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Shape-Deformation-Driven Structural Transitions in Quantum Hall Skyrmions
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The quantum Hall ground state away fromn ­ 1 can be described by a collection of interacting
Skyrmions. We show within the context of a nonlinear sigma model that the classical ground sta
away fromn ­ 1 is a Skyrmion crystal with a generalized Néel order. As a function of filling factor
n and Landé factorg, the Skyrmion crystal undergoes a triangle! square! triangle transition
at zero temperature. We argue that this structural transition is driven by a change in the sha
of the individual Skyrmions and may be probed experimentally. Quantum fluctuations lead to a
orientationally disordered phase at low Skyrmion densities. [S0031-9007(97)04457-8]

PACS numbers: 73.40.Hm, 64.70.–p, 75.10.Hk
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Following a recent suggestion [1–3], there has bee
growing experimental evidence [4–6] that the charge
quasiparticle excitations about then ­ 1 quantum Hall
state in GaAs heterostructures are extended objects ca
Skyrmions with spin significantly greater than1y2. Re-
cent nuclear magnetic resonance [4] and optical magne
absorption [5] experiments observe a sharp fall in the sp
polarization as the filling factor is changed fromn ­ 1,
consistent with the existence of Skyrmions.

What is the ground state of a system of interactin
Skyrmions in two dimensions? Specific heat measur
ments [7] on GaAs heterojunctions atn ­ 0.77 show a
sharp peak at a temperatureTc ø 30 mK. It has been
suggested [7] that this anomaly may be associated w
the freezing of Skyrmions into a crystal lattice. Previou
theoretical work [8,9] has analyzed the crystalline state
Skyrmions. Using a mean-field analysis of electrons co
fined to the lowest Landau level, Fertiget al. [8] claim
that atT ­ 0, the Skyrmions form a square lattice with
a Néel orientation ordering. On the other hand, by
mapping onto an effective nonlinear sigma model, Gree
et al. [9] conclude that the Skyrmions form a triangula
lattice with a generalized Néel ordering.

In this paper, we study theT ­ 0 phase diagram of
a system of interacting Skyrmions in then-g plane,
using an effective classicalO(3) nonlinear sigma model
(NLSM). The Landég factor can be tuned by the
application of hydrostatic pressure [10]. For a fixe
nonzero g, the ground state at high Skyrmion density
is a triangular lattice with a three sublattice generalize
Néel orientation order. A decrease in the density (a
n approaches1), leads to a structural transition to a
square lattice with Néel orientation order. This structura
transition is accompanied by a change in the shape of t
individual Skyrmions and a jump in the spin polarization
In the dilute limit, n ! 1, we find a reentrant triangular
phase which is different from the previously encountere
triangular phase. This sequence of transitions occurs bo
at low g sg ­ 0.1g0d and atg ­ g0, whereg0 is the zero
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pressure value of the Landég factor. The phase boundary
however moves farther away fromn ­ 1 asg increases.
The effect of quantum fluctuations leads to melting
the solid at high Skyrmion densities and orientation
disordering at low densities. We conjecture a qualitati
form of the phase diagram in then-T plane.

Before describing our work in detail, we demarcate th
precise regime of validity of NLSM for the description o
charged excitations of the quantum Hall system nearn ­
1. It has been shown [11] that single Skyrmion properti
computed from the NLSM approaches that obtained fro
electron Hartree-Fock and exact diagonalization (with
the lowest Landau level approximation) when spin
large. The differences in energy of a single Skyrmio
computed within these three schemes is negligible wh
the spin is*10, while it is about5% when the spin is
,4. At g ­ 0.1g0, the spin of the Skyrmions is.10 for
all values ofn considered. We emphasize that at the
values ofg, the NLSM provides aquantitatively accurate
description. Atg ­ 1, the spin is significantly less than
10, and so the precise position of the transitions m
be inaccurate. However we believe that the qualitati
scenario described above will continue to hold.

