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In the saddle point approximation, the Euclidean path integral for quantum gravity closely resemb
a thermodynamic partition function, with the cosmological constantL playing the role of temperature
and the “density of topologies” acting as an effective density of states. ForL , 0, the density of
topologies grows superexponentially, and the sum over topologies diverges. In thermodynamics, s
a divergence can signal the existence of a maximum temperature. The same may be true in qua
gravity: the effective cosmological constant may be driven to zero by a rapid rise in the density
topologies. [S0031-9007(97)04595-X]

PACS numbers: 04.60.Gw, 04.20.Gz, 98.80.Hw
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The cosmological constantL—in modern language,
the energy density of the vacuum—is observed to b
less than10247 GeV4, or 102120 in Planck units. The
cosmological constant problem [1,2], the problem o
explaining the smallness of this number, is one of th
central puzzles of modern physics. A natural guess is th
some symmetry forcesL to vanish, but the two obvious
candidates, supersymmetry and conformal symmetry, a
both badly broken. One can, of course, setL to zero
by fiat, but this requires fine-tuning over a vast range
energies, and is in any case time dependent, since ph
transitions in the early Universe can change the value
L. One can search for dynamical mechanisms to relax t
cosmological constant to zero, but such attempts typica
involve the implicit use of conformal invariance, and fai
when the symmetry is broken [1].

This leaves quantum gravity as a tempting place
look for an explanation. Perhaps the most intriguing pr
posal to date has been Coleman’s wormhole model [
in which topological fluctuations of spacetime induce e
fective nonlocal interactions that smearL into a proba-
bilistic distribution peaked sharply at zero. The propos
presented in this paper is similar in spirit to Coleman’
but different in detail: I consider a different set of topolo
gies, with metrics that (unlike Coleman’s) are exact sadd
points of the functional integral, and I interpret the resul
ing partition function rather differently. In particular, I
argue that a rapidly growing density of topologies ma
drive the cosmological constant to zero, as processes t
could increasejLj instead merely produce more compli
cated “spacetime foam.”

The Euclidean gravitational partition function.—I shall
work in Euclidean quantum gravity, that is, quantum
gravity “analytically continued” to Riemannian (positive-
definite) metrics, since this seems to be the most natu
setting in which to consider fluctuations of spacetim
topology. The partition function for the volume canonica
ensemble is [4,5]

ZfLg ­
X
M

Z
fdgg exph2IEj , (1)
0031-9007y97y79(21)y4071(4)$10.00
e

f
e
at

re

of
ase
of
he
lly
l

to
o-
3],
f-

al
s,
-
le
t-

y
hat
-

ral
e
l

where the sum is over topologically distinct manifolds an
the Euclidean actionIE is

IE ­ 2
1

16pL2
P

Z
M

sR 2 2Ld
p

g d4x . (2)

(LP is the Planck length.) General relativity is no
renormalizable, so the meaning of the path integral
not entirely clear, but (2) can be regarded as an effect
action for distances much larger than the Planck scale.

Extrema of the action (2) are Einstein metrics, wit
classical actions

ĪEsMd ­ 2
L

8pL2
P

VolsMd ­ 2
9

8pLL2
P

ỹsMd , (3)

whereỹsMd is the normalized volume, obtained by resca
ing the metric to set the scalar curvature to612. (The
factor of 12 is conventional; hyperbolic four-manifolds
i.e., manifolds of constant curvature21, have scalar cur-
vature212.) Although ỹ is a geometric quantity, nor-
malized volumes of Einstein metrics characterize topolo
as well. In particular, forL , 0 there is no known ex-
ample of a manifold that admits two Einstein metrics wi
different values ofỹ [6]. Roughly speaking,̃ysMd mea-
sures the topological complexity ofM; for a hyperbolic
manifold, for instance,̃ysMd ­ 4p2xsMdy3, wherex is
the Euler number.

In the saddle point approximation, the partition functio
(1) is

ZfLg ­
X
M

DM exp

Ω
9

8pLL2
P

ỹsMd
æ

. (4)

The prefactorsDM are combinations of determinant
coming from gauge fixing and from small fluctuation
around the extrema. Their precise values are not know
but their dependence onL can be computed from the trac
anomaly [7]: up to a possible polynomial dependen
coming from zero modes,

DM , L2gy2, g ­
106
45

xsMd 2
261

40p2
ỹsMd . (5)
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For our purposes, the crucial observation is thatDM is no
more than exponential iñy.

