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Free induction decay and transient nutations are investigated in a system of two-level particles with
an inhomogeneously broadened spectrum. The influence of thex (real) andy (imaginary) parts of
the complex amplitude of the noise, induced by the driving field in the sample, is considered. It
is shown that both noises affectT1 and T2 relaxation processes. When field-noise contributions to
1yT2 and1yT1 relaxation rates are dominant and equal to each other, Bloch’s saturation is changed to
Redfield’s saturation. This effect also accelerates transient nutation decay. Comparison with experi-
mentally observed free induction decay and transient nutation in color centers in quartz is discussed.
[S0031-9007(97)04230-0]
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Conventional Bloch equations (CBE) are a fundame
tal starting point for describing the resonance effects
the atom-field interaction, including lasing, coherent spe
troscopy, and pulse propagation in resonant dense me
Therefore the experimental indications of CBE failure
the description of coherent transients [1–6] and hole bu
ing [7] in solids with inhomogeneous absorption spect
stimulated a widespread theoretical interest [8–20] (the
is not exhausted).

Indirect measurement of the hole width via free indu
tion decay (FID) [1–5] and direct measurement by th
pump-probe pulse train [7] revealed that the hole burnt
the inhomogeneous spectrum by a long pulse is much n
rower than CBE predict. In fact, according to the CBE
the half width at half maximum (HWHM) of the hole
equals,x

p
T1yT2 in the strong saturationsx2T1T2 ¿ 1d

limit, wherex is the Rabi frequency,T2 is the dephasing
time, andT1 is the relaxation time of the population differ
ence. At variance, several kinds of experiments indicat
HWHM ,x. As the ratioT1yT2 is usually very high for
low-temperature solids, this huge difference was explain
by several theories, hypothesizing that in the presence
strong resonant fieldT2 lengthens up toT1 because of fast
Rabi oscillations, which average out the random local fie
contribution toT2. This matter continues to arouse intere
in the study of nonlinear phenomena in solids with fiel
dependent dephasing (see, for example, the study [20
nonlinear dephasing influence on two-wave mixing).

The theories mentioned above share a common fram
which the anomalous hole burning narrowing manifest
by FID is ascribed to the dephasing suppression induced
the strong field. However, recent experiments on the tra
sient nutations (TN) in magnetic resonance solid syste
at low temperature [21] disprove these models. In fa
the direct measurement of the TN decay rate has sho
that the dephasing rate increases, rather than decrea
with Rabi frequency. Therefore one can expect that the
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is some process giving the same contribution to theT2 de-
phasing and toT1 relaxation to produce the narrow hole.

In this Letter, we show that the anomalies experimen
tally observed in FID and TN decay are not conflicting with
each other; on the contrary, they can have a common o
gin. We postulate the existence ofx (in phase) andy (out
of phase) noise components induced by the driving field
the sample. They are considered as uncorrelated and a
lyzed separately. We show that the two noise componen
influence to a different extent bothT1 and T2 relaxation
processes. The theoretical results are compared to exp
ments on FID [4] and TN [21].

In our model the dephasing acceleration is caused
the fluctuations induced by the driving fieldH1std ­
H1 expsivtd in the sample. We classify them in the fol-
lowing way. In Fig. 1 we present the diagram of fields

FIG. 1. Diagram of the fields interacting with the spin system
in the rotating reference frame. The fluctuating fieldsH1u1
and H1u2 are shown by two-directed arrows. Coherent field
H1 and constant fieldH0 2 H are shown by single-directed
arrows.
© 1997 The American Physical Society 2963
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interacting with the two-level system in the rotating re
erence frame (RRF), whereH1 is constant and aligned to
thex axis, andH0 2 H is the remnant of the constant field
H0 (aligned along thez axis), which is reduced due to the
rotation of the reference frame around thez axis with the
frequencyv by the effective fieldH ­ h̄vyg; hereg is
the gyromagnetic ratio.H1u1 andH1u2 are random fields
induced by the driving field. The first is transverse to th
H1 field and it is aligned along they axis, so we name it
“y noise.” The second is aligned along thex axis and it
is “x noise” in our classification. The probable origin o
these fluctuations is the following.

(i) These fluctuations may be caused by amplitude a
phase fluctuations of the input field. The first risesx noise.
The second corresponds to they noise whenu1 is small. In
general, thesexandy components are, respectively, the re
and imaginary parts of the complex amplitude of the nois
Their ratio determines noise squeezing of the driving fie
[22]. For example, when they component is much smaller
than thex component, we have a phase squeezed field.
should be noted that we consider the noise with the pow
exceeding the quantum-noise level.

(ii) The driving field excites a transverse magnetizatio
in the sample. The spins neighboring the particular sp
under consideration induce random fields withx and y
components.

(iii) Multiple reflection of the field from the borders
and imperfections in the dielectric sample may cause
fluctuations, too, in the optical band when the waveleng
is shorter than the sample sizes.