The low energy, long wavelength excitations about t
ferromagneticn ­ 1 ground state in GaAs hetrostructure
are described by an NLSM [1,2], in terms of a unit vect
field that represents the local spin polarization. Neut
excitations correspond to spin waves, while charged e
citations correspond to defect configurations (Skyrmion
with topological chargeQ [the electronic charge den-
sity is equal to the topological charge density4pqsxd ­
n ? s≠xn 3 ≠ynd in the long wavelength limit [1] ]. The
topological chargeQ ­

R
qsxd d2x is always an inte-

ger and counts the number of times the spin config
rationnsxd wraps around the unit sphere.

For convenience we work in a notation where the un
vector fieldnsx, yd is replaced by a complex fieldwsz ;
x 1 iy, z̄ ; x 2 iyd, obtained by the stereographic pro
jection of the unit sphere onto the complex plane. Th
© 1997 The American Physical Society
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2 deif, whereu andf are the polar angles of the
unit vectorn. For static, classical spin configurations, th
energy functional [2] may be written as

Efw̄, wg ­ E0fw̄, wg 1 EZfw̄, wg 1 Ecoulfw̄, wg . (1)

The first term on the right,

E0fw̄, wg ­ g
Z

z,z̄

1
s1 1 w̄wd2

s≠z̄w̄≠zw 1 ≠zw̄≠z̄wd ,

(2)

describes spin exchange. The Zeeman coupling of
spins to the external magnetic fieldB is given by

EZfw̄, wg ­
gp

2p

Z
z̄,z

w̄w
s1 1 w̄wd

, (3)

while the charged quasiparticles interact via a long-ran
Coulomb interaction,

Ecoulfw̄, wg ­
ep

2

Z
z̄,z

Z
z̄0,z0

qsz̄, zdqsz̄0, z0d
jz 2 z0j

. (4)

The energy functional Eq. (1) has been expressed
dimensionless variables, with all energies in units of th
cyclotron energyh̄vc, vc ­ eBympc (mp is the electron
band mass) and all lengths in units of the magne
length lc, 2pl2

c ­ hcyeB. The parameters in the energ
functional areg ­ epy16

p
2p, gp ­ gmBByh̄vc, and

ep ­ se2yKlcd s1yh̄vcd (K is the dielectric constant of
GaAs).

In the absence of Coulomb and Zeeman interactio
any (anti)meromorphic functionwszd is a solution of the
resulting Euler Lagrange equations [12]. The topologic
charge is simplyQ ­

P
i ni , wherei runs over the poles

of w and ni is the degree of theith pole. The one
Skyrmion solution given by

w0sz̄, z; V, jd ­
l0eiV

z 2 j
, (5)

clearly has aQ ­ 1. The spin and charge distributions
are centered atj and fall off as power laws with a scale
set byl0. TheXY component of the spin atx is oriented
at an angleV to the position vectorx. TheZ component
of the spinSZ , however, diverges logarithmically.

In the presence of the Zeeman and Coulomb inte
actions, Eq. (5) is no longer the minimum energy sol
tion. These terms destroy scale invariance, and gene
a “size” for the optimal Skyrmion, leading to a finiteSZ .
The most general variational ansatz which leads to circ
larly symmetric spin and charge densities can be writt
as [13]

wsz̄, z; V, jd ­
eiV

z 2 j
e2kjz2jjfl0 1 Fsjz 2 jjdg .

(6)

An exact asymptotic analysis [13] of the solutionw shows
that Fsrd ! 0 as r ! 0 and `. Since F is a smooth
function, the configuration in Eq. (6) can be smoothly d
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formed to the configuration in Eq. (5) and so the topo
logical charge remains1. We expandF in a complete
set of functions,Fsrd ­ e2sbrd2y2

P`
n­1 lnsbrd2ny

p
2n!,

whereb is a suitably chosen scale parameter. Minimiza
tion of the energy with respect to the sethhhk, l0, hlnjjjj,
would lead to the exact solution. In practice, howeve
we find that including more than the first five paramete
sk, l0 . . . l3d changes the minimized energy by less tha
0.1%. With just two parametersk andl0, the error in the
energy is typically around1%, and at worst3%.

