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Utilizing the Langevin equation for the linears model we investigate the interplay of friction and
white noise on the evolution and stability of collective pionic fields in energetic heavy ion collisio
We find that the smaller the volume, the more stable transverse (pionic) fluctuations become
homogeneous disoriented chiral field background (the average transverse masskm2

t l increases). On the
other hand the variance ofm2

t increases even more, so for a system thermalized in an initial volume
10 fm3 about96% and even in1000 fm3 about60% of the individual trajectories enter into unstabl
regions (m2

t , 0) for a while during a rapid one-dimensional expansion (t0 ­ 1 fmyc). In contrast the
ensemble averaged solution in this case remains stable. This result supports the idea of look
disoriented chiral condensate (DCC) formation in individual events. [S0031-9007(97)04270-1]
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Ultrarelativistic heavy ion collisions offer the possibil
ity to study hadronic matter at high initial temperature
and energy densities. Because of their small masses
ons contribute most dominantly to the large multiplicit
of produced particles. It was speculated that some
the observed pions are produced by the coherent de
of a semiclassical pion field [1,2]. The idea of so calle
“disoriented chiral condensates” (DCC) was then made
widely known due to Bjorken, Kowalski, and Taylor [3]
They speculated that events can occur in which the cla
cal pion field is oriented along a single direction in isosp
space.

Rajagopal and Wilczek [4] have proposed that in a rap
quench through the second order chiral QCD phase tr
sition such disordered chiral configurations may emerg
Unstable, exponentially increasing long wavelength pi
fields can develop during the “roll down” period of th
order parameter according to the pure classical equa
of motion [4,5]. The spontaneous growth and subsequ
decay of these configurations would give rise to large c
lective fluctuations in the number of produced neutral p
ons compared to charged pions, and thus could provid
mechanism explaining a family of peculiar cosmic ra
events, the Centauros [6]. A deeper reason for these str
fluctuations lies in the fact that all pions are assumed to
in the same momentum state and the overall wave funct
can carry no isospin [7].

However, the proposed quench scenario assume
highly nonequilibrium initial configuration for the phas
transition to occur, namely, that the potential governin
the evolution of the order parameter and the long wav
length modes immediately turns to the classical one go
erning the vacuum structure at zero temperature. T
represents a very drastic assumption as the soft and cla
cal modes completely decouple in anad hocmanner from
the residual thermal fluctuations at or slightly below th
critical temperature. It is not likely to happen in an ultra
relativistic heavy ion collision.
0031-9007y97y79(17)y3138(4)$10.00
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An alternative scenario was suggested by Gavin a
Müller [8] who proposed to use instead of the bare p
tential the effective one-loop potential including the the
mal fluctuations on the mean-field level. If the syste
cools rapidly enough [due to longitudinal (D ­ 1) or radial
(D ­ 3) expansion] and, similar to the quench scenario
the order parameter is small enough at the onset of the e
lution below the critical temperature, DCC might emer
as well. The latter assumption, however, has also b
criticized: if the order parameter stays in thermal cont
with the fluctuations giving rise to the effective one-loo
potential, then one also has to allow for the thermal flu
tuations in the initial conditions [9,10]. Quenched initi
conditions seem to be statistically unlikely.

In this Letter we address the question of the “likelines
of an instability leading potentially to a DCC event in th
light of different (dynamically preheated) initial condition
as raised by Blaizot and Krzywicki [11].

In a simplified model we study the influence of the the
mal modes (“fluctuations”) on the off-equilibrium evolu
tion of the order parameters. These chiral fields are trea
semiclassically within the chiral 0(4)s model. The long
wavelength modes, especially the zero modes used a
der parameters, represent an open system which const
interacts with the thermal fluctuations (the “reservoir”
“heat bath”). On the one-loop level the interaction wi
the hard modes will generate an effective mass term1

2 lT2

[8–10], leading to the effective Hartree-Fock potential.
was recently shown in detail that in thef4 theory hard
modes can be integrated out on the two-loop level lead
to dissipationandnoisein the quasiclassical limit for the
propagation of the long wavelength fields [12]. The r
sulting equations of motion are of Langevin-type. In t
weak coupling limit, the friction coefficienth is directly
related to the on-shell plasmon damping rate,h ; 2gpl .
The noise term shows up as an imaginary part in the eff
tive action and is related to the friction via the fluctuatio
dissipation theorem. The interplay of noise and dissipat
© 1997 The American Physical Society
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guarantees that the soft modes eventually become th
mally populated on the average.

