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The fracture of a brittle membrane by a localized transverse impact is studied using a numer
lattice model. The fracture patterns which are found experimentally [N. Shinkai, inFractography of
Glass,edited by R.C. Bradt and R.E. Tressler (Plenum, New York, 1994)] by dropping a heavy ba
on a thin glass plate are reproduced. At a very high impact velocity only a small hole is creat
at the impact area (Hertzian fracture). At lower velocities tangential and radial cracks are forme
In the model calculations, pure Hertzian fracture appears in the limit where inertial forces domina
over the elastic forces, while tangential fracture appears in the opposite limit. Radial cracks
demonstrated to be a consequence of nonlinear deformations or an externally applied in-plane st
[S0031-9007(97)04464-5]
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Membranes and thin plates have many advantages fr
a technological point of view and appear in all kind
of man-made structures. In many of the application
however, membranes are useful only if they are made
a stiff and light material so that they are rigid. Stiff and
light materials are easy to find but many of them are als
very brittle, and they therefore break easily. Everyda
examples of such structures are ceramic and glass pla
(like windows). To be able to optimize these structures
is necessary to understand how they fracture. Irrespect
of any practical use, it is interesting to study membran
fracture as a physical phenomenon.

In this Letter we report the results of lattice mode
simulations of a brittle two-dimensional solid that can
be deformed in three dimensions. We demonstrate th
our model can reproduce the fracture patterns which we
found by Shinkai [1] in his experiments on thin glas
plates. In these experiments, thin square-shaped gl
plates were supported at the edges, and a small and he
ball was dropped on them from a point above the cent
of the plate. The fracture patterns that were formed b
the impacts typically consisted of three types of crack
For a high impact velocity, only a small circular hole
at the point of impact was formed. This is a so-calle
Hertzian fracture [1]. At lower velocities, radial and
tangential cracks appeared (Fig. 1). The radial crac
were fairly straight and directed outwards from the poin
of impact, while the tangential cracks formed a more o
less circularly symmetric crack with the impact point a
the center of the circle. At still lower impact velocities
only radial cracks were formed. Finally, of course, at ver
low velocities no cracks appeared.

Notice that the chronological order of the appearance
these cracks can be determined from Fig. 1. As all rad
cracks originate from the hole at the impact point, the ho
must be created before the radial cracks. Similarly, as t
tangential cracks have discontinuities at the radial crack
they must be formed after the radial cracks [1]. Th
0031-9007y97y79(19)y3684(4)$10.00
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chronological appearance of the cracks in the simulatio
will be discussed below.

Another, more fundamental, aspect of this work is
develop a computer simulation model of fracture, whic
can more readily be compared to experimental resu
than the so far extensively used strictly two-dimension
models. For a review of the two-dimensional models
quasistatic fracture see, e.g., Refs. [2,3], and for resu
of dynamic fracture of two-dimensional models see, e.
Refs. [4–9]. The present membrane model also has
two-dimensional geometry, but the difference lies in th
possibility to deform in all three space dimensions.

We have chosen to use a beam lattice model for o
numerical investigations for two reasons. Beam lattic
are efficient from a numerical point of view, and the
form a straightforward discretization of a brittle solid
obeying “Cosserat elasticity” [10,11]. That is, large sca
rotations are possible. The particular lattice we use he
is a triangular lattice with beams as the lattice bond