We shall be primarily interested in manifolds with
L , 0; this is typical for most topologies [4]. We can
thus rewrite Eq. (4) as

ZfLg ­
X
ỹ

rsỹd exp

Ω
2

9

8pjLjL2
P

ỹ

æ
, (6)

where rsỹd is a “density of topologies” that counts the
number of manifolds (weighted byDM) with a given
value ofỹ.

Equation (6) closely resembles the expression for t
canonical partition function of a thermodynamic system,

Zthermofbg ­
X
E

rsEd exph2bEj , (7)

where the “temperature” for the gravitational partition
function isb21 ­ 8pjLjL2

Py9. The analogy is not exact,
of course: the gravitational partition function does no
describe dynamics (it is already four dimensional), s
there is no obvious equivalent of heat flow. But th
correspondence goes beyond the formal similarity
Eqs. (6) and (7). Like the energy in a thermodynam
system, the normalized volumẽysMd can be divided
among small regions ofM, with weak interactions coming
from the need to add boundary terms to the action f
an open region. Moreover, even without a dynamic
model of topology change in which to derive an ergod
theorem, we know that by construction, manifolds wit
the same value of̃y occur with equal probabilities (up to
loop corrections).

Until now, the standard assumption in Euclidean qua
tum gravity has been thatrsỹd grows no faster than poly-
nomially in ỹ. As we shall see below, this assumption i
incorrect. To understand the significance of this observ
tion, let us first consider the thermodynamic analog.

Thermodynamics with a rapidly growing density o
states.—The thermodynamics of a system with an expo
nentially growing density of states was first considered b
Hagedorn in the context of the hadron mass spectrum
bootstrap models [8,9]. SupposersEd takes the form

rsEd ­ EaebE. (8)

The sum (7) then converges only forb . b. The Hage-
dorn temperatureT ­ 1yb is a maximum temperature: as
T approaches1yb, the expectation value of the energy di
verges, as does the heat capacity. While this phenom
non may be surprising, its physical explanation is fairl
simple. Energy added to a system can go either into
creasing the energy of existing states or into creating n
states. If the density of states rises rapidly enough, ma
more new states are available at higher energies; as
temperature approaches its critical value, added ene
goes entirely toward creating new states rather than he
ing those already present.

If rsEd grows faster than exponentially, the partition
function (7) has a vanishing radius of convergence, a
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the maximum temperature effectively shrinks to zero [9
To investigate a system of this sort, one must use
microcanonical ensemble. The microcanonical inver
temperature is

b ­
≠ ln rsEd

≠E
, (9)

and the heat capacity is

cV ­ 2b2

µ
≠2 ln rsEd

≠E2

∂21

. (10)

The condition that the density of states rise superexp
nentially is precisely that the second derivative in (10)
positive, and thatcV thus be negative.

Systems with negative heat capacities have been s
ied by a number of authors [10–14]. Such systems a
thermodynamically unstable; placed in contact with a he
bath, they will experience runaway heating or coolin
Nevertheless, they can occur in nature, and it is pos
ble to make sense of their thermodynamic properties.
particular, b21 should now be understood as the tem
perature measured by a small thermometer rather tha
large heat bath [10]. This quantity retains much of i
usual statistical significance: if one starts with a large sy
tem with fixed energȳE and considers small subsystem
with energiesE ø Ē, the probability of finding a given
energyE is proportional to exph2bEj. Unlike ordinary
thermodynamic systems, however, a system with nega
heat capacity does not distribute its energy evenly amo
subsystems; the most probable configurations are thos
which almost all of the energy is concentrated in a sing
subsystem.

Systems with maximum temperatures and those w
negative heat capacities occur in rather different contex
but their thermodynamic behavior has a common physi
basis. If the density of states grows exponentially, an
flow of energy at the Hagedorn temperature goes entir
into producing new states, leaving the temperature co
stant. If the density of states grows superexponentia
the process is similar, but the production of new stat
is so copious that an inflow of energy actually drives th
temperature down.

The density of topologies.—The question now before
us is how fast the density of topologiesrsỹd in (6) grows
as ỹ increases. The full answer is not known, but som
recent mathematical results make it possible to show t
the growth is superexponential.