We propose to study the following Langevin equation
of motion for the order parametersFa ­

1
V

R
d3x fasx, td

in a volumeV :

F̈0 1

µ
D
t

1 h

∂
ÙF0 1 m2

0F0 ­ fpm2
p 1 j0 ,

(1)

F̈i 1

µ
D
t

1 h

∂
ÙFi 1 m2

0Fi ­ ji ,

with Fa ­ ss, p1, p2, p3d being the chiral meson fields
and

m2
0 ­ l

√
F2

0 1
X

i

F2
i 1

1
2

T2 2 f2
p

!
1 m2

p . (2)

Heret is the proper time of the expanding system and th
“dot” denotes the derivative with respect tot. The above
equations assume aD-dimensional scaling expansion,
resulting in an additional effective damping termDyt

[8–10].
Before presenting our results some comments are

order: We use the standard parametersfp ­ 93 MeV
for the pion decay constant,mp ­ 140 MeV for the pion
mass, andl ­ 20 for the coupling constant. With this
choice we are obviously in the strong coupling regime, s
our conclusions drawn from the investigation of the wea
coupling regime [12] are rather a motivation for our prese
usage of simple effective terms for noise and dissipation

We treat the dissipation term as Markovian, whic
assumes a clear separation among the time scales of
hard and soft modes. In the semiclassical Markovia
approximation the noise is effectively white and at the two
loop level it is Gaussian [12],

kjastdl ­ 0 ,

kjast1djbst2dl ­
2T
V

hdabdst1 2 t2d ,
(3)

where T is the temperature,V the volume, andh the
friction coefficient.

Finally we have to specify the friction coefficienth

for the s and pion field. The on-shell (v ­ m) plasmon
damping rate for standardf4 theory arising from the “sun-
set” diagram [12,13] can be easily calculated in the 0(4
model, assuming that all four massesm for the fluctua-
tions (i.e., hard quanta) are equal:

h ­ 2gpl ­
9

16p3
l2 T 2

m
fSps1 2 e2 m

T d , (4)

wherefSpsxd ­ 2
Rx

1 dt
ln t
t21 defines the Spence function.

Admittingly this “choice” is only a crude estimate as the
zero modes do not evolve on shell during the (possib
unstable) evolution. Thus the dissipation and noise corr
lation should better be described by non-Markovian term
including memory effects. In addition, the O(4) transvers
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and longitudinal mass for the fluctuations [8–10],

m2
t ­ l

√
F2

0 1
X

i

F2
i 1

1
2

T2 2 f2
p

!
1 m2

p ,

m2
l ­ m2

t 1 2l

√
F2

0 1
X

i

F2
i

!
, (5)

are not really equal.
The phenomenon of long wavelength DCC amplificatio

occurs in periods when the transverse mass squaredm2
t

becomes negative. This happens during a quench scen
or rapid cooling. For the sake of simplicity we treath as a
constant, obtained using (4) andmyT ø 1 throughout the
evolution. At T ­ Tc ;

p
2f2

p 2 2m2
pyl ­ 123 MeV

the friction h ­ 2gpl ­ 2.2 sfmycd21 is rather strong.
Therefore we also investigate scenarios with1y2 and1y4
of this value.

Aside from a theoretical justification one can regard t
Langevin equation as a practical tool to study the effect
thermalization on a subsystem, to sample a large set of p
sible trajectories in the evolution, and to address also
question of all thermodynamically possible initial configu
rations in a systematic manner. Applying this we are ab
to study the up to now unknown influence of thermal flu
tuations on the growth of disoriented chiral domains. W
expect that the noise term leads to a subsequent therma
tion making DCC formation less likely, but allowing also
for large fluctuations on an event by event basis. Thus
need to study how fast the system cools and destabili
and how fast it can thermalize.