FIG. 1. Schematic picture of the fracture pattern on a th
glass plate. Hertzian type fracture at the center of the pla
radial cracks directed outwards from the center, and a roug
circular tangential crack around the center. Sketched af
Ref. [1].
© 1997 The American Physical Society
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The beams, which are assumed to have no mass, con
lattice sites at which masses are located. The bea
are assumed to have a square cross section, and
use the stiffness matrix of a slender beam (i.e., bend
dominates over shear deformations), which can be deriv
from linear theory of elasticity [12]. Notice that we
only use linear elasticity, and therefore neglect high
order terms in the displacements of the sites which ar
from deformations of the membrane. In other words, o
model is correct, in a strict sense, only for infinitesima
deformations. The length, the cross-section area, a
Young’s modulus of the beams are all, for the sake
simplicity, set to unity. The Poisson ratio is assumed to
zero. These are not actually “slender” beams, but we a
only interested in the qualitative behavior of the mode
and therefore we choose the simplest possible set
parameter values. With these parameter values, the for
needed to elongate or shear a beam by a unit distance
both unity. The angular momentum needed to create
unit torsional rotation and a unit angular rotation of one
the ends of a beam are1y12 and1y3, respectively. The
masses and the moments of inertia of the sites are a
both set to unity. In the simulations we use lattices
50 3 70 sites located in thexy plane, while the impact is
in the z direction. To study the effect of the thickness o
the membrane, we also simulate a two-dimensional latt
in the xz plane. Notice that a two-dimensional lattice i
sufficient in this case if we assume circular symmetr
i.e., we simulate a circular instead of a square plate. Th
all deformations of the lattice will only depend on th
radial distance from the center of the impact point, an
it suffices to study a two-dimensional cross section of t
lattice. In this case we use lattices of150 3 10 sites. The
dynamics of the lattices are calculated using a discre
form of Newton’s equations of motion including a sma
linear viscous dissipation term,"
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whereM is a diagonal mass matrix,K the stiffness matrix,
C a diagonal damping matrix,U a vector containing
the displacements of the sites from their equilibrium
positions, Dt the length of the discrete time step, an
t the time. In the simulations, bothM and C are set
proportional to the unity matrix. The boundary condition
imposed on the lattice in thexy plane are such that the
sites at the boundaries of the lattice are constrained
remain at their original positions, while the sites in
circular area in the middle of the lattice are forced to mov
a distance2yt in the z direction. The lattice is set to be
at static equilibrium at the timet ­ 0, and the locations
of all sites at any time can be calculated iteratively usin
nect
ms
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Eq. (1). For the lattice in thexz plane only the sites at the
left and right edges of the lattice are constrained to rema
at their original positions, while a number of sites in th
middle of the upper boundary move in the negativez
direction. To include fracture, we set a threshold value fo
the elongation of a beam at which failure is irreversibl
initiated. Fracture is, however, not instantaneous. At th
threshold we assume that the Young’s modulus of a bea
begins to decrease linearly in time until it reaches zer
The rate at which the modulus decreases is a parame
(a) for which we have tested different values. For
material like glass, for example, bending would be a mo
physical breaking criterion than elongation. We hav
also tested a combined breaking criterion of elongatio
and out-of-plane bending of the membrane. The cra
patterns found were qualitatively similar to those foun
using only the elongation criterion. Thus, for simplicity
we use only the elongation criterion. At this point it
should be mentioned that our lattice model mimics th
deformations of a solid correctly on a scale larger tha
a lattice bond. Fracture, however, is a local process a
must therefore be defined on the smallest possible sc
on the lattice (i.e., on the scale of a single bond). On th
scale the geometry of the lattice will affect the direction o
a crack. This has no physical counterpart in real world,
least not for an isotropic material. The effect of the lattic
geometry will be discussed more below.

In Fig. 2 we show a sequence of snapshots of
simulation of an impact. The radius of the impact i
5, Dt ­ 0.05, a ­ 0.05yDt, and y ­ 1y600Dt. The
snapshots are taken after 200, 400, and 600 time ste
respectively, and the lattice is shown tilted at anglespy4
and py2. The figure clearly shows the formation of a
circular well. Fracture is initiated at the points where
the walls of the well are the steepest, and eventually
circular crack is formed around the center of the impa
point, that is, a tangential crack. This figure also display
the effect of lattice geometry. In the snapshot taken
400 time steps, it can be seen that the tangential cra
is first formed at the location where a lattice bond is i
the direction of the gradient of the slope of the well
From this figure it is also evident that the lattice is no
at equilibrium during the impact, and that dynamic effect
are important. With these parameter values, the radius
the tangential crack is rather small. If the velocity of th
impact is smaller, the deformation of the lattice remind
us more of a lattice at equilibrium. This is demonstrate
in Fig. 3 where we have used the same lattice as in Fig.
but with y ­ 1y8000Dt. In Fig. 3 the deformations are
so close to those at equilibrium that dynamical forces a
negligible as compared to elastic forces, and the tangen
crack has a bigger radius. The same phenomenon c
be seen in simulations of a lattice in thexz plane. This
is demonstrated in Fig. 4. In Fig. 4(a), the velocity o
the impact isy ­ 1y200Dt, while it is y ­ 1y8000Dt in
Fig. 4(b). In Fig. 4(a) only a small hole is formed at the
3685
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FIG. 2. A sequence of snapshots of a simulation of an impa
The radius of the impact is 5 bond lengths. The impact obje
is not shown in the figure. The snapshots are taken after 2
400, and 600 time steps, respectively, and the lattice is sho
tilted at anglespy4 andpy2. Broken bonds are removed.

location of the impact, i.e., a Hertzian fracture, while
tangential crack is formed in Fig. 4(b).

