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Energies and Relativistic Corrections for the Metastable States of Antiprotonic Helium Atoms
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We present accurate results for the energy levels of antiprotonic helium atoms with the relativistic
and QED corrections of order*mc? taken into account. These results reduce the discrepancy between
theory and experiment to about 5—10 ppm and rigorously confirm Condo’s model of metastability for
the long-lived fraction of antiprotonic helium. The present level of precision enables the unambiguous
ascription of quantum numbers to all of the transition lines observed so far. [S0031-9007(97)04162-8]

PACS numbers: 36.10.—k, 31.15.Ar

Over the past few years a new experimental program The antiprotonic helium atom consists of three particles:
has been launched [1] following the discovery that aa helium nucleus, an electron, and an antiproton which sub-
fraction of the antiprotons stopped in a helium targetstitutes the second electron of the helium atom. The non-
survive for a surprisingly long time (tens of microseconds)relativistic Hamiltonian (in atomic units = i = m, =
[2]. As suggested by Condo [3] more than 20 years agol) can be written in Jacobian coordinates as
the longevity of antiprotons in helium is explained by the 1 1 2 1 2
existence of metastable states of the exotic atori jHe H=- ﬁAR - gAr - - R’

. . . He I'p
In these states the antiproton, after having substituted one
of the electrons of the neutral helium atom, settles invhereM ! = My + Myl andm™' = m;' + (Mpe +
a nearly circular orbit(n, ) with the principal quantum M;)~!, ris the position vector of the electron with respect
numbern close to the valua/M/M, = 38, where ¥  to the center of mass of the heavy particleg, andr; are
is the reduced mass ¢f. The neutrality of the Hep  the distances from the electron to the helium nucleus and
atoms and the considerable energy difference of thantiproton, respectively, whil& is the distance between
order of 2 eV between sublevels with the same principafh€ heavy particles.
quantum number but different orbital momentuni of The wave function of the antiprotonic atom depends
the antiprotonic orbital prevent it from prompt collisional On the variablesk, r, and ¢ (the latter being the angle
deexcitation. The internal Auger transitions are alsdPetween the vectors and R) and the Euler angles
strongly suppressed, since for large, /) orbitals the .0, ¢, which are separated by means of the expansion

level spacing is much smaller than the ionization energy WIAR, 1) — Z DL (@, 0. o) FLA(R. r. ) 2
M > Mm > > m s Iy )
m=0

1)

Iy = 25 eV. The mainstream of the deexcitation process

therefore occurs through radiative transitions which are . . ] )

slow for high values ofi (r = 1.5 X 1076 s). where Dy, are the .symmetrlzed W!gneD func't|ons
This surprising longevity allows these states to be mal11,12] of spatial parityA = (—1)*. It is worthwhile to

nipulated experimenta”y’ e.g., by h|gh precision meanote that the adlaba.tlc solution of [7,8] belongs to the

surements of laser induced transitions [4,5]. Varioussubspace of states with = 0.

attempts to estimate the transition wavelengths have now The functionsF;A(R, r,6) in (2) have been expanded

been made by using the atomic configuration interactiof the form

method [6], the Born-Oppenheimer adiabatic approach FEZA(R, &, 7) = R™[(£&* — 1)(1 — p»)]"/?

[7,8], the large configuration space variational method [9],

and the coupled rearrangement channel variational method X RY Z caR Enmtne (@FBOR —(3)

[10]. The theoretical predictions clustered around the ex- n

perimental values, however, with a large dispersion ofwvhere ¢ = (rge + r3)/R and n = (rue — r3)/R are

1000 pm. A substantial improvement was achieved irthe prolate spheroidal coordinates of the electron and

[11]: the nonrelativistic energies were calculated with ani, = j,. The factorR’ is introduced to meet the require-

accuracy better than0~7 a.u., which corresponds to a ment that the antiproton is on a nearly circular orbit.

1 ppm level in the nonrelativistic transition wavelengths. The detailed description of the method can be found

However, theory and experiment still disagree by 50-in [12].

100 ppm indicating that further improvement is possible In the case of semiadiabatic three-body systems

only by taking into consideration the relativistic and the above method converges quickly with respect to

higher order QED effects. Mmax = L, wheremnay is the number of components kept
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TABLE I. Energies (in a.u.) and transition wavelengths To calculate the relativistic corrections for the bound
between the state7,34) and (36,33) of the “He"p atom  electron we consider the electron as a Dirac particle in the

for various lengthsX) of the basis set. electromagnetic field of two parametrically driven nuclei:
N (37,34) (36,33) A (nm)
E - BE)u=(a-p — epu.
528 —291117753 —3.00797098 470.7276 ( BEou (e P e@)u
lggg _gg}} }28 gg _2'88; g;g gi gg-;ggz Applying then the Pauli approximation, we get the
2364 591118090 300797900 4707049 following terms that result in a shift of the energy level:

1 Z Z
= —g2——p¢ 2| 21 22 _
in expansion (2). linmax is smaller than the multipolarity He Y em? Ta [ 8 4md(rue) + 8 4775(1‘”)]

of the Auger transition, the Hamiltonian projected onto 4)
this subspace has a purely discrete spectrum.

Throughout this paper we use the atomic quantum Consideration of the relativistic corrections for the
numbers(n,[) of the antiprotonic orbital to label the bound electron improves agreement between theory and
guantum states of the antiprotonic helium atom. Sinceexperiment significantly and reduces the discrepancy to
for the states under consideration the electron is supposé&d-10 ppm. Tables Il and Ill, containing the nonrelativis-
to be in the ground state, the angular momenfuofi the  tic and relativistic energies of the tHele* p and*He" p
antiprotonic orbital is in one to one correspondence withmetastable states, respectively, summarize the results of
the total orbital momentum of the three-body system.  our numerical calculations. The schematic diagram of

Table I illustrates the convergence of the nonrelativistiche transition wavelengths for tHf#He* p system based
energies and the transition wavelengths obtained by then this data is presented in Fig. 1. Note that the non-
variational method of Eqgs. (2) and (3). The theoreticalrelativistic energies of Tables Il and Il were calculated
estimate, Aeor = 470.7049 nm, for the wavelength of by the same methods as in [11] but using a larger basis
the transition (37,34) — (36,33), is to be compared set withN = 2364, which increased the accuracy of the
with the experimental valuelex, = 470.724(2) nm [4].  nonrelativistic values to abou~® a.u. In the right up-
Despite the high accuracy af;..., the deviation between per corner of these tables the states are presented with a
theory and experiment exceeds 40 ppm. smaller number of digits since the Auger predissociation

The electron in the Hep atom moves about 40 times width for these states is greater th&T® a.u.; the corre-
faster than the antiproton and appears to be essentiallysponding values were calculated by a somewhat different
relativistic particle. Since the antiprotonic helium atommethod as resonances in the scattering problem (see [13]).
can be qualitatively considered as an adiabatic systerhe last digit approximates the center of the resonant pro-
and, therefore, the electron cloud density is independeriile in the energy spectrum, while the width of these states
of the quantum numbers and/, one might expect that is about 10 times greater than indicated by the last digit.
the relativistic contributions from the parent and daughter Comparison of the experimental and theoretical values
states to the transition energy strongly cancel each otheof Table IV clearly indicates that they still disagree by a
In fact, such cancellations do not really occur becaussystematic shift of the order of a few ppm. To explain
the relativistic corrections have to be averaged over théhis shift we have to take into consideration higher order
antiprotonic orbitals thadlo depend om and!. QED effects.

TABLE Il. Pure Coulomb £.) and relativistic £..;) energies of théHe™ p atom (in a.u.).

v=20 v=1 v=2 v=23 v=4
L =31 E. —3.34883211 —3.219507 18 —3.1061422 —3.006 891 —2.9197644
E.1 —3.348 866 94 —3.21954743 —3.106 1880 —3.006942 —2.9198212
L =32 E. —3.20767227 —3.094 45092 —2.995404 31 —2.908 857 —2.8330656
E.1 —3.20771068 —3.094 49506 —2.99545422 —2.908913 —2.8331265
L =33 E. —3.08211408 —2.98337310 —2.89719226 —2.82196287 —2.75621737
E.1 —3.08215638 —2.98342138 —2.897246 44 —2.82202272 —2.75628253
L =134 E. —2.97062827 —2.88491260 —2.81026107 —2.745174 13 —2.688292 86
E.1 —2.97067476 —2.88496526 —2.810319 66 —2.74523829 —2.68836211
L =35 E. —2.871887 14 —2.797 868 99 —2.733508 53 —2.677409 07 —2.62832399
E.1 —2.871938 13 —2.79792622 —2.73357162 —2.67747750 —2.62839720
L =36 E. —2.78472298 —2.72116592 —2.66593134 —2.61773054 —2.57543924
E.1 —2.784778 74 —2.72122787 —2.665998 94 —2.617803 16 —2.57551623
L =37 E. —2.708 090 79 —2.65381958 —2.606 60023 —2.56526740 —2.528834 31
E.1 —2.708 151 54 —2.653 88633 —2.60667228 —2.565344 04 —2.52891474
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TABLE lll. Pure Coulomb E,) and relativistic £.;) energies of théHe™ p atom (in a.u.).