The scaling expansion and cooling of the system
described by the equations

ÙT
T

1
D
3t

­ 0,
ÙV
V

2
D
t

­ 0 . (6)

In the framework of the model described so far we inve
tigate different evolution scenarios for the order param
ters Fa. For comparison we calculate the pure classic
(h ­ 0, T ­ 0) and the one-loop annealing scenario (h ­
0) for the k ­ 0 modes with quenched initial condition
(Fa ­ 0, ÙFa ­ 0, a ­ 0 . . . 3). These scenarios contain
long and highly unstable periods of the evolution during
rapid (t0 ­ 1 fmyc) one-dimensional (D ­ 1) scaling ex-
pansion. This can be inspected in the lower part of Fig
where the characteristic quantitymt ­ sgnsm2

t d
p

jm2
t j is

plotted as a function of time.
In the two-loop motivated Langevin scenario we le

the system thermalize at temperatureT ­ Tc for 10 fmyc
from the quenched initial condition and then switch on th
one-dimensional expansion according to Eq. (6) witht0 ­
1 fmyc. The outcome of thermalization depends on th
volume occupied by thek ­ 0 modes—in agreement with
the equipartition theorem. The middle part of Fig. 1 show
the (ensemble) average evolution of1000 trajectories, each
propagated according to the Langevin equation (1),
different initial volumes ofV0 ­ 1, 10, 100, and1000 fm3.
3139
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FIG. 1. (upper)mtstd ­ sgnsm2
t d

p
jm2

t j is shown for the most
unstable event of1000 propagated according to (1) with an ini-
tial volumeV0 ­ 10 fm3 (the one-dimensional expansion start
at t ­ 10 fmyc—compare text). (middle) The ensemble ave
aged valuekmtstdl ; 1yN

P
i m

sid
t std (for N ­ 1000 events) is

given for initial volumesV0 ­ 1, 10, 100, and1000 fm3 (from
top to bottom). (lower) For comparison also the determinist
solution formtstd [h, j ­ 0 in (1)] for the pure [T ­ 0 in (2)]
(solid line) and annealing scenario (dotted line) is shown f
quenched initial conditions. The one-dimensional expansion
started also att ­ 10 fmyc.

[For D ­ 1 the volumeV std increases linear with time
by tyt0. For a typical duration of the expansion oft ,
10 fmyc the final volume is then a factor of 10 larger
Initial volumes of about5 25 fm3 seems reasonable for a
resulting DCC domain. We will thus focus our discussion
mainly on V0 ­ 10 fm3.] Because of the high friction
coefficienth the equipartition is set after the first few fmyc.
We find that the smaller the volume, the largerm2

t .
The volume dependence of the thermalized chiral ord

parameter fields can be analyzed using the virial theore

Fa
≠H
≠Fa

­ ÙFa
≠H

≠ ÙFa

­ T . (7)

In the mp ­ 0 limit the large volume limit is calculated
as [withf ­

1
2 sT2

c 2 T2d]

3X
a­0

F2
a ­

8>>><>>>:
f 1

4T
lVf 1 O s1yV 2d, T , Tc ,

2
q

Tc

lV , T ­ Tc ,
4T

lVf 1 O s1yV2d, T . Tc .

(8)

From this m2
t ­ ls

P
F2

a 2 fd ­ O s1yV d follows for
T , Tc in accordance with the Goldstone theorem.
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At the end of the expansionmt relaxes to the value of
mp ­ 140 MeV, as can be seen from the curves in th
middle part of Fig. 1. These ensemble averaged curv
do not show any significant period of instability. This
result is in agreement with those of Randrup [14] fo
a one-dimensional expansion from a thermalized initia
condition.