In particular, a lower bound can be found by conside
ing hyperbolic metrics, which are, of course, automa
cally Einstein metrics. IfM is a hyperbolic manifold
with normalized volumeỹ, any n-fold covering ofM is
a hyperbolic manifold with volumenỹ. Covering spaces
come from subgroups of the fundamental groupp1sMd—
a subgroup of indexn gives ann-fold cover—so if the
number of index-n subgroups can be estimated, this wi
give us partial information about the number of hype
bolic manifolds.
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9).
Lubotzky has recently demonstrated that for a larg
class of hyperbolic manifolds,p1sMd has a finite-index
subgroup that maps homomorphically onto a non-Abeli
free groupFk [15]. Such a map allows us to construc
a subgroup ofp1sMd for each subgroup ofFk . But the
number of index-n subgroups ofFk is known to grow
asymptotically assn!dk21 [16], so the number of index-n
subgroups ofp1sMd must grow at least as fast. There
is a subtlety in the next step of the argument: whi
each subgroup ofp1sMd determines a covering space
of M, different subgroups can sometimes give the sam
covering space. For a particular class of four-manifol
with nonarithmetic fundamental groups, however, th
overcounting can be controlled, and it may be show
that the number of distinct covering spaces of volumenỹ

grows at least factorially withn [17,18]. The total number
of hyperbolic manifolds thus grows at least factoriall
with normalized volume, that is,

rsỹd . c0 exphc1ỹ ln ỹj (11)

for some constantsc0 andc1.
This factorial bound probably seriously underestimat

the actual growth ofrsỹd. Indeed, our result comes from
looking only at hyperbolic metrics—and a limited clas
of hyperbolic metrics, at that—and most four-manifold
do not admit such metrics. But the lower bound (11
is already strong enough to guarantee that the sum o
topologies diverges, and is not even Borel summab
unless higher loop terms introduce relative phases amo
topologies.

Moreover, our derivation makes it clear that shor
distance physics alone cannot cure this divergence.
deed, the covering spaces we have considered look a
locally, and can be distinguished only by their long
distance properties. The divergence comes not from h
topological complexity in small regions, but rather from
the huge variety of possible identifications of distan
points in large universes. Convergence of the sum
would thus require an infrared cutoff as well as (prob
bly) an ultraviolet cutoff. Actually, the existence of an
IR cutoff is not implausible: at one loop, the resumme
effective action contains nonlocal terms involving invers
Laplacians [19], and the eigenvalues of Laplacians typ
cally become small wheñy is large.

A similar divergence occurs in the sum over topolo
gies in string theory [20]. In two dimensions, this diver
gence can be handled by appealing to matrix models [2
although the cure requires that we abandon any fundam
tal role for smooth geometries. In four dimensions, how
ever, we know of no such solution, and must therefore a
whether any sense can be made of the sum over topolog

A possible answer comes from the thermodynamic an
log of the preceding section. Let us impose an infrar
cutoff—its details do not matter, and it may ultimatel
be removed—to force the sum (6) to converge. The su
will then be dominated by topologies with normalized vo
umes near some maximum̃ymax. We can now consider
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a microcanonical ensemble with fixedỹ ­ ỹmax, and ask
about the expected behavior of smaller regions of a lar
universe. In particular, the “microcanonical” cosmolog
cal constant will be

L ­ 2
9

8pL2
P

µ
≠ ln rsỹd

≠ỹ

∂21 Ç
ỹmax

, (12)

which becomes small as̃ymax becomes large.
The rate of falloff ofL depends on the exact form o

rsỹd. It is rather slow for the factorial growth of equa
tion (11), but we know this expression underestimates t
true growth rate. As in Coleman’s wormhole model [3
it is plausible that this rate will exponentiate when w
take into account, for example, connected sums of hyp
bolic manifolds. If this is the case,L will be exponen-
tially suppressed as̃ymax increases. The mechanism fo
this suppression can be understood from the thermo
namic analogy: rather than increasing the observed c
mological constant, an attempt to increasejLj will merely
drive the production of more and more complicate
spacetime foam.

The missing element of this analysis, of course,
a detailed dynamical picture. An intrinsically four
dimensional formalism like the Euclidean path integral
ill suited for describing the temporal evolution ofL. To
some extent, this difficulty is inherent in quantum gravity
it is never easy to describe dynamics in a theory wi
no fixed background with which to measure the passa
of time [22]. But it would be interesting to examine
the effect of the growth ofrsỹd in other settings, for
instance, in the computation of transition amplitudes
the Hartle-Hawking wave function.

It would also be interesting to apply a similar “ther
modynamic” analysis to the case of a positive cosmolog
cal constant. It is evident from Eq. (4) that positiveL is
analogous to negative temperature. This is consistent w
the behavior ofrsỹd for L . 0: ỹ has a maximum value
of 8p2y3, the normalized volume of a four-sphere, an
the density of topologies increases asỹ decreases, much
as the density of states behaves in a system with a ne
tive spin temperature [23].
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