A system ofN identicalQ ­ 1 Skyrmions centered at
hjI j with orientationshVI j, can now be parametrized by

wsz̄, zd ­
NX

I­1

wsz̄, z; VI , jId . (7)

Our crystalline ansatz corresponds to placing thehjI j
on a triangular or a square lattice. This leads to sp
and charge densities commensurate with the crystal sy
metry [14]. We have studied both the ferro-oriente
sVI ­ 0, ;Id and generalized Néel oriented configura
tions. Since the square lattice is bipartite, the Néel co
figuration is characterized byVI ­ 0 for the A sublattice
and VI ­ p for the B sublattice. Likewise, for the tri-
partite triangular lattice, the generalized Néel ordering
obtained by assigningVI ­ 0, 2py3, and4py3 to theA,
B, andC sublattices, respectively.

To find the classical ground states, we numerical
compute the energy (accurate to1 part in 106) using
our crystalline ansatz and minimize with respect to th
variational parameters, for a given lattice and orientation
ordering. As for the one Skyrmion case, retaining only tw
parameters,k andl0, leads to energies accurate to bette
than 3%. We have calculated the phase diagram usin
this two parameter ansatz. The existence of the structu
transition discussed in the introduction has also be
verified using the more accurate five parameter ansatz.

We have chosen typical values of the carrier concentr
tion sn ­ 1.5 3 1011 cm22d and the magnetic fieldsB ­
10 Td and have variedn by tilting the magnetic field with
respect to the normal keeping its magnitude fixed. Th
lattice spacinga for a given lattice type is fixed by the
value ofn (e.g., for a square lattice,a ;

p
2pyj1 2 nj ).

Figure 1 shows the percentage difference in the min
mized energies of the Néel square and the Néel triang
lar crystals as a function ofn for g ­ g0 and0.1g0 (the
ferro-oriented crystals have much higher energies in th
region). Whenn is away from1, a triangular lattice (D1

phase) has the lowest energy. The smaller Zeeman
ergy of the competing square lattice is offset byE0 and
Ecoul. As n approaches1, Ecoul decreases, resulting in a
weak first-order transition (slope discontinuity) to a squa
lattice. The structural transition between theD1 and the
square phase is accompanied by a jump in the size of
individual Skyrmions.

As jn 2 1j gets very close to zero, the energy of th
ferro-oriented triangular lattice becomes comparable
3999
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FIG. 1. Percentage difference of the energy densities of t
triangular sED1 d and squaresEhd crystals atB ­ 10 T as a
function of n. E6 ; Eh 6 ED1 . The symbols correspond to
}: g ­ 0.1g0; 1: g ­ g0.

the Néel-oriented lattices. Forg ­ g0, the ferrotriangular
lattice becomes the ground state whenjn 2 1j , 0.025.
For g ­ 0.1g0, the square Néel lattice remains the groun
state until at leastjn 2 1j ­ 0.005. In the limit of
extreme dilution,n ! 1, the energy of theN-Skyrmion
configuration can be evaluated as an expansion inskad21,

EN ­ NE1 1 ep
X
i.j

1
jxi 2 xjj

1 O

µ
1

ka

∂
, (8)

whereE1 is the single Skyrmion energy and the Coulom
interaction is between point charges. To leading orde
EN is clearly minimized by placing the charges on a tr
angular lattice (D2 phase); however, it could have any
orientational order. Higher order contributions favor th
ferro-orientational ordering [15], consistent with our nu
merical calculations. Thus a second structural transfo
mation occurs between the square Néel lattice and
triangular ferrolattice (D2 phase) via a weak first-order
phase transition asn approaches1. Note that theD1-
square structural transition moves towardsn ­ 1 asg de-
creases. Indeed atg ­ 0 the D1 phase always has the
lowest energy.

In the vicinity of theD1-square transition, we find that
the size of the Skyrmions,a. A simple scaling argument
shows that the shape stiffness of a single Skyrmion is
the same order as the elastic stiffness of the crystal
the neighborhood of the transition. The single Skyrmio
energy is of the form

E1 ­ gc1 1
gpc2R2

2
1

epc3

R
, (9)

whereR sets the scale for the size of the Skyrmion andc1,
c2, andc3 are,1 and weakly dependent onR. At R̄ , a,
the shape stiffness,≠2E1y≠R2jR­R̄ (where R̄ minimizes
E1), is comparable to the elastic stiffness of the cryst
,e2yKa3. The novel feature of this structural transition
is that it is caused by the shape deformability of th
“atoms,” revealing a richer physics than that of Wigne
crystallization.
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The plot of the spin polarization of the Skyrmion
crystals atT ­ 0, g ­ 0.1g0 is shown in Fig. 2. An
interesting feature is that theD1 to square structural
transition is accompanied by a discontinuity of abou
10% in the spin polarization, and so may be probed b
accurate spin polarization measurements. Since therm
fluctuations and the presence of quenched disorder sm
out this discontinuity, it may be necessary to go to ver
low temperatures to see this effect.

