single transverse

power expansion of in momenta, and is of the ordert.  retardation diagrams Nos. 5, 6, and 7 on Fig. 1. These
The algebraic expression fgris very long, so special care terms are ultraviolet finite and are calculated directly. The
has to be taken to generate a numerically stable expressiaalditional subtraction leads to logarithmic dependence on
without any spurious singularities. This was achieved by in (17). The three-dimensional numerical integration

writing diagrams in mixed time-momentum representationpf T is done to quadrupole precision using the Gaussian
and by integrating with respect to the time coordinate ofmethod with 15 and 30 points [12]. Errors are estimated
each vertex. This calculation directly corresponds to théy comparing both values. The sum of all terms leads to
| the expression which is the main result of this work:

Sr/ 15 303 2 3 1 w1 12
AE(6)=&[<————+———>+ <F+ ——>——<—+—+—>]
n3 8 16n3  4n?2  8n my my 16n3  4n? mimi \16n3  3n2 n

(18)

The first term corresponds to the Dirac formula for hk/—ml = mjy, and thus
drogenic energy levels with the electron mass replaced by _ _
) F 1.573(5) . (19)
the reduced mass. The second term agrees with the re- . ) .
coil correction calculated in [13] and independently con-Figure 2 is a plot off" for intermediate values ofi; /m,

firmed in [14]. F is a sum ofn-independent terms, The third term in Eq. (18) is completely new, and none
but it depends on the mass ratio. Feg/m, — 0, F  Of our tests could check its correctness. Equation (18)

is F = —0.727(1), which is very close to the number completes the calculation of the pure photon exchange
41In2 — 7/2 = —0.727411. We regard this agreement correction of the order ok®. For positronium it becomes
as a significant test of these calculations. For positronium AE© _ m—a6 [_2.073(5) 69 N 8 3}
8 n3 64n3  3n? n
(20)
X We have developed a novel approach to quantum elec-

trodynamics of the bound states and calculated the pho-
ton exchange contribution to positronium energy levels in
the order ofa®. Using Egs. (6) and (20), one can find a

|
r_\u

I !
. 5 6 correction to thel3S,-23S, transition in the order of®
! beyond previously known la terms, which is
i AE = 3.5 MHz. (21)
E The corrected theoretical prediction for tHés;-2°S;
8 9 transition becomes
3 Eg = 1233607224.9(8.2) MHz. (22)

i § where the error is estimated assuming a coefficiett
; for the unknown terms of ordena®. The measurement

FIG. 1. Time ordered diagrams contributing to energy Ievelsmc Feeetal. [15] gives
in a® order. Eexp = 1223607216.4(3.2) MHz. (23)

4122



VOLUME 79, NUMBER 21 PHYSICAL REVIEW LETTERS 24 NVEMBER 1997

F *Temporary address.
3 2 G 5 - x [1] G.S. Adkins, in Relativistic, Quantum Electrodynamic,
and Weak Interaction Effects in Atomsdited by
-0.25 W. Johnson, P. Mohr, and J. Sucher (AIP, New York,
0.5 1989), p. 65.
[2] K. Pachucki, Phys. Rev. A6, 297 (1997).
~0.75 . [3] W.E. Caswell and G.P. Lepage, Phys. Lett.1B7, 437
L (1986).
-1 . [4] 1.B. Khriplovich, A.l. Milstein, and A.S. Yelkhovsky,
e Phys. Rev. Lett71, 4323 (1993).
-1.25 B [5] K. Pachucki, Ann. Phys. (N.Y.226, 1 (1993); Phys.
ash et Rev. A54, 1994 (1996).
: [6] R.A. Ferrel, Phys. Rev34, 858 (1951).
FIG. 2. Numerical values of as a function ofx = (m; — [7] R. Karplus and A. Klein, Phys. Rew87, 848 (1952);
ma)?/(my + mo)>. T. Fulton and P.L. Martin, Phys. Re93, 811 (1954).

[8] J.R. Sapirstein and D.R. Yennie, iQuantum Electro-

. . o dynamics, edited by T. Kinoshita (World Scientific,
Although the agreement within an error is maintained, the  gjngapore, 1990).

new correction increases the deviation from the measuredg] p. A. Owen, Phys. Rev. Lett30, 887 (1973); Phys.
value. The theoretical predictions are still limited by Rev. A 16, 452 (1977); R. Barbieri and E. Remiddi, Phys.

unknown other terms in the order af, such as radiative Lett. B 65, 258 (1976); Nucl. PhysB141, 413 (1978);
recoil or a single-photon annihilation. Calculation of the W.E. Caswell and G.P. Lepage, Phys. Rev.28, 36
latter one has recently been completed by Adkensal. (1979).

out that for positronium, the logarithmic corrections of 4, 1802 (1971); G.P. Lepage, Phys. Rev. 1% 863

TIn2(er—2) mi : (1977).
order a’In“(a™%) might be important at the current |, o"\""Loi prus Rev. Lett.68, 25 (1992): I.B.
precision level.

. - . Khriplowich, A.l. Milstein, and A.S. Yelkhovsky, Phys.
An additional motivation for our work is the problem of Scr. T46, 252 (1992).

the calculation of the helium energy levels in the order off12] The numerical integration was done on a Cray YMP in the
a®. There have been several high precision measurements Interdisciplinary Center of Mathematical and Computer
of the Lamb shift of the singletS ground state [18], and Modeling (ICM), Warsaw University.
the metastable triple2S state [19]. It is a challenge for [13] K. Pachucki and H. Grotch, Phys. Rev. Bl, 1854
theorists to formulate a formalism for the calculation of (1995).
this correction. We believe that the method developedl4] M. Eides and H. Grotch, Phys. Rev. A5 3351
here could be used in a more complex system like the  (1997).
helium atom. [15] M.S. Feeet al., Phys. Rev. Lett70, 1397 (1993).
| wish to express my thanks to T.W. Hansch for[16] G.S: Adkins, R.N. Fell, and P.M. Mitrikov (to be

his hospitality and support during my stay at MPQ published). .

. . . <’[17] A.H. Hoang, P. Labelle, and S.M. Zebarjad (to be
Martin Weitz and Rob Thompson for carefully reading published).
this manuscript, and Savely Karshenboim for interestingi1g) k.s.E. Eikema, W. Ubachs, W. Vassen, and W. Hoger-
discussions. This work was supported by the Polish  yorst, Phys. Rev. LetZ6, 1216 (1996).
Committee for Scientific Research under Contract No. 219] C. Dorrer, F. Nez, B. de Beauvoir, L. Julien, and
PO3B 024 11. F. Biraben, Phys. Rev. Let?8, 3658 (1997).

4123