This lack of instability in the averaged evolution
does not mean, however, that DCC formation cannot b
expected in heavy ion collisions: Using the Langevin
equation we are able to explicitly single out particula
evolutions which are the most unstable. The uppe
part of Fig. 1 presents such an evolution preheated in
V0 ­ 10 fm3 initial volume at T ­ Tc. Here, in spite
of the initial thermalization and ongoing noise during
the expansion, quite significant unstable periods develo
For quantifying the strength of instability we define the
quantity [14]

G ­
Z

jmtjQs2m2
t d dt . (9)

The amplification of small amplitude instabilities with
k ­ 0 is then expG. For the particular event shown
in Fig. 1 G ­ 4.7371. The distribution of this quantity,
PsGd, is shown in Fig. 2 for an initial volume ofV0 ­
10 fm3, the 1000 individual trajectories are all preheated
to T ­ Tc.

We observe that only in4.3% of all cases an unstable
period is missing. The average trajectory shows, howeve
no signal, because the unstable periods occur at differe
times. Therefore the middle part of Fig. 1 doesnot allow
for drawing a conclusion.

In order to review the tendencies Table I summarize
the most important properties of the distribution of the
amplification factor in the Langevin scenario. The fraction
of events with no instability at all are written in the second
column for the various initial volumes. In these cases n

FIG. 2. Distribution of the enhancement factorG for V0 ­
10 fm3. The most unstable event hasG ­ 4.7371.
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TABLE I. Statistical properties of individual evolutions ac-
cording to the Langevin scenario. The upper table belongs
the friction h ­ 2gpl, the middle toh ­ gpl, and the lower
one toh ­ gply2.

V PsG ­ 0d kGl Gmax

1 0% 3.0983 7.1163
10 4.2% 0.8540 4.7371

100 40.3% 0.2728 2.0309
1000 40.4% 0.1082 0.6780

1 0% 3.0883 8.5129
10 7.0% 0.7684 4.5744

100 48.4% 0.2011 1.8699
1000 56.5% 0.0557 0.5327

1 0% 3.1088 9.0965
10 12.3% 0.7775 5.6462

100 54.4% 0.1620 1.8172
1000 59.7% 0.0483 0.5063

DCC signal can develop at all. The average growth fact
kGl and its maximum within1000 events,Gmax, are shown
in the third and fourth columns, respectively.

In the late phase of the expansion the friction (4) is ove
estimated by employingmyT ­ 1, as myT significantly
increases due to the cooling and the thermal fluctuatio
decouple. In fact by applying a smaller friction the un
stable oscillating periods appear for a longer time simila
to the annealing scenario. On the other hand, a variati
of the friction parameter,h, to its 1y2 or 1y4 value does
not change significantly the characteristics of the distrib
tion PsGd (cf. Table I).

In conclusion we have investigated the chiral O(4
model in a Langevin scenario, motivated by the two-loo
results of the nonequilibrium field theory. In this approac
the k ­ 0 order parameter fields are coupled to a therm
bath via mass, friction, and noise terms. We preheat
the system atT ­ Tc using its own dynamics and then
switched over to a one-dimensional scaling expansio
Average and statistical properties of individual solution
of the Langevin equations were studied with the emphas
on such periods of the time evolution when the transver
mass becomes imaginary and therefore an exponen
growth of unstable fluctuations in the collective fields ca
be expected.

We have found that in different realistic initial volumes
ranging from1 to 1000 fm3, where the average evolution
does not show any sensible instability, individual even
lead to sometimes significant growth of fluctuations. Bot
the strength (G ø 2 5) and the probability (50% 90%) of
to
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such events are remarkably high. The most extreme eve
are quite similar to the predictions of the quenched model
While in general the damping stabilizes the evolution
of long wavelength fields, the fluctuations increase th
chances for prolonged unstable periods in about60% 90%
of all events. All these estimates are optimistic, becaus
the back reaction of the soft butk fi 0 modes will lead to
a shortening of the unstable periods [15].

Our findings support the idea of looking for DCC
formation experimentally in individual events.
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