Based on the results shown in Figs. 2–4, it is cle
that our model reproduces either a Hertzian fracture
tangential cracks, depending on the velocity of the impa
in agreement with the experiments [1]. So far, howeve
our model has not reproduced the radial cracks. Looki

FIG. 3. Deformation of the lattice of Fig. 2 after 8000 time
steps with an almost 15 times lower impact velocity. The t
angle of the lattice is0.75py2.
3686
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FIG. 4. Deformations of a cross section of a membrane with
finite thickness. (a) Hertzian fracture at a high impact velocit
(y ­ 1y200Dt), and (b) tangential cracks at a low impac
velocity (y ­ 1y8000Dt).

at Fig. 1, one might intuitively expect that the radia
cracks appear as small cracks initiated at impurities clo
to the point of impact. Because of the in-plane strai
resulting from bending of the membrane, such crack
would propagate as a consequence of stress enhancem
at their sharp tips. If the slope of the deformation
well (cf. Fig. 2) is dUyL (i.e., dU is the displacement
difference in thez direction of the ends of a bond, and
L is the bond length), then thein-planestrainsxy at that
point will simply be

sxy ­ 1y2sdUyLd2 1 OssssdUyLd4ddd , (2)

which obviously cannot be accounted for by our linea
model. To test our assumption that the radial crack
appear as a consequence of in-plane strain, we theref
apply an extra, constant, in-plane strain att ­ 0, and
keep the boundaries of the lattice at the new locatio
during the impact simulation. This means that att ­ 0
we adjust the displacements of all sites so that the ent
lattice is at equilibrium with the new, nonzero strain
boundary conditions. The result is demonstrated in Fig.
which obviously displays radial cracks originating from
the Hertzian type crack formed at the impact. In Fig. 5

FIG. 5. Radial cracks in a lattice with an externally applie
in-plane strain:a ­ 0.1yDt, y ­ 1y600Dt, and the in-plane
strain is sxy ­ 0.167. Snapshots at 200, 350, 500, and
700 time steps are shown. The tilt angle of the lattice is zero
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a ­ 0.1yDt, y ­ 1y600Dt, and the in-plane strain is
sxy ­ 0.167.

To study the chronological appearance of the tangent
and radial cracks, model parameters would have to
found for which both these types of cracks appear. Su
parameters proved to be difficult to find. Much large
systems and longer computing times than available at t
moment would probably be needed to achieve this.

Finally, one could try to find parameter values whic
match a specific material and compare the simulatio
results with experiment. This is, however, not ver
easy as the correct postfracture elastic behavior (i.
the parametera in our model) is difficult to simulate
correctly. This is an important issue as it seems
have quite a large influence on the final crack patte
[a large a (i.e., a ø 1yDt) leads to few and narrow
cracks, while a very smalla leads to shattering of the
entire membrane]. In experiments, a glass plate c
remain as one piece even if it contains several crac
because the crack surfaces are rough, and theref
interlocking of the fragments will hinder the plate from
falling apart. Thus, the plate will behave almost as
it were undamaged, at least with respect to compress
deformations, although it is fractured. In the prese
lattice model, we have only used the simple linear dec
of the Young’s modulus as the postfracture behavi
of bonds. This feature should be developed furth
before any quantitative comparison between simulatio
and experiment will sensibly be done. Alternatively, th
membrane could be simulated as a full three-dimension
model, which allows for interlocking of fragments, and
which accounts for the delay in crack formation as crac
have to penetrate through the membrane in thez direction.
Another aspect, which should be considered before a
detailed comparisons of simulations and experiments,
the appearance of impurities in all real materials. Bas
on earlier studies [2,3] such impurities are important
fracture. To carry out these simulations would, howeve
require very large lattices and long computing times, an
would be outside the scope of this analysis.
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In summary, we have demonstrated that a numeri
lattice model of a brittle membrane can reproduce a
three types of cracks found in experiments on glass plat
i.e., Hertzian type of fracture, radial cracks, and tangent
cracks. At high impact velocities only the Hertzian frac
ture appears, while at lower velocities tangential crac
appear. This is consistent with experiments. The rad
cracks only appear in a nonlinear model or if an extra i
plane strain is applied. Even though the present latt
model excellently mimics membrane fracture in a qua
tative sense, further refinements have to be done to
model before quantitative comparisons with experime
are possible.
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