Now one can consider the two-level system excited
the field with both random components, i.e.,

H1std ­ H1f1 1 u2std 1 iu1stdg expsivtd . (1)

We admit that mean values of random variablesunstd are
zero, wheren ­ 1s2d. As x andy noises are perpendicula
to theH0 field, they are nonadiabatic for Zeeman intera
tion and induce the transition between the spin levels s
in the laboratory frame. As a result, they are expected
contribute to the relaxation of thez component of magne-
tization (T1 relaxation). They noise component is perpen
dicular to the coherent componentH1 of the field in Eq. (1)
as well. Therefore, it induces transitions between the s
levels split by theH1 field in the rotating frame and con-
tributes to the relaxation of thex component of magnetiza-
tion or T2x relaxation. Asx noise is adiabatic for Zeeman
interaction of the spin system with theH1 field in RRF,
it gives no contribution to the relaxation of thex compo-
nent of magnetization. However, being perpendicular
the y component of magnetization, it contributes toT2y

relaxation.
We considerx and y noises separately as we assum

them uncorrelated. Moreover, we assume for both noi
the Markovian uncorrelated jump model withunstd shifting
instantly at successive times over a Poisson distributi
Then the stochastic method developed in [23] for solvi
a similar problem is applied (see also Refs. [15,16,19,24
2964
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We choose this method as it has no restrictions on the p
rameter of the stochastic process, whereas the conventio
method of kinetic equations derivation (see, for exampl
Ref. [25]) is valid within perturbation theory approach. In
the stochastic method the partial density matrixrst, u1d is
introduced. The last obeys the equation of motion

Ùrst, und ­ 2
i
h̄

fĤ sund, rst, undg 2 R̂rst, und

2
1
tc

rst, und 1
1
tc

wsund
Z

rst, u 0
nd du0

n ,

(2)

whereĤ sund is the Hamiltonian of the spin system inter-
acting with coherent and random fields,tc is the average
time between two successive changes of random field, a
wsund is the stationary distribution of the random variable
unstd. One can normalize and reduce these equations
follows:

Ùxsj, td ­ 2sL̂0 1 jL̂ndxsj, td 1 wsjd fxstd 1 L̂g ,
(3)

where

x ­

24 u
y

w

35; L̂0 ­

24 t2 z 0
2z t2 2W
0 W t1

35 ;

L̂ ­ weqst1 2 1d

24 0
0
1

35; xstd ­
Z

xsj, td dj .

(4)

Variables u, y, and w are the following combinations
of the elements of the partial density matrix:u 1 iy ­
2r12sund exps2ivtd ­ 2s12sund and w ­ r22sund 2

r11sund, where index 1 (2) belongs to the ground (excited
state. We assume that random Rabi frequency is d
scribed by expressionxstd ­ x0f1 1 iu1stdg or by xstd ­
x0f1 1 u2stdg, depending on the noise type. Then two
normalized parametersW ­ x0tc and j ­ unx0tc are
introduced: z ­ sv0 2 vdtc is the normalized detuning
from the resonant frequencyv0; time t in Eq. (3) is
expressed in units oftc; t1,2 ­ 1 1 tcyT1,2; weq ­
2 tanhsh̄v0y2kTd is the equilibrium population differ-
ence, whereT is the thermal bath temperature. The
operatorL̂n has the form

L̂1 ­

24 0 0 1
0 0 0

21 0 0

35 or L̂2 ­

24 0 0 0
0 0 21
0 1 0

35 , (5)

depending on the kind of noise (L̂1 is valid for they noise
and L̂2 is defined forx noise). By applying the Laplace
transformation [16,19], we get the solution of Eq. (3),

xspd ­ f1 2 s1 2 L̂ d21g
L̂st1 1 ptc 2 1d

s1 2 t1dp
, (6)

where p is the Laplace variable;̂L ­
R

L̂ sjdwsjd dj

andL̂ sjd ­ sptc 1 L̂0 1 jL̂nd21.
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The experimental TN signal in Ref. [21] was well fitted
by the function

J0sx0td exps2GTNtd , (7)

and the decay rateGTN was found to depend on the Rab
frequency as

GTN ­ a 1 bx0 , (8)

where a is close to thes2T2d21. One can expectx
and y noise contributions to the relaxation which ar
square dependent on Rabi frequency as the dispersion
the random process [25]. To fit the experimental line
dependence on the Rabi frequency we choose the rand
process with Lorentzian distribution
i

e
of

ar
om

wsjd ­
1
p

a
j2 1 a2

, (9)

as it has no defined dispersion and may provide n
square dependence (see, for example, Ref. [15]). H
a ­ un0x0tc andun0 is the half-width of the distribution
function. We consider the noise with very short correlati
time conditioned by inequalities:tc ø T1, T2, x

21
0 , D21.