How do quantum and thermal fluctuations affect th
classicalT ­ 0 phase diagram presented above? Th
qualitative features of the phase diagram in theT -n
plane (Fig. 3) may be glimpsed from general argumen
Moving away fromn ­ 1 along theT ­ 0 axis, reduces
the lattice spacing, and shrinks the Skyrmion size (du
to Coulomb repulsion). At a critical lattice spacing
zero-point fluctuations would melt the crystal. Moving
Skyrmions experience a Magnus force equal to th
Lorentz force produced by the external magnetic fie
[16]. This implies that if the orientation and the shap
deformation of the Skyrmions are ignored, then th
system is analogous to interacting charged particles in
strong magnetic field. Wigner crystallization of charge
particles in a strong magnetic fieldB occurs when the
magnetic lengthlc , 0.5a which happens atryB , 1y5,
where r is the charge density. We therefore expec
that the Skyrmion crystal melts atrskyyB , 1y5, which
corresponds ton , 0.8. This value could however be
affected by the orientation and shape deformation of th
Skyrmions. The quantum melting (QM) into a quantum
oriented liquid (QL) is most likely continuous with an
intermediate quantum hexatic phase. Beyond this,
course, the description in terms of Skyrmions break
down asn approaches the next quantum Hall plateau
e.g., 2y3. In addition, we encounter a new quantum
orientation disorder transition (QOD) in the limit of
extreme dilution. The oriented crystal is characterize
by power-law correlations in the sublattice orientation

FIG. 2. Spin polarizationP as a function of n at B ­
10 T and g ­ 0.1g0. The structural transition predicted by
our theory is accompanied by a discontinuity in the spi
polarization atjn 2 1j ø 0.04.
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FIG. 3. Conjectured phase diagram as a function of fillin
n and temperature. The solid and the dashed lines repres
first-order and continuous boundaries, respectively. The vario
phases shown are defined in the text.

Quantum fluctuations would destroy this order when th
fluctuations in the orientation become of the order
2p , i.e., whenh̄2y2I , Jsad, whereI is the moment of
inertia of the Skyrmion [13] andJsad is the energy cost
in changing the orientation (and is a decreasing functi
of a). This leads to a quantum disoriented crystal in th
dilute limit [17] via a Kosterlitz-Thouless transition.

An increase in temperature,T , would result in an ori-
ented crystal with quasi-long-range order in position an
orientation. The advantage that the square phase had o
the D2 phase atT ­ 0 now diminishes, since the renor
malized g gets weaker and the Coulomb interaction re
mains relatively unaffected. Thus at higher temperatur
the square phase disappears, giving rise to an isostr
tural (first-order) phase boundary, where the two triang
lar Néel phasesD1 andD2 meet. This first-order line ter-
minates on a continuous melting curve (a Wigner crys
estimate [9] givesTm ,

p
j1 2 nj ) which occurs via a

defect mediated mechanism. In this case a hexatic ph
(H) intervenes between the solid and the classical liqu
(CL) phase. Indeed there has been a recent sugges
[18] that the presence of an isostructural critical poi
might reveal a hexatic phase in the vicinity. As in th
case of the Wigner crystal atn , 0.2 [19], we expect that
disorder in the GaAs will not destroy the (quasi)-long
range crystalline order of the Skyrmions. However, th
weak first-order structural transitions reported above w
be rendered continuous. We note that the Skyrmion l
tice spacing and size are both around103 times larger than
the GaAs lattice spacing, making the substrate essenti
a continuum. Sliding of the Skyrmion crystal would how
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ever be prevented by pinning to the ever present disord
in GaAs.
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