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We show how to construct quantum gate arrays that can be programmed to perform different unitary
operations on aata register,depending on the input to son@ogram register It is shown that
a universal quantum gate arraya gate array which can be programmed to perfany unitary
operation—exists only if one allows the gate array to operate in a probabilistic fashion. Thus it is not
possible to build a fixed, general purpose quantum computer which can be programmed to perform an
arbitrary quantum computation. [S0031-9007(97)03547-3]

PACS numbers: 89.70.+c, 03.65.—w

Quantum computers [1-3] can perform arbitrary uni-Taking the inner product of these equations we see that
tary operations on a set of two-level systems known agP/| P;) = 1 provided{d, | d,) # 0 (the casdd, | d,) =
qubits These unitary operations are usually decomposed follows by similar reasoning), and thus?/) = | 7)),
asquantum gate arrayshich implement the desired uni- and therefore there is nfi/) dependence ofP/). A
tary operation using a finite amount of resources. Deschematic of this setup is shown in Fig. 1.
pending on what unitary operation is desired, different The set of unitary operators om qubits can be
gate arrays are used [4]. parametrized by2?” independent real numbers, which

By contrast, a classical computer can be implemented ds fewer than the2?”*! — 1 real numbers needed to
a fixed classical gate array, into which is inpytragram,  parametrize a set dfm qubits. Therefore, it seems that
and data The program specifies the operation to beit might be possible to implement aniversal quantum
performed on the data. A universal gate array can begate array—one which can be programmed to implement
programmed to perform any possible function on the inputiny unitary operation. Universal gate arrays are certainly
data. possible for classical computers, since by counting the

This paper addresses the question of whether it is postumber of possible functions we see that an arbitrary
sible to build analogouprogrammablequantum gate ar- function onm bits can be specified using2™ bits, and
rays—fixed circuits, which take as input a quantum stateét is straightforward to design a classical circuit which
specifying aquantum programand adata register,to  will take as inputm2™ program bits and implement the
which the unitary operator corresponding to the quantuntorresponding function om data bits.
program is applied. The following result shows that no universal quantum

These gate arrays are modeled in the following mannewgate array (of finite extent) can be realized. More
the initial state of the system is assumed to be of the fornspecifically, we show that every implementable unitary

|d) ® |P), (1) operation requires an extra Hilbert space dimension in the
g Program register. Since the number of possible unitary
operations onm qubits is infinite, it follows that a
gniversal gate array would require an infinite number
f qubits in the program register, and thus no such
array exists. Note also that a program register with
dimensions can be used to impleméninitary operations

where |d) is a state of them-qubit data register, an
|P) is a state of thex-qubit program register. Note that
the two registers are not entangled. The total dynamic
of the programmable gate array is given by a unitar
operator,G,

|d) ® |P) — Glld) ® |P)]. )
This operation is implemented by some fixed quantum

gate array. A unitary operatof/, acting onm qubits,
is said to beémplementedy this gate array if there exists |d> U |d>
a statel Py) of the program register such that
Glla)y® 1B)) - Wla) & |17, () G ,
for all states|d) of the data register, and some stgf%) | > _ I | >
of the program registerA priori, it is possible that?/) PU PU
depends onid). To see that this is not the case, suppose
Glld)) ® |P)] = (Uldy) ® |P]), (4) FIG. 1. Conceptual schematic of a programmable quantum
gate array which implements the unitary operatign deter-
Glldy) ® |P)] = (Uldy)) ® |P)). (5)  mined by the quantum prograf®; ).
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which are distinct up to a global phase by performing an G
appropriate sequence of controlled unitary operations [4]. A
Result: Suppose distinct (up to a global phase) uni- |d> LA ¢ U|d>
tary operatorsUy,...,Uy are implemented by some . B ?
programmable quantum gate array. Then the program(I)Jr § ,
register is at leasV dimensional, that is, contains at least > i@ e AN S |PU>
log;N qubits. Moreover, the corresponding programs |
|P), ..., |Py) are mutually orthogonal. :
The proof is to suppose thiP) and| Q) are programs |PU>
which implement unitary operatoi$, andU, which are FIG. 2. A probabilistic universal quantum gate array.
distinct up to global phase changes. Then for arbitrary
datald) we have o S
G(ld) ® |PY) = (U, ld) ® | Py (©) m qubit unitary operatior/ is found as follows:
G(ld)y ® 1Q)) = (U,1d) ® 12", (7) 1Py} = Uy © U) QD010 (11)
i=1

where |P’) and | Q') are states of the program register.
Taking the inner product of the previous two equationswherel,, is the identity operator on the firsi qubits of
gives the program register, and the state," ) is a Bell state

X,y
(Q|P)y=(Q'| P <d|U;LU,,|d>_ (8) |®*) = (l00) + |11))/+/2 shared between qubitsandy
Y o ; of the program register. Joint measurements are made on
ifutigozsitiloﬁ éi\q/&eg Then dividing through both sides the data qubits and the firgt program qubits as follows.
The Bell basis is defined to consist of the states

(21P)
= d|UIU,\d). 9
Q' P) ar ®) |d*) = %(lom + |11)), (12)
The left hand side of this equation has [@) dependence, :
and thusU;U,, = yI for some c-numbeyy. It. fo'IIows T=) = —(|01) = |10)). (13)
that the only way we can havQ'’|P’) # 0 is if U, V2

and U, are the same up to a global phase. But wegyppose a joint measuremewtin the Bell basis is made

have assumed that this is not so and th@s$|P’) = 0. o the first data qubit and the first program qubit. A joint

Equation (8) now tells us that measurement in the Bell basis is then made on the second
(Q|P)=0. (10) data qubit and the second program qubit, and so on for all