Moreover, we put the condition ofun0 ø 1. Then we
can confine our considerations to a time scale much lon
thantc and restrict the analysis of the solution in Eq. (
to small ptc sjptcj ø 1d. This approximation corre-
sponds to disregarding the part of the solution that dec
very rapidly with a rate,1ytc. In this condition, for ex-
ample, the expression of the averagedyspd component,
influenced byy noise only, is reduced to
yspd ­
weqx0sT21

2 1 pd sT21
1 2 u10x0 1 pd

pfsT21
1 1 pdD2 1 sT21

2 1 pdx2
0 1 sT21

1 1 pd sT21
2 1 pd sT21

2 2 u10x0 1 pdg
. (10)
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One can easily reconstruct from Eq. (10) and simil
equations for the other components of the density matr
averaged on the noise jumps, the modified Bloch equatio

du
dt

­ 2Dy 2 Guu ,

dy

dt
­ Du 1 x0w 2 Gyy , (11)

dw
dt

­ 2x0y 2 Gww 1
weq

T1
,

where Gu ­ 1yT2 1 u10x0, Gy ­ 1yT2, andGw ­
1yT1 1 u10x0.

As admitted above, thex andy noises are uncorrelated
so their effects are additive. By applying the same pr
cedure as before for thex noise, one can derive the sam
Eqs. (11), with redefined decay rates

Gu ­ T21
2 1 u10x0; Gy ­ T21

2 1 u20x0 ;

Gw ­ T21
1 1 su10 1 u20dx0 ,

(12)

which take into account bothx andy noises.
Equations (11), with the decay rates in Eqs. (12), gi

the following expression for the FID rate:

GFID ­
1
T2

1

s
GuGy 1 x

2
0

Gu

Gw
. (13)

As will be shown below, Eq. (13) is capable of accountin
for the power dependence ofGFID experimentally mea-
sured in magnetic resonance systems [4]. Here we po
out that in the high-power limit whenu10 andu20 are larger
thansx0T2d21 andsx0T1d21, the decay rate Eq. (13) is ap
proximated by

GFID ­
1

T2
1 x0

s
u10

u10 1 u20
. (14)

Whenu10 andu20 values are equal we get the asymptote
ar
ix,
ns

,
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-

GFID ­
1
T2

1
x0p

2
, (15)

which represents the Redfield limit [1]. Any noise squee
ing or deviation of ratiou10yu20 from one changes the FID
rate dependence on Rabi frequency in the high-power lim
Thus one can use the hole burning or FID to detect t
noise squeezing.

According to Eqs. (11), the TN signal [Eq. (7)] is wel
approximated by the zeroth order Bessel function, exp
nentially damped with a rate

GTN ­
1
2 sGw 1 Gyd , (16)

which, for T1 ¿ T2 (this inequality is typical for solids at
low temperature), reduces to

GTN ­
1

2T2
1

µ
u10

2
1 u20

∂
x0 . (17)

The above result is in agreement with experiments
TN, whose decay rate was well fitted by the linear law
Eq. (8). The comparison with theoretical law allows us
relate the phenomenological parameterb to the normalized
noise amplitudesu10 andu20, as

b ­
1
2 u10 1 u20 . (18)

To make the comparison quantitative between theore
cal and experimental results, we report in Figs. 2 and
the experimental data of thex0 dependence ofGTN and of
GFID, respectively, as measured in the sample offAlO4g0

centers in quartz (Ref. [4] and sample No. 1 of Ref. [21]
The x0 dependence ofGTN in Fig. 2 is well fitted by the
linear law Eq. (17) with slopeb ­ 0.025 6 0.002, which
gives the condition Eq. (18) on noise amplitudes. The fu
line in Fig. 3 plots the curve in Eq. (13) with the constrain
in Eq. (18) calculated for nonsqueezed noisesu10 ­ u20d
to reach the Redfield limit. As shown, the agreement
satisfying to a large extent, except for the very-low pow
2965
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FIG. 2. Transient nutations decay dependence on Rabi f
quency. Solid line is theoretical plot of Eq. (17) and blac
circles are experimental points from Ref. [21].

region. If we cut the wings of distributionwsund starting
from the values61yun0, then the contributionun0x0 to the
relaxation rates is changed as

un0x0
2
p

arctan

µ
x0

xc

∂
, (19)

where xc ­ un0ytc. Assuming s2ptcd21 is equal to
0.5 MHz, one can get a better fit at low power. At th
same time, there is no appreciable effect of wings c
on linear dependence ofGTN on Rabi frequency shown
in Fig. 2. Apart from the improved agreement betwee
theory and experimental results, we get finite power
the noise by wings cut. Thus broad-band noise has mu
smaller intensity than the coherent driving field within it
narrow spectrum.

In conclusion, we have shown that the consideration ox
andy noise in the spin-system interaction is capable of e
plaining the “non-Bloch” behavior of both TN decay and
FID in agreement. Admittedly, the origin of the noise re

FIG. 3. FID rate vs Rabi frequency. The curve line is th
plot of Eq. (13). Circles are experimental points from Ref. [4
Bloch and Redfield limits are indicated by dash-dotted lines.
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mains an open problem not addressed here. Experimen
and theoretical work is in progress.
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