v=20 v=1 v=2 v=3 v=4
L =31 E. —3.507 63495 —3.364651 64 —3.238577 —3.127333
Erer —3.507 666 49 —3.364688 10 —3.238619 —3.127 380
L =232 E. —3.35375780 —3.22767631 —3.116678 94 —3.019058 —2.9330906
Erer —3.35379251 —3.22771627 —3.116724 28 —3.019 108 —2.9331466
L =33 E. —3.216244 20 —3.105382 64 —3.007979 02 —2.922444 12 —2.8473238
Erer —3.21628236 —3.105426 34 —3.008 028 30 —2.92249891 —2.8473837
L =34 E. —3.093466 87 —2.99633542 —2.91118090 —2.836524 54 —2.77101123
Erer —3.093 50877 —2.996383 11 —2.91123430 —2.83658346 —2.77107536
L =35 E. —2.984 020 94 —2.89928216 —2.82514679 —2.760233 30 —2.703283 10
Erel —2.984 066 88 —2.89933406 —2.825204 45 —2.760296 41 —2.70335124
L =236 E. —2.886 68238 —2.81311538 —2.748 85991 —2.692624 82 —2.643248 81
Erer —2.88673264 —2.81317169 —2.748 921 94 —2.69269211 —2.64332085
L =37 E. —2.80037231 —2.736 841 18 —2.681394 12 —2.63283288 —2.590101 12
Ey —2.800427 15 —2.736902 05 —2.681460 54 —2.632904 28 —2.590176 89
L =38 E. —2.724 12479 —2.66955175 —2.62189187 —2.58005139 —2.54309155
Erel —2.724 184 43 —2.669 61727 —2.621962 65 —2.58012676 —2.54317038
. . . . s 2 L 1 2
In addition to the corrections resulting from the DlracH _ Z 2Z,Z;a 4 (x* = D2(1 + 5x7) “oyxr,
Hamiltonian of Eq. (4), we also estimated the most"VP 3o ) 2 ¢ ’
important higher order relativistic and QED contributions i< !

to the energy shift, including (a) the relativistic mass

. c . wherey = m.c/h; (d) the interaction with electromag-
correction to the kinetic energy of heavy particles: Y e/l (&) g

netic vacuum (Welton’s formula [14]):

o Ph P; 4 2n?
Hyin = —a?| — + %= |; _T5 3 n
kin <8M13 8M§> Hia 3 Za’In Za) &(rye)
(b) the retardation of the electromagnetic field producedqwe have to note that this is a very rough estimate); and
by the particles: (e) the effects of the electromagnetic structure (EMS)
I Z 2Z,Z;[ PP, r;(r;P)P; . of _tht?knucllel,tl.e., thteh etlre]:ctrom?glr:etl(;:' TFgr?cgonl oftt.he
ret = | 3 ; pointlike electron wi e spatially distributed electric
i#] 1 i Tij charge of*He andp at short distances [15].

The numerical results for the sta@&¥, 35) are presented

c) the leading order vacuum polarization (the Uehlin
© ¢ P ( gin Table V. It is clearly seen that the dominating

potential): o . L :
contribution coming from the radiative correction term
(d) (i.e., from the Lamb shift for the bound electron) is
26 only an order of magnitude smaller than the relativistic
. R e correction for the electron. Therefore, the systematic
] _22.780— 139 deviation between theory and experiment might be due to
28 A .v-'-“';_szmsz’,f”l;s_ the radiative corrections. This work is in progress now.
1 i Sy 27 528.808
o 29 HTP L . = 7'-;6&112 TABLE IV. Comparison of the observed transition wave-
5 0] :‘7_3-72“‘69'4877)_/__,,= 36 lengths Aexp With the theoretical predictiom\pe, (A: pure
g o] PSR —— s 416315 Coulomb interaction without relativistic correctiomB: with
= / 74 - n=35 relativistic corrections). Experimental results are from [4,5,
UfN -32‘ //'/ - 3’7}.585371‘117 16_18]
?? | d;/ .............. — O 7- ~n=3 /\exp /\theor
L% 234 331,346 (ni, 1;) = (ng, 1) (nm) A (nm) B (nm) Ref.
34 — 74 =3 He's “He (39,35) — (38,34) 597.259(2) 597.229 597.262 [4]
] 296.108 P “He (38,35) — (37,34) 529.621(3) 529.596 529.623 [17]
35 Z s “He (37,34) — (36,33) 470.724(2) 470.705 470.725 [5]
S 3He (38,34) — (37,33) 593.388(1) 593.360 593.393 [16]
29 30 3 32 33 34 3/ 3B/ 37 3He (36,33) — (35,32) 463.946(2) 463.928 463.949 [16]
Angular momentum / “He (37,34) — (38,33) 713.578(6) 713.520 713.593 [18]

“He (37,35) — (38,34) 726.095(2) 726.021 726.102 [18]

FIG. 1. Wavelengths for the favored transitions'ie? p.
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TABLE V. Contribution of various relativistic and QED by National Science Foundation Grant No. INT-9602189,
terms to the energy shift of th@7, 35) state of*He" p. which is gratefully acknowledged.

8.(E) ~ 0.5 X 107* a.u.
8raa(E) ~ 0.6 X 1073 a.u.
avp(E) ~ 04 X 107°% a.u.
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