That is, the programs are orthogonal. The result follows.” data qubits.
This result demonstrates that deterministicuniversal Specifically, form = 1, we have the program
uantum gate array exists. We will now see that it is
gossible tgimplemeynt a universal quantum gate arrayina |P) = ® U)|®") = |0>U|0>\7§|1>U|1> . (14)
probabilistic fashion.
The procedure is illustrated in Fig. 2 for the case ofFor an input data registde/) = a|0) + b|1), the input
m = 1. In the general case tl¥n qubit program for the |d)|P) to the gate array may be rewritten as

OO — a0y + 10 )0l0) + allw ) + 1w yol)

[al0) + bI1)]
+ b(IWT) = [wHUI0) + b(1D7) — [@)UIN] (15)

= %[I®+>(aUIO> + bUIL) + |®7) (aU0) — bU|L))
+ [¥T) (aUI1) + bUIOY) + [¥7) (aU|1) — bU|0))] (16)

= %[I®+>(Uld>) + P7)(Uold) + V) (Uoyld))

+ilWTY (Uoyld))]. (17)
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Now, when the measurement result frabi gives an nomial (indeed, linear) in the number of data qubits. This
eigenvalue corresponding t® *), then the postmeasure- is a great contrast to classical (deterministic) universal
ment state of the second qubit of the program regisgate arrays, which must be exponential in the number of
ter will be Uld), which is the desired transform. Three data bits. To see this, consider that there are at le2%ét
controlled-NOT gates then swap the stdféd) of the  program bits in the classical universal gate array, and each
second qubit of the program register back into the datane of these bits must pass through at least one gate if it
register, completing a successful operation of the prois to have any effect on the data as a “program” bit. If
grammable gate array. However, for the other three poghe maximum number of bits used as input to any gate
sible outcomes, the result will be different. Thus, in thein the array isk, then it follows that a classical universal
m = 1 case, the gate array ndeterministicand suc- gate array must have at leas2™/k gates. The quan-
ceeds with probabilityl/4. Note that the result of the tum universal gate array we have demonstrated trades off
measurement tells us with certainty whether the gate arragn exponentially smaller number of gates than the classi-
has succeeded. cal universal gate array at the expense of an exponentially
This reasoning is easily generalized to larger in  small probability of success. Ceweragethe number of
which case if the result of all the measurements corregate operations required fauccessful operationf the
sponds to the Bell statgb*), then the state of the final universal quantum gate array goes lik@>". Where the
m qubits of the program register ¢|d). This event has universal quantum gate array wins out over the classical
probability 272", independent of the initial state/) or  universal gate array is the much larger variety of transfor-
U. To complete the operation of the universal gate arraynations it is able to effect.
the state of the finalz qubits of the program register is  We have demonstrated that no deterministic universal
swapped back into the data register, to give the desirequantum gate array exists. More generally, a determin-
outputU|d). This is easily accomplished using cascadedstic programmable gate array must have as many Hilbert
controlled-NOT gates [5]. Alternatively, the location of space dimensions in the program register as the number of
the data register output can be redefined appropriately. programs implemented. Thus, it is not possible to build
Readers familiar with quantum teleportation [6] cana fixed, general purpose quantum computer, of finite ex-
understand why the scheme works in the following waytent, which can be programmed to perform an arbitrary
Divide the total system up into three systemsthe data quantum computation. This is an essential difference be-
register,B, the firstm lines of the program register, adj  tween classical and quantum computing. In the context
the finalm lines of the program register. The scheme asf laboratory experiments on quantum computation, this
described is equivalent to applyirig to systemC, where means that a large number of classically distinguishable
B and C are initially bit-pairwise maximally entangled. states must be available in order to build useful quan-
The usual measurement procedure for teleportation is thamm computing devices. Fortunately, there is no short-
applied to systema andB. Since this procedure involves age of such states in the laboratory. Note that our results
only systemsA and B it commutes with the application limit but do not exclude the possibility of building a pro-
of U to systemC, and we can suppose for the purposesggrammable gate array which can be programmed to per-
of analysis that the measurement was actually performefibrm an interesting subclass of unitary operations. In this
beforethe unitaryU. By our knowledge of teleportation spirit, we have exhibited a probabilistic universal quantum
we know that for one (and only one) of the measuremengjate array that requires only a linear number of gates, but
outcomes that may occur, the effect is simply to transfewhich has an exponentially small probability of success.
the state of systemd to systemC, without the need It would be extremely interesting to know if this is the
to unitarily “fix up” the state of systenC. Provided best that can be done, or if it is possible to build a uni-
this measurement outcome, which has probability”,  versal quantum gate array which is more efficient. It may
occurs, the total operation is equivalent to teleporting thelso be possible to develop a theory of program complex-
data register to syster@ and then applyingU to that ity based on the universal gate array we have proposed,
system. The procedure is completed by swapping systeperhaps based on measures of entanglement for quantum
C back to systemdt. As has been pointed out previously, programs.
this entire procedure can be accomplished by a quantum We thank Carlton M. Caves and Richard Cleve for use-
circuit [7]. ful discussions about this work. This work was supported
Itis clear from this explanation in terms of teleportation by the Office of Naval Research (Grant No. NO0014-93-
that the universal gate array works for nonunitary as welll-0116) and the Australian-American Educational Foun-
as unitary quantum operations [8,9]. Unitary quantumdation (Fulbright Commission).
operations have programs which are pure states, while
nonunitary operations have programs which are mixed
states.
This universal quantum gate array is particularly re-  *Electronic address: mnielsen@tangelo.phys.unm.edu
markable because the number of gate operations is poly- 'Electronic address: ike@lanl